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Markov Chains
+ Random walks

• stationary Dist .
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Markovchai.rset of states :D
sequence of

X
,
°o° Xt C-Rt : visited states
Markovian Property :

?⃝ [✗1-+1=9/1--44--4 • • ;XÉ
=p [4-+1--914--4]

Only current state matters

NOT how we get there

Transitions independent of time

def :P@,y)=R[Xt+FY|XEB
Represent w/

"
transition matrix"
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Important special case :
Transition to uniformly
random neighbor

def : Random Walk on G--GE)
is a sequence Sos, • • • of nodes

←start node

sit , chosen uniformly from Nfs;)
Tutelage

Let dr = # out edges of v

Pee, y) = {¥ if any)eE

0 0. W
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Distributionaftentteps

Recursively Poe ,y) if ¥-1

Ptfe,y)=p(n,⇒PYz,y) ift>1
y y
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Initial dist . 1T¥ IT? 1T¥ . . . - -
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'"p = IT
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P

=☒ p2

t- step distribution : IT
'" pt

Does this converge ?

Properties
Irreducible (strongly connected)

they Ftcn,y) st Rt y ,
> 0

Aperiodic : the god {t : picnics >03=1
(god of possible cycle lengths = 1)

Ergodic. : It's# Ht> t* ptcn,y)
> 0

Ergodic⇐ Irreducible + Aperiodic



stationaryD.is/-ribution1Ts.tV-n1TGe)--EfTcy)PCy.r)
y

or IT = ITP

(
consider P s.t.IT

*

exists +unique)
i.e does not depend on IT

""/
Periodic •• • Reducible •g of

⑥ 1)→ (yo)→ Co, 1)→ .. - (EE) (on) (no)

Thin : Ergodic M.C. ⇒ Unique#

vndirectedGraph-G-v.FI

1T*=(f¥-id÷±, , • • •)^

(• IT
*
uniform for d-reg graphs

Also for digraphs when indeg = outdeg=D
• Not true for general digraphs



Hittingtime
def : hny = Ef# steps to go run>y)
hnn : Recurrence time

Thin : hnn=¥¥,
Pf_ Consider a very long walk

nmN~N~~_~N--R-HmmR-

1T¥, fraction of the positions are re

⇒ Average gap between occurrences
= IT-1nF←nmN hnn

EEE
G (G) = E[# steps

to visit all nodes

in G starting at v ]

C (G) = mgr G (a)



covertimeE-namp.es
• C (Hn) kn is the complete graph

on h vertices
= ① (nlogn) w/self loops at each node
[
coupon collector

• ((Ln ) E.
n
is the line graph
w/self loops at each node

= -0 (h2)

• ((lollipop) ⑧-•-•- ooo _⑨-o?⃝%
Worst start

= ① (n€%. ii. reach
°

-0cm) time to reach

c (G) I 0(mn) ①(ri) time to reach

Pf.G-→ G
'

add self loops
✓ (prob E) ±

•%→ñ→E•€•



Claim : CCG ') = -2C(G)
path in G

' uns path inG
removeselftoops

E- [# self loops]=÷ • length of path

[Since G
'

is ergodic , it has an
unige stationary distribution

]
Commute Time

def cry __E[# steps for nm>yur>if
= hug thy ✗ finearity ofexpectation)

'

temma : fee,y) c. F- Cry £01m)

PI Consider a long walk

V1 /V2 , U] , 0
0 0

where Ui EV and Cui Ui+DEE Vi



We look for commutes of the

following form N→y→ ooo→ n→y

¥¥mmute
Prob of finding Cny)
☒ [ (Uiiuit ,)=Cx, y) )
= R[ui=x] . R[ui+i=y1ui=k]

= 1T¥) • ÷
= d;_m • td

.

= Im

-K-y
murmur-y-x

-y-

ooo ÷m fraction of the edges are re-y

so
, expected gap between consecutive
occurrences of se-y is

2m

To cry £01m)

re-ymummy



Finally , consider 1- c- G
'

where T is a spanning tree G- ledges)

V0 V1 V2 0 0 0 ✓2h -2
-

DFS traversal of T
I •

••!•&÷. ⇒②②②③⑨③
⑤③②

Each edge Cu, v7 appears
twice
,
as Cuiv) & Cv, a)

Using the DFS traversal sequence
((a) £ hv

;Vj+ ,
j=o

= [ Car (cui-hu.tk)
(u, v7 ET

= [ 0cm) = 01mn)
(un c-T)


