
Lecture 14

• Linearity testing ✗ self correcting

• Basics of Fourier Analysis
on Boolean cube



Linearity Testing
f. G→☒

H

G is finite group
It "

"
"

def . f is
"

linear " if
(homomorphism)

V-xiyc-Gflxt.tt/yl--flxtoy)
t 4
ta is

"

plus
"

ingroup It
to is

"

plus
"

ingroup Ge.g. flx)=✗

flx)= ax mod p for G-- Zp
n

f-
a-
1×1=2 aixi mod 2 for 6--7=2

dei f is
"

E- linear
" if F linear g-

Sit
, f- tg agree on 2 1-E fraction

of inputs.



Notation note that the following are equivalent
statements :

• f- tag agree on 21 - E fraction of inputs

• K×If¥;gH,×c ate
• Pr×←g[fW=glx)) 2- 1- {

How hard is it to test linearity?

do we need to try all xiyxty tuples ?

if domain is size n
,
this

requires n2 tests
of flxltflytflxty)

repeat
how
many

proposed test : Pick random ×,y
Test flxl + fly)=fµ,yy
} times ?



First lets see some useful things :
you#

✗ that works

A useful observation : I

f a,yeG Pr×[y= atx ] = to,
since only ✗=y

- a satisfies equation

⇒ if pick ✗ ERG

then atx is also unit dist in G (at ✗ EKG)

(but not independent)

example :
" with operationIf G =

Ia

(cymar) 1- (binbnl = ( a ,④b , , aatba , in , antbn)

then
folio)t (b , bzbs.by)

= ( 0+04
,
ltbz

, Hobs , 0+0 by)

is distributed uniformly if bi's are

why? • each corord uniform
• bi's indep ⇒ aitobi 's indep_too_!



Self-limiting : also known as
"

random self- reducibility
"

Given f :G→Gst
,

F linear g :G→G

5¥ Pr×[fix)=g(xjyzyg
←

not giving ,
just f ! ! !

←
this just means ftgCan Eompuk glx) txt agree

on zur of inputs
0

for i= I
. . clogtp

Pick ytpb
answer

;
← flyltflx- y)

⇐ note : Ky is
unit dist

over group(
Output most common value for answer; by observation

+by
assumption

of

claim : Pr[output = glxizi-pgnag.my , *yare
unit""
"
"
&

PI
. by

union
bounds

both are equal
Pr[ flyl-tg.ly] €48 % with prob -34
Pr[ flx-yl-tglx-y.IT c- Yg }⇒most common value -

- gal
with prob >_ 1-Bi. Pr [ flyltfmxyltglyltglx- y)] c- 44 ( Chernoff)

answer; 7¥ since g is
linear



How do we test when domain is -7ps ?

Do 01 ?) times

pick Ky Eu Zp
If flxltflyltflxty output

"

fail
"

+ halt

Output
"

pass
"

Possible difficulty:(Coppersmith's example)

Tough function f-

f. Xp→ Xp
b- ✗ c- Ip flx):{ §

if × :b mods

2

fled
a

• ⑥

• • •

.

•

⑨

✗
• •



closest linear fctn to f- is glxtottx

f- is "

far" fromg : Pr×[ flxltglxl]=43

but f- does pretty well at linearity test :

f fails for ✗ =y :| mod -3 Xty=2mod3 1+11=-1

✗=yE2mod3 Xty=_lmod3 -11--11=1

e.y . ✗ EYE 1 mod 3 2mod3

f- 1×1 1- fly ] =

?

flxtmy)
l t I f- -1

but f- passes
all other ×,y !

a lot

⇒ & -=Pr×,y[ flx)
+ fly)yfµ+yy=2/q

←Passes

" failure ⇒
t f is 213 - far from linear ← very

probability far !
otkst "



Good news :

219 is a

" threshold "

if 8£ < 21g ,

f must be of - close to linear

( known thm)

We will prove stronger bound

for Boolean fctms

need tools : Fourier analysis over Boolean cube



Characterizing linear fetus over Boolean cube

What are linear fctns
mapping 30,13

"
→ {0,13 ?

inner product xy
= Éxiyi Moda (XOR)
1=1

linear functions on {0,13
"
: Law -_ ax for fixed

a c- { 0,13h

how many
linear fctns ? 2h

alternate notation : 1*1×1=5 Xi
IEA

for A c- { t.in}
set of indices

that are 1in a-



Thegreatchangeofnotntion :

(less natural
,
but easier to work with)

f :{ 1=13
"

→ { 1=13

0 → +1

I → - l

t 0 I ✗ I - I

0 O l
l l -

l

l l 0

→

-1 -1 I

addition multiplication
a → c-na

ath → C- 1)atb-fyja.fi )b

now linearity corresponds to

flaltflbl __ flatbb) → flal.flbj-flao.to)
T A

coordinatewise coordinatewise

add It ,-Xnltlyiyn) milt

= Hey , , " ,xi;yn)
"Xntlyiiyn)
=(Xiyy . .

-

, Xnyn)



Linear fetus are now :

s < { t.is

Xslx)= IT Xi Parity fetus
its

Express event that test passes as

algebraic fctn :
ftp.flyt-flxoy)
I

flxl - ftp.flx.oy) = { 1 if test accepts

-1
"

"

rejects
I
flxtflylflxoy)

#

indicator{ l-flxlyflylflxioy-s.JO if accepts
var t O - W

,



Now we have a new way to

express rejection probability :

rejection of = Pr [ flxl.ofkyl-tflxo.gl]
Ky

probability =

Ex,y[l-fl✗¥y)fl✗①y→


