
Lecture 15

• Basics of Fourier Analysis
on Boolean cube ( some review

,

some new)

• Analysis of linearity test

• learning Boolean functions - a model a



Fourier Analysis on Boolean Cube

want basis to describe all fans
.

f :{ 1=13^-1+-13

lstidea : "

input / output table
"

←
hole: theseare

indicator fetus orthonormal!!

each = { ;
if ✗=a

° ' "
can express gas
\ 1in comb

of basis

then t fetus g
: glx)=§g (a) each vectors

ÉIw Isis fctn
evaluated
at ✗

✗ flxl
e.of

°

,
I
, glxt-tt.eolxltt-i.e.IN



( Recall) Notation change :2ndidea_ :
{ 0,13 → { 1=13

+ → ✗

f- (a) + flb) : flatb) → flat . flbtflaob)
4. coordinatwise
Mutt

.

Linear fans :

s c- { 1. in}
parity fetus

for ✗ c- HB
"

, Xglx)
= IT Xi
its

define <fig> = In E
✗ c- {±,gnfl×)gl×)

inner product
(but normalized)

tact purity / linear fetus {Xss is orthonormal basis wit .

inner product !



Proofoffact :
• <Xs

,
Xs? = In § 1%1×112=211--1 normal

w

:*
• if 51=-1 :

if it SAT
so -1 :

<Xs
,
X-P = In § KH) -✗TH)

then ✗ix. =L
"

drops out
"

= In § ✗so, /×) so can ignore

I nonempty since s -1--1

so pick j c- SOT

= ¥ Firs 1×1 +✗
so ,
-1×+9) )

✗
⑤f- ✗ with jth

bit flipped ×
,
✗
①I

= tzn E xj.IT Xi + XJ IT Xi
pairs itGOT)Kj3 i

×,x⑦i§"DnE o= In
pairs one is H

the other is -1
= 0

so sum too

Orthogonal !
So { Xs} is an orthonormal basis



This f- is uniquely expressible as linear

comb
.

Of Xs
.

FourierDef
.

Its)= <f.Xp
Coefficients

=

ztn E. f- 1×1%1×1 of

✗ c- { 1=13
" f

Thm_ Ff f-1×1=2 Its)Xsl✗)

Fourier cocffs of linear fans :

really
Fast f linear# F seen] s.t.fi/sI= ,

←"e "

big
+ f- Tts £1T)=o ← others

are 0

e.g. if 1-1×1=4×2

ftp.o.xpt U'✗ {is +01×923 + 1.✗{1,23



Fourier coeffs characterize distance to linear :

Lemma_ Fse [n]

f- b) = I - 2 distlf ,Xs)

= 1- 2Pr
✗c-High

[-11×1%1×1]

PI 2
? $15)= § f-6×1%1*1 def of Fourier caff

= E 1 + E- I
✗ it

.

✗ sit
.

flxkxslxl fattish

= J[ 1- distlfxs)) - Ñ[ distlfixs))

= 2^11 - 2. distlfxs))
•

example :
ywhy

? seebd
"

f- = all -1's

V-s-tpdistlfixsl-t.su Its)=o

for s=f : distlfixy)=1 so §lp)= -1



Observation : Any two distinct linear fetus differ

on exactly Ya of inputs

pI . let f- X, for -1+-5

g-- Xs

note Its) -- 1^1,61=4×-1 ,Xs>

0=4 XT
,
Xs> = I -2 dist (XgXs)

t t
since lemma

⇒ distal,-,Xs)=£
orthonormal

•

Very useful tools:

Ptancherels identity

<fig> = LE Ils)Xs
, §[n§lT)XT>SEEN)

bilinear ily off:>= E Its JIT)<Xs,X⇒
S
,
-1

To if 5=1-1

= § $1s) Jls) 1 if s=T



Parsevats identity :

(f
,
f > = § §( g)

2

"

Boolean Parse rats
"

if f- :D →{1--1} Lf ,f7=¥ Eflxlflx) = In -2
"

=L
✗ in

= +1 since f- is Boolean

so §f^lsT= I



Back to linearity testing

Record : f :{ 1=13"→{ 1=13

f-
"

linear " if Fxiy ftp.flyt-flxoy)

f- "

E- linear " if F linear g St
.

Pr×←g[ f- 1×1--91×13>-1 - E

Linearity test : pick random xiy
Test fil - fly)= flxoy)

of -= pryyegfflxt.flyt-flx.org]
"

rejection
probability

"



Algebraic characterization of rejection probability

of = Pryyeofflxl.flyj-tflx.org]

= Egg [ 1-fktfly-fx.gl ]

Note:
we saw this last time by defining indicator var :

l-flxlyflylflxioy-e.JO if accepts
I 0 . W

,



Analysis of linearity test
doesn't

this

contradicts lower
if 8¢ is small

,
can we conclude that coppers

"

bound? this

f- is close to linear? /
is only

✓ for

YES ! rejection probability gives f:{
±Ñ→¥"

upper
bound on distance

.

Tha
.

f- :{ 1=13%{1--1} is If - close to some linear fctn

PI
.

Ex,y[flxlflylflxo.gl/--ExyI&sfYslXslxDt&fHX-iH.fzfYu1Xnlxoy1)]
=E×y[§µIHf^lTH^WXsWX> lytxulxoy]
-
what is this ?

if s=T=U :

Xslxtxelyxnlxoyluijyi-HIXi.I.syi.II.li/0y1i
= t.Ixiyilxiyil-1.IE?yi--1I.d-D--1



if 7ls=T=u) :

Ex,y[Xslxlxtlyxulxoy)

=E×yiIs×i¥iti¥uHiyN]

=E×y[ IT Xi • IT
IESOU jtTouYj]

= Exylltiesouii] - E×y[Tje+ouYj] ¥75
indep

""MP""- "" "" ""* ⇒ [¥¥"""" "⇒ one

of these
holds analogously if -11=4

, E×yj¥¥ir]=0so -7

= 0 so all these terms dropout !

Ex,y[ flxlflylflxo.gl]

=E×y[(§f^lslXsl×Df§ÉHX-Hl§f^MXnlxoy)]

=E×y[§µIHf^lTH^lulXsWX> lytxulxoy]
= E FIST

s=T=U



I may
$1s) . § $1s)

'

¥Tby " Boolean Parsevnl's
"

=

may
Its)

=

may ( I
- 2. distlfixs))

= I - 2 .

min (distlf ,XD)

so If ⇒ I - ( I - 2 min (distlf,XD)
2

= min distlfixs)

⇒ Fs st
.

f- is of - close to Xs
Ba


