
Lecture 20

• Learning heavy Fourier ceoeffs /with queries)
( cont .)

• weak learning of monotone fetus



Recall Fourier Transform :

✗

slxt.nl?sXnLf,g7--tzn&flx1glx)
←

lemma

Ils)= ( f
,Xp

= I - 2-Pr[Hx)-tXs(xD

Ff
,

f- 1×1=2 Its)Xsl×)

Pluncherel ( f , g
> = § Its)g^ls)



Learning Heavy Fourier Coeffs [Goldreich Levin]

[Kvshilentz Mansour]

✗ > f- > flx)
not just low
degrees
t

all close
Given f

,
O

y
linear
fctns

• Output all coeffsss.t.IT/s)/⇒ -0
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Only output S it
. LINKE ← no junk

Probably can't do it with only random examples

what if can query
f at any input?



Mainldea: " exhaustive search with good pruning
"
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ONLY OUTPUT THOSE THAT REACH BOTTOM LEVEL

recursive algorithm:
• each node- setting of Xi -Xi
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" total
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Plain Only go
down paths with ELFYN] >_ 0-2

K
,
S

1. can we compute it ?

2. does it bring us to right leaves ?

- do we get to all heavy
leaves ?

- do we get junk ? ( light leaves)
3. how many paths do we take ?

lots of dead ends ?

is runtime good ?



Not too
many paths ! (answer to 3)

tenma
"
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data"J stage in algorithm

f- :{ 1=13^-7%13
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have E✗[f¥s ,] 20-2

(proved last lecture)

Useful claim (proved last time) :

claim : F K
,
S

,
Ek

E-
✗
[ figs , 1×7] = E

Ils
, VIT

JE {KH, " ;n}



Does algorithm bring us to good leaves?

(answer to 2)

Fact :
"
not missing out

"

⇒ find all big
For any S,, if I -12 it
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Fourier coeffs
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is a good measure

to use when deciding whether

to investigate subtree !

So we find all good leaves

we don't spend too much time

but do we output junk ?



No junk ( answer to 2)

Simple fix :

For each
"

candidate
"

to S
,

estimate its Fourier coeff a make sure it is

big enough before outputting it



recall :

f :{1=13^-71+-13Can we estimate figs .IN ? 0 c- KEN
S
,
C- [ K]

(answer to 1)
figs

,

1×1=2 ^flFVI)Xzl×)
IEEKH.sn}

E-
✗
[ figs, 1×7] = E

Ils
, v57Bad idea : estimate each Jean:B

Its,VTa) FI ← too much time

L
"

figs
,

1×1 Estimation lemma
"

" agreement
"

for ✗ c- {1--1}
""

¢
use this

fkis, 1×1 = Eye.{±,y[ flyxlxs.ly)]} to
estimate

T figs ,(×)
concatenation

think of as

¥
flyx)=§§(g) ×,(y×, ←

fctnofy since

Fourier ✗ is fixed
representation throughout

7- TUT, T,

c- [K) Ta c- { KH . .n3

so X
,
/yxt-X-lyl.ly/x)



Eylflyxtxs.ly]
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Algorithm :

Ideal [KM] algorithm /given k.si :
tests ,

is

✓ indeed heavy
if k=n

④ if Fi - additive-estimate of $1s,) -37,0 outputs ,

else (1) if E×[ f
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(2) if E×[ f
'

1×1] 20¥ check out

K
,
S
,
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)
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Thin to > 0 ,
KM - alg outputs

$={si.se} sit . 1=0140-4 & with prob >_ 1-8

V-sic-IIFIS.tl >_ 0=2 no junk
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Applications
• size Et decision trees

o fetus of small L
,

-

norm

411-1 = § IIIs) /

set D- ← ⇐f)
in time poly In , 41ft, %)

if don't know L
,
(f)

assume 1,214,8
test hypothesis at each round

& Continue if notgood



Monotone Functions

def
. partial order £ : ✗Ey iff fi Xi Eyi

monotone fctn f- : ✗c-y ⇒
f- IN ⇐ fly)

Are there fast learning algorithms for the class

of monotone functions ?

Occam's razor !

poly Hog ICI) samples suffice

T class of monotone fctns

7- 22%" monotone fetus

so only gives exponential bound



why so many
monotone films ?

- set middle rowconsider
"

slice
" fetus :

in all possible
0 ways w/o

Violating
monotonicity

£É options
all are monotone !

Own)
H.W. : 2 random samples suffice

for unit dist

today : what if
you

have
queries ?

Can get very slight
"
win

"

All monotone fetus have weak

agreement with some dictator

fctn
.



Thin V- f- monotone
, Fg C- { 1=1,4 ,Xa

,
. . . Xn} :$

S.t. P:[ f-1×1%1×11>-1-2+5214)
" uniform T

distribution slightly
note slice fetus have weak better than

random
agreement with all dictators guessing
on uniform list (can get tatter

it add majority )

⇒ learning algorithm :
estimate agreement of f with all members off'

output best

PI
.

Cases : f- 1×1 has weak agreement with +1 or -1 ✓

case 2 : otherwise Pr[ f- 1×1=1] C- [1*1,74]



Boolean Cube

III.y

hypercube
level K :

nodes labeled by☐ KI's th- K O 's

# nodes on level R :
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example for n=3



Monotone Functions on Boolean Cube
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monotone ⇒ no blue above
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Influence of f- :
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Thin f- monotone ⇒ infill )=f^( { is)

This majority fctnflxtisign / Éxi) loddn)
1=1

maximizes influence among
monotone fetus

Pfs on hiw
.


