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Abstract

A numberof modernlearningtasksinvolveesti-
mationfrom heterogeneousinformationsources.
This includesclassificationwith labeledandun-
labeleddataaswell asotherproblemswith anal-
ogousstructuresuchascompetitive (gametheo-
retic) problems.Theassociatedestimationprob-
lems can be typically reducedto solving a set
of fixedpointequations(consistency conditions).
We introducea generalmethodfor combining
a preferredinformation sourcewith anotherin
thissettingby evolving continuouspathsof fixed
points at intermediateallocations. We explic-
itly identify critical pointsalongtheuniquepaths
to either increasethe stability of estimationor
to ensurea significantdeparturefrom the initial
source.Thehomotopy continuationapproachis
guaranteedto terminateat thesecondsource,and
involves no combinatorialeffort. We illustrate
the power of theseideasboth in classification
taskswith labeledandunlabeleddata,aswell as
in thecontext of acompetitive(min-max)formu-
lationof DNA sequencemotif discovery.

1 INTRODUCTION

Many importantlearningproblemsinvolve a compromise
betweencompetingsourcesof information. For example,
in semi-supervisedclassificationtheavailabletrainingex-
amplestypically include a limited set of labeleddataas
well asa large datasetof unlabeledexamples. A number
of other problemssharethe sameabstractstructure. For
example,in estimatinggraphicalmodelswe oftenneedto
determinethe equivalent samplesize, i.e., how the prior
model shouldcount relative to the available data. While
such“allocation” problemsareubiquitous,it is not clear
how they shouldbesolvedin general.In otherwords,what
principle we shoulduseto determinehow oneprivileged
source(labeledset, prior) shouldbe balancedrelative to

theothersource(s)(unlabeledset,observeddata).

The allocationproblemsare not stablein the sensethat
smallchangesin theallocationcanresultin drasticchanges
in themodel.StandardalgorithmssuchasEM for combin-
ing completeand incompletedatado not address(or are
awareof) theproblem.

We introducea generalalgorithmbasedon globally con-
vergenthomotopy continuation(Chow, Mallet-Paret, and
Yorke,1978)thatcombinesa preferentialdatasourcewith
anotherby following acontinuouspathof stationarypoints
of theoptimizationcriterionfor possibleweightingsof the
sources.Thepathof fixedpointsfoundby thealgorithmis
uniqueandhasstrongtheoreticalexistenceguarantees,and
providesa rich basisfor analyzingproblemsthat feature
a competitionbetweenpotentiallyconflictingsources.We
demonstrate,in particular, how continuationmethodscan
be usedto identify critical allocationsof the two sources,
i.e., allocationsaroundwhich dramaticchangescan take
placewith minimal changesin allocation. Suchcritical
eventscanbeexploitedeitherto guaranteestabilityof esti-
mation,or to ensurea substantialdeviation from theinitial
datasource.

We begin by introducinghomotopy continuationin a clas-
sificationsettingandsubsequentlypresentrelevanttheoret-
ical foundation. We extendthe methodologyin a number
of relevant directions. Specifically, we provide resultsin
text classificationwith näıve Bayesas well as solve the
problemof finding DNA binding motifs in a competitive
mannerwith homotopy continuation.

2 CLASSIFICATION WITH LABELED
AND UNLABELED DATA

We commenceherewith the problemof improving clas-
sificationaccuracy by meansof incorporatinginformation
from unlabeledexamples. Unlabeledexamplesare typi-
cally easyto comeby andoftendefinethecontext in which
theclassificationtaskhasto besolved.Moreover, they pro-
vide informationaboutthedensityandarrangement(clus-



tering)of theexamples.We restrictourselveshereto gen-
erativemodelsbut themethodologyremainsapplicableto a
wider classof approachesincludingmargin baseddiscrim-
inativemethods.

2.1 ESTIMATION AS SOURCE ALLOCA TION

The objective hereis to estimatethe parametersof a joint
distribution ������� �	� from both labeledandunlabeledsam-
ples. Here ��
��������� , where� is theclasslabelof  . For
clarity, we define“incompleteness”of examplessimply in
termsof missinglabels;thisrestrictionis notnecessary(cf.
(Corduneanu,2002)).

We assumethat the joint distribution canbe written asan
(extended)exponentialfamily where � ����� denotesthevec-
tor of sufficient statisticsand� ���	� is thepartitionfunction
(cumulantgeneratingfunction):

������� ���	
������ � � �������! #"$���%�'& � �(�)� (1)

The standardapproachin this settingis to maximizethe
likelihoodof bothlabeledandunlabeleddata(Nigametal.,
2000)via optimizationalgorithmsthathandlemissingdata
suchas the EM algorithm (Dempster, Laird, and Rubin,
1977).Thecombinedlikelihoodcriterioncanbeexpressed
in termsof minimizing

�+*,&.-���/0�21�%34���%�657������� ���8�9 :-;/0�21�%<�����657�>=>�?�� �)�@� (2)

where �%= is the  marginal of � ; 1� 3 and 1� < refer to the
empiricalestimatesfrom completeandincompletedata,re-
spectively. Fromthepoint of view of maximumlikelihood
estimation, - shouldbe set to the fraction of incomplete
samples.Fixing - in thismannerhasnosoundjustification,
however. Indeed,with adisproportionatelylargenumberof
incompleteexamples,-#AB* , andthe criterion effectively
omits1 thefew labeledexamplesdefiningtheclassification
task. Thesolutionshouldbesoughtwith otherallocations-DC�E FG�2*IH .
Perhapssurprisingly, the estimationproblemwith varying
allocationis inherentlyunstable. To betterillustrate this,
we provide herean alternative but equivalentformulation
of the estimationcriterion. Specifically, we minimize the
distanceto theincompletedatasource(empiricalestimate)
subjectto a constrainthat we remainsufficiently closeto
thecompletedatasolution.More precisely,

JLK?MN /��O1� < �����57�%PQ�?R� �S�+�>T2U V�U�/��O1� 3 ���%�957������� ���+�RW#X,��-��
(3)

where X,��-'� is a monotonicallyincreasingfunction of the
allocation - and X,�(F'��
YJLKZM$[�/��O1� 3 ���%�657�9����� ���8� . The
equivalenceis shown in theAppendix(Proposition4).

Figure 1 illustrateswhy the estimationprobleminvolves
critical events(suddendrasticchangesin themodel). The

1Save perhapsin termsof initialization.
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Figure1: Minimum DistanceMay Jumpasthe Boundon
Distanceto 1� 3 Loosens.

objective minimizes the distancebetweena convex data
manifold ^ (densitieswith marginal 1� < ), andanon-convex
marginal exponential family _ (Csisźar and Tusńady,
1984),while boundingthe distancefrom 1� 3 . As X,��-�� in-
creasesthe boundbecomeslessrestrictive, and the mini-
mum may suddenlyjump to a differentconvex region of_ . Another way of expressingthe phenomenonis that
while theachievedlikelihoodvaluechangessmoothlywith
theallocation - , the optimizingargument(themodel)can
incurdrasticchanges.

From the point of view of classification,it is crucial to
understandwhen the critical events occur. The drastic
changesat the critical points are after all no longer tied
to the classificationtask(the few labeledexamples).The
critical pointsare,however, notvisiblewithin theEM algo-
rithm andcanbefoundonly by tracingthesolutionsat in-
creasinglevelsof allocation.Thepathsgeneratedby evolv-
ing thesolutionsin this mannerturn out to beunique(see
latersections).They canalsobefoundrelativelyefficiently.

2.2 PATH TRACING OF EM FIXED POINTS

We describeheretheEM algorithmfor classificationwith
labeledandunlabeleddata(cf. (Nigam et al., 2000))and
how the continuouspathsof solutionscanbe tracedin an
efficient andstablemannerby appealto the theoryof ho-
motopy continuation.

With only unlabeledexamples,the convergencepointsof
theEM algorithmarefixedpointsof theEM iteration(op-
erator): ` 
:a)b:c2� ` � , where

a)b c � ` ��
 *d c@eGfge;h aiE � �8�? <f �����8�8� ` �� <f H (4)

and the sum is over unlabeledsamples <f , and ` 
aQE � ������Hj
 kk N � �(�)� is the equivalentmeanparameteriza-
tion of theexponentialfamily.

Whenwe alsohave somelabeledinformation,we canad-



just theEM operatorsoasto optimizeEq. (2):

aSbml'� ` �	
n�+*,&:-�� 1` 3  #-�a)b c � ` � (5)

where 1` 3 arethe meanparametersof empirical 1� 3 . The
key propertyhereis the linear separationof labeledand
unlabeledinformationin themeanparameterization.

Fixedpointsof aSb l rangefrom theunique 1` 3 at -�
:F to
multiple optimaat -o
p* which areindistinguishablewith
respectto labelpermutations(at least).Only onesuchper-
mutationachievesgoodclassificationperformancebut the
EM algorithmoffersno guaranteesfinding it. In contrast,
we identify only thosefixed points that arefirmly rooted
in the labeledevidenceby extendinga continuouspathof
solutionsa)bql$� ` ��
 ` , from -�
:F up to thecritical allo-
cation -'r .
A simplebut numericallyunstablemethodfor tracingsuch
pathsis to solve the associateddifferential equationas a
functionof - (CorduneanuandJaakkola, 2001);however,
discontinuitiesarisefrom non-functionalrelationsbetween
theallocation - andthemodel(thesearepreciselythecrit-
ical points)andthis solutionbreaksdown at/closeto such
points. An alternative approachis neededfor stability and
for goingthroughthecritical points.

Homotopy continuationeliminatesthedifficulty by follow-
ing thepathin thejoint � ` �s-�� space.Theallocation - may
now actuallydecreasealongthepath(uponhitting a criti-
cal point asdefinedpreviously). This is enoughto remove
discontinuities(which arealmostsurely not bifurcations)
in all but measurezero cases(seeSection3). To evolve
fixedpointsin thejoint parameterization� ` �s-�� we haveto
ensurethat any adjustmentsto the solutiondo not violate
thefixedpoint condition:

-'tvu%a)b c � ` ��&owxa)b c � ` ��& 1` 3 y z `|{ z�}z - { z~} 
�F (6)

where } may be chosento be the unit lengthparameteri-
zationof thecurve2. Providedthatcertainrankconstraints
discussedlaterin thepaperaresatisfied,thenull spacecon-
straintabove indeeddefinesauniquecurve.

For exponentialfamilies the Jacobiant u a)b:c2� ` � of the
EM operatorhasanexplicit formula:

t u a)b:cs� ` ��
 *d c+e;fgeGh.�s��� � � �� <f ������� ` �� <f � ��� ` �+� c
(7)

where�s��� is thecovarianceof thevectorof sufficientstatis-
tics,and � is theFisherinformationmatrix �2�� N � � ���)� . (See
(Corduneanu,2002).)

2This is analogousto annealingprocedures,wherethestateof
thesystemmayno longerbea functionof temperaturebut rather
a functionof time.

Singularitiesof -$t u aSb:c�� ` �R&#w recover the discontinu-
ities (critical points)wherethenäıvemethodbreaksdown.
A stableidentificationof critical allocations,wherethepath
loosesconnectionwith theinitial datasource,is apowerful
featureof homotopy continuation.Thecritical allocations
emerge as non-functionalrelationsbetweenthe evolving
modelandtheallocation - (seelater in thepaper).In set-
tingsotherthanclassification,it mayactuallybedesirable
to follow throughthecritical pointsto ensurea substantial
departurefrom theinitial informationsource.

We presentan algorithm basedon Euler’s method for
path following, althoughin practicebetter ODE solvers
aremoreappropriate(our implementationusestheRunge-
Kutta method). See,e.g., (WatsonandMorgan,1987)or
(Salingeret al., 2002)for a rangeof numericalalgorithms
for homotopy continuation.Startingat 1` 3 , we follow the
pathby finding the one-dimensionalnull spaceof the ho-
motopy matrix in (6), and changing � ` �s-�� in this direc-
tion. Theorientationis ambiguous:we canmove forward
or backwardalongtheuniquepath.We selectthedirection
thatmakesthesmallestanglewith thepreviouspathdirec-
tion. In termsof complexity, thedominantstepis solving
(6) which involves � �?�6�%� computation,where� is thedi-
mensionalityof ` .

3 CONTINUATION FROM A
THEORETICAL PERSPECTIVE

3.1 GENERAL HOMO TOPIES

Continuationmethodsdiscussedabove are basedon the
theoryof globally convergentwith probability onehomo-
topy continuation,introducedin (Chow, Mallet-Paret,and
Yorke, 1978). Watsongivesa careful descriptionof this
method(Watson,2000),andprovidesanumericalpackage
HOMPACK for homotopy continuation(WatsonandMor-
gan,1987). We startby briefly elaboratingthe theoretical
foundation.

Homotopy continuationis a generalmethodfor solving a
nonlinearequation� �?	��
�F , by starting with a trivial
equation � �����
�F whosesolution is known, and track-
ing its root while morphing � into � . Formally, given� � ���j����� ��� , definea homotopy function to be a
smoothmap ���%����� E F;�2*IH �Y��� suchthat � ����+F$�	
 � �?��
and � �?R�2*7�S
 � ���� . Thegoalbecomesto find solutionsof� �?���-'��
�F for all -�C�E FG�2*IH . For instance,the nonlin-
ear equationin classificationwith labeled/unlabeleddata
wouldbethefixed-pointconditionof theEM operator.

As discussedearlier, we cantracksolutionsby solvingthe
associateddifferentialequationwith respectto a pathpa-
rameter } and initial condition � �?	�o
�F and -�
�F at} 
:F : tj� =%� l�  � �����-'� y z  { z�}z - { z~} 
#F (8)
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Figure2: PossibleConfigurationsof Rootsof the Homo-
topy between��¡ ���� and� ����

Theabove differentialequationdefinesa uniquepathfree
of discontinuitiesandbifurcationsaslongasthehomotopy
matrix tj� =�� l�  � �?R�s-�� hasmaximalrankalongthepath(cf.
implicit function theorem). While this is not always the
case,a simplechangemakesdiscontinuitiesvery unlikely.
Theideais to extendtheanalysisto a familyof trivial equa-
tions � ¡ ����¢
nF , with £ C ��¤ an initial point thatwe are
free to choose,that areall morphedinto � by the homo-
topy � ¡ �?���-'��
 � � £ �����-'� . Then a continuouspath of
solutionsfrom ��¡ to � exists for all but a measureF set
of initial points £ . This is a consequenceof the following
theoremproved in (Chow, Mallet-Paret,andYorke, 1978)
from ParametrizedSard’sTheorem:

Theorem1 Let �p��� ¤ �.���#� E FG�O*7� �¥��� be a ¦¢§
mapsuch that the � � ��¨� j�© q*7� Jacobian tj� ¡ � =%� l�  � has
rank � on theset � � c ��F$� , and � � c¡ �(F'� is boundedfor fixed£ C � ¤ . Then tj� =%� l�  ��¡ hasfull rank on � � c¡ ��F$� except
for possiblyona setof measure F of £ ’s.

Thus when the hypothesisof the theoremholds and £ is
not in the measure-zeroset,any �?R�s-�� root of � ¡ canbe
continuouslyanduniquelyextendedin both directionsof
increasinganddecreasing} . Assumingthat � ¡ hasaunique
root, if follows that all roots of ��¡ must be on a unique
continuouspathof rootsfrom -:
ªF to -:
«* , on closed
continuousloopswith Fj¬�-©¬* , or onpathsthatstartand
endat -�
n* (Figure2).

Usinghomotopy continuationinvolveschoosinganappro-
priatehomotopy andsetof initial pointssuchthat thefirst
function hasa uniqueroot, andthe hypothesisof the fun-
damentaltheoremholds.

The mostdifficult assumptionto guaranteein Theorem1
is that tj� ¡ � =%� l�  � hasfull rank. This rankconstraintis triv-
ially satisfiedfor (almost)all initial £ ’sunderthefollowing
standardfixed-pointhomotopy:

� ¡ �?R�s-��)
n�+*¢&.-'�+� £ &!	�9 #-�� � �?	�9&o�� (9)

3.1.1 Fixed-point Homotopy for EM

Thefixedpointsof theEM operatorin thecontext of com-
pleteandincompleteinformationsources(5) canbe seen
as a standardfixed-pointhomotopyas definedin (9). To
seethis, simply replace with the meanparameters̀ , -
remainsthesourceallocation,and 1` 3 playstherole of the
initial point £ .
In thecaseof EM, a necessaryconditionfor thebounded-
nessrequirementof Theorem1, neededto ensurethat the
pathreaches-0
�* in finite time, is thatconditionalexpec-
tationsof sufficient statisticsarealwaysbounded. While
this is not satisfiedby all exponentialfamilies,mostinter-
estingcaseswill satisfyit, includingall classificationprob-
lemswith finitely many labels.In addition,theEM opera-
tor is ¦¢§ on valid meanparameters,thustheexistenceand
uniquenessof a pathof fixed-pointsfrom 1` 3 to -.
«* is
assured.

Not all fixed pointsof the a)bml operatorarevalid3 mean
parameters,andonemaywonderwhetherotherconstraints
must be imposedalong the path. Fortunately, the path
startedat 1` 3 will automaticallyfollow valid meanparam-
etersfor all -n¬®* . If ¯ is the valid convex setof mean
parameters,nofixedpointwith -©¬* canbeonthebound-
aryof ¯ , asaconvex combinationbetweena)b:c2� ` � on the
closureof ¯ , andthe interior point 1` 3 . Thusthecontinu-
ouspathstartedat 1` 3 cannotintersecttheboundaryof ¯ ,
andit mustbeentirelycontainedin ¯ .

3.2 LINEAR ALLOCA TION OF OPTIMIZA TION
CRITERIA

We derive importantpropertiesvalid alongany continuous
pathof stationarypointsof a convex combinationof opti-
mizationcriteria. Let ������ and ° ���� betwo optimization
criteria,possiblyderivedfrom differentsourcesof informa-
tion, where aretheparametersto beestimated.Let

± l ����	
²�8*,&.-������?	�6 .- ° �?����,-DC�E F;�2*gH (10)

be their convex combination,and considera path of sta-
tionarypoints tv= ± l �����
nF in the �?���-'� spacethatstarts
at -0
:F andendsat -0
�* . Weareinterestedin themono-
tonicity of theindividual criteria ���?�� and ° �?�� alongthe
path.

A first resultshows that suchpathcannottake thesame
value twice, unlessit is a constantpath. If } is the path
parameter, then:

Theorem2 If k =kg³ 
#F for some} , -'� } �	C��(F;�2*7� , then�� } �
is constantfor all } .

3The operatoritself doesnot explicitly guaranteethat, e.g.,
certainmeanparameterssuchasmarginalsarenecessarilynon-
zero but rathermaintainsthe property if it holds for the initial
guessin theEM iterations.



Proof Any  along the path satisfies �+*j&´-'�8ti���?��µ -'t ° ����¶
 F , from which we obtain �8t ° �?��·&ti���?	�8� k lkg³  ��8�+*o&B-'�8t § ������Q «-'t §7° ����8� k =kg³ 
¸F .
If k =s¹kg³ ¹ 
ºF for some $» , the previous equationsyieldti���?'»���
�t ° �?$»>��
#F , thus �8*�&Q-'�����?$»>�g �- ° ��$»G��
#F
for all -0CqE FG�O*gH , andthepathmustbeconstant. ¼
More importantly, ������ } �+� and ° �?	� } �8� canchangetheir
monotonicityonly at critical points,andeven thenthis is
unlikely to happen.Thustypically � alwaysincreaseswith} while ° decreases,evenif thepathpassesthroughcritical
allocations(assumingwe aresearchingfor minima). The
propertystemsfrom thefollowing formal result:

Theorem3 kkg³ ������ } �+� and kkg³ ° ���� } �+� can be F only
when k lkg³ 
#F , unless	� } � is constantfor all } .
Proof Assume tQ�������k =kg³ 
 F for some } at whichk lkg³¾½
¿F . Then from ��t ° ����À&Bti���?��+�sk lkg³  B�+�8*0&-���t § ������Á �-'t §7° �?	�8��k =kg³ 
ÂF we derive �8t ° ����µ&ti���?	�8��ti������ � 
 F . This combined with �8*.&-���ti���?	�� Ã-$t ° ����v
²F yields ti���?��Á
�t ° �?	�Á
²F ,
whichagainmeansthatthesame is astationarypoint for
all - , andthepathmustbeconstant. ¼
For themonotonicityreversalof ���?	� to happenat a criti-
calpoint,thegradientti���?	� mustbeorthogonalto z  { z~}
exactly at thecritical point, which rarelyhappensin prac-
tice.

Usuallythestartingcriterion ������ is convex with aunique
minimum, while ° �?	� featuresmany local minima. The
continuouspathof stationarypointsdeterministicallyfinds
a preferentialminimum of ° �?	� reachablefrom the ini-
tial point by continuousdescentin ° �?	� . Althoughmono-
tonicity is not influenced by critical points, the mini-
mum/maximumcharacterof the stationarypoints must
changeafter passagethroughcritical allocation. Figure3
illustratesthis phenomenonin a one-dimensionalproblem.

4 TEXT CLASSIFICATION WITH NAÏVE
BAYES

We illustratehomotopy continuationon text classification
from labeled/unlabeleddata on a discretenäıve Bayes
model. We representdocumentsby word-appearancebi-
nary features,assumedto be independentgiven classla-
bel. Suchassumptionis tractablebut inaccurate,andwe
expecthomotopy continuationto be ableto guardagainst
model-misfiterrorsby limiting allocationbelow its critical
value.We usestandardnäıve Bayesratherthana multino-
mial model(Nigamet al., 2000),for the purposeof intro-
ducingcontinuationon thesimplestgraphicalmodel.

Observed data consists of features ���cs�� § �sU�UsUs���Ä>� ,
and probabilities over documentssatisfy Å �ÇÆ6�����È
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Figure 3: ContinuousPath of StationaryPoints Going
througha LocalMaximaRegionbetweenCritical Points

ÄÉËÊ c Å �? É � �6� Å ����� . This definesanexponentialfamily

of meanparametersÅ �?����� Å �? É ����� , andan aSbml operator

Å �?���RÌ �+*,&:-�� Å 3 �����9 #- Í Å < �ÎÆ�� Å ���6�ÏÆR�Å �� É �����RÌ �+*,&:-�� Å 3 �� É ������ :- Í7Ð =ÒÑ Å < �ÎÆ�� Å ���6�ÏÆR�
where Å 3 and Å < are Laplacesmoothedempirical fre-
quenciesfrom completeandincompletesamples.

In orderto computetheEM Jacobianweonly needderiva-
tivesof Å �?�6�ËÆ�� with respectto meanparameters:Ó Å ���9�ËÆ��Ó Å ���%Ô�� 
²��"À&Ã*7� Å

�?�6�ËÆ�� Å �ÎÆR� � Ô �Å �ÇÆR� &:Õ×ÖsØ����6� Å �ÎÆ�� � Ô �Å �ÎÆR�Ó Å ���9�ËÆ��Ó Å �� f ��� Ô � 
µÕ@=�Ù��?
É � & Å ���6�ÏÆ�� Å �ÇÆ�Ú� É � � Ô �Å �ÇÆR�  

 nÕ@ÖsØ8�?��� Å �ÇÆ©Ú� É � � Ô �Å �ÎÆ��
where Å �ÎÆDÚ6 É � � Ô � is marginalizedover the Û ’ th feature.

Thenhomotopy continuationproceedsasdescribedin the
generalclassificationsetting,stoppingat critical allocation
to preserve continuity with the completeor labeledinfor-
mationsource.

4.1 TEXT CLASSIFICATION RESULTS

We usethe20-newsgroupsdatabasefor training(Nigamet
al., 2000),which is a collectionof newsgrouparticlesla-
beledby the newsgroupon which they were posted. To
control the � �?� � � complexity of thealgorithm,we reduce
thesizeof theproblemto Ü classes,andÝ F featuresselected
by their mutualinformationwith classlabels.We perform
featureselectiononly onceon all Ý F newsgroups,hoping
thatthemostsignificantÝ F wordsdonotvary toomuchfor
thethree-classproblemwith limited labeledsamples.



Table1: ErrorRatesof MaximumLikelihoodfrom Labeled
Data, Homotopy Continuation,and EM initialized based
onthelabeledestimateon Þ F RandomSelectionsof *IF La-
beledDocumentsfrom Ý~ß7Ý~à Documentsin ThreeClasses

labeledonly homotopy EM
critical runs Ü7Þ U á$â Ý F;U ã'â Ý á;U F'â
all runs Ü7Þ U(ä7â Ý *ÒU ã'â Ý äÒU�ä~â

In Table 4.1 we show results from an experimentwith*gF randomly selectedlabeled documents,and the rest
of Ý~ß * à available documentsfrom the Ü classesselected
(talk.politics.mideast, soc.religion.christian, andsci.crypt)
asunlabeleddata.TheresultscombineÞ F experimentsout
of which ã Þ featuredhomotopy pathswith critical alloca-
tion. Webreaktheresultsintoanaverageoverthe ã Þ exper-
imentswith critical allocation,andanaverageoverall runs.
Maximum-likelihoodallocationis effectively * , while the
averagecritical allocationwas FGU ß7Ü . We seethat homo-
topy continuationdramaticallyimprovesthe poor estima-
tion basedonly on *gF labeledsamples,and outperforms
EM evenif thecritical allocationis closeto themaximum
likelihoodallocation. This canhappenessentiallyfor two
reasons:first, even a small increasein allocationcan re-
sult in a jump followedby largeincreasein errorrate,and,
second,the EM algorithm,evenwith the sameallocation,
may converge to otherfixed pointsno longertraceableto
theinitial labeledsolution.

To illustrate the suddendegradationof performanceafter
critical allocationwe plot the evolution of error rate and
allocationalongthe homotopy path(Figure4). Note that
differentrunsmayproducedifferenttypesof evolution, in-
cludingnocritical allocation,increasingerrorratefrom the
verybeginning,optimalallocationlessthanthecriticalone,
andeven a suddenincreaseof performanceat the critical
allocation.However, critical allocationinvariablysignalsa
suddenchangein performance,mostoftennegative,show-
ing thatestimationbeyondcritical allocationis unstable.

5 COMPETITIVE MOTIF DISCOVERY

We provide herea novel competitive (minimax) formula-
tion of DNA sequencemotif discovery andshow how the
continuationapproachdevelopedearlier in the paperpro-
videsa naturalsolution.

In motif discovery we aregiven a setof DNA sequences
correspondingto (upstream)intergenicregions(promoter
regions)of selectedgenes. Thesesequences(eacha few
hundredbaseslong) potentially containbinding sitesfor
transcriptionalactivatorsor other DNA binding proteins.
Each binding site is characterizedby a sequenceof not
necessarilyadjacentbaseswhoseidentity is relatively con-
served acrosssequencescontainingthe samebinding site
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Figure4: Evolutionof Error RateandAllocation with Ho-
motopy ContinuationIterationon a DiscreteNäıve Bayes
Model with Ý F BinaryFeatures

or motif. The locationsof the motifs alongthe sequences
areunknown andeachsequencemay or may not contain
any particular(unknown) motif.

Unlike previousapproaches(Hugheset al., 2000),we for-
mulate the problem as a direct competitionbetweenthe
motif model capturingthe limited baseconservation and
thebackgroundmodeltypically tailoredto theoverall fre-
quenceof bases.Weseekmotifs thatarerobustin thesense
thatthey candistinguishthemselvesfrom afamily of back-
groundmodels(specificallytheworstcasebackground).

Let Å'å �?�� denotethebackgroundmodeloversequence .
For simplicity, we assumethat the basesareindependent,
i.e., Å�å ����i
 æ � cç Ê »qè �� ç � , where é is the lengthof the
sequenceand è �� ç � is multinomialover the four possible
basesê7ë � ° ��ì�� ¦Àí . When  containsa motif in positionî
, we replacethe backgroundpredictionswith thoseof ¨

(sizeof themotif) consecutivepositionspecificmultinomi-
als. In otherwords,

Å å � ï4��R�motif in position
î ��
 Å å ���� ¤ �

c
ÉðÊ »

ñ É �? ç?ò É �è �� ç?ò É � (11)

When we add the uncertaintyabout the position and the
existenceof motif in  , we obtainthefollowing likelihood
ratio

Å å � ï�����Å�å ���� 
 � » æ � ¤ � cç Ê » � » � î � ¤ � cÉËÊ »
ñ É �� ç?ò É �è �? ç?ò É �  �*,&!� »

where� » � î � is the (sequencespecific)prior over positions
(e.g., uniform) and � » is the prior probability that  has
the motif. The minimax problem we wish to solve isJLó7� ï JLKZM å Ä�ô �7õ Å'å � ï �?

� Ä   � {7Å�å �� � Ä   � , where " goes
over the available sequences(minimax and maxmin are
equivalentin this case).



In the continuationapproachwe tracea specificminimax
solutionof

�8*,&.-'��/�� è » 5 è ��&Ã�8*,&.-'� *¨ ¤ � cÉËÊ » /�� è
» 5 ñ É �

 µ- Ä ô �~õ Å å
� ï��? � Ä   �

Å å �� � Ä   � (12)

startingwith -·
nF . Here è » is thereferencebackground
modelandis basedon theempiricalfrequenceof basesin
theavailablesequences.Thefixedpointequationsresulting
from theabove objective areanalogousto thosediscussed
earlier(EM equations).Let � É ���%��
 Ä �%Äs�9� î �Z";��Õ×=Òö ÷GÑ8����� ,
where � Ä is the posteriorprobability of motif appearing
in the " ç(ø sequenceand ��� î �ð";� is theconditionalposterior
over themotif location.Thefixedpoint equationsarenow
givenbyñ É ���%�ù
 �8�+*¢&.-'� è » ���%�� #-7¨n� É ���%�8� {sú l (13)è �����¾
 �8�+*¢&.-'� è » ���%�� #- É � É ���%�8� {sú l (14)

whereú l 
�*9&�-, �-�¨ Ä �%Ä . Themaindifferencehere
is thatwhile the fixed pointsof è � y � have a similar form,
they characterizetheuniqueminimumof theobjective (by
convexity). Thebackgroundmodelthereforeremainsat the
worstcasechoicewithin the limits allowedby thecurrent
allocation - .
At -�
#F , boththemotif andthebackgroundmodelreduce
to the referencemodel è » . We subsequentlyevolve the
pair � ñ � è � of fixedpoint solutionsfrom the initial model
usingthe continuationapproach.For the resultingmodelñ

to representavalid motif, weexpectthatthepathpasses
throughcritical point(s)ensuringthatthemotif

ñ
deviates

substantiallyfrom thecompetingbackground.This indeed
takesplace.

5.1 MOTIF FINDING RESULTS

In ourexperiments,wehaveusedacoupleof extensionsof
the basicapproachdescribedabove. First, the competing
backgroundmodel has to considera slightly wider win-
dow of basisthanthe motif. This is reasonablesincethe
backgroundshouldsetthecontext in whichthemotif hasto
differentiateitself. This requiresonly a minor adjustment
to thefixedpoints4. Second,we iteratively find additional
motifs by adjustingtheprior motif locations� » � î � for each
sequenceon thebasisof alreadyfoundmotifs. Theresult-
ing “search”remainsdeterministicfrom the point of view
of thealgorithmandinvolvesno combinatorialeffort.

4Thesummation ûgü ûþý�ÿ�� in thefixedpointequationfor � is
now over thewidercontext. Thenormalizationconstanthasto be
adjustedaccordingly. Note that the specificminimax optimiza-
tion problemdefinedabove is no longer strictly speakingvalid
with this change.The fixed point equationsremainmeaningful,
however, andthecontinuationapproachcanbeusedasbefore.
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Figure5: Numberof runsabove 75% and50% accuracy
againstthe encodinglength. No AlignACE resultswere
above75%

We have testedthecompetitive minimaxapproachagainst
thewell-known Gibbssamplingmotif softwareAlignACE
(Hugheset al., 2000) on artificially generateddatawith
known motif locationsand a significantcontrollednoise
level. We generatedsequencesfrom a 5-order Markov
backgroundmodel trainedon yeastpromotersequences,
and addeda single uniformly random motif conserved
acrossall sequencesbut corruptedby noiseat variouslev-
els. Problemsizewas20 sequencesof 200basesandmo-
tifs of length10. To get comparableresultswe turnedoff
columnsamplingin AlignACE(effectivelyfixing themotif
lengthto the correctone),andsettheexpectednumberof
sitesto 1. We scoredonly the first motif found by Alig-
nACE andthefirst motif foundby thecompetitionagainst
themotif locationsfrom whichwe generatedthedata.

The issuein runninga comparisontestbetweensuchdif-
ferentmodelsis comingup with a fair measureof perfor-
mancenotbiasedagainstany of themodels.To thisendwe
computedtheaccuracy of eachexperimentalrunastheper-
centageof sequencesin which thefoundmotif waswithin
half motif lengthof thetruelocation.Sequenceswith pos-
teriorovermotif presencesmallerthanFGU Þ wereconsidered
errors. Similarly, AlignACE sequenceswith no motif re-
portedwerealsoerrors.Wereportmotif accuraciesagainst
the level of noise(encodinglength) averagedover all se-
quences,computedin thefollowing manner:

ô �7õ~§ Å ï � motif �9&mJLó7� ô �~õ7§ Å ï � othermotif locations�
(15)

wherethe maximumis over all motif locationsnot over-
lapping the found motif. The intuition behindencoding
length is that sequenceswith high encodinglength have
distinguishablemotifs. High levelsof noiseensurethatthe
encodinglengthmeasureis finite.



For a robust comparisonwe analyzeonly the numberof
runsabove ä Þ â and Þ F$â accuracy (Figure5). The com-
petitivemotif algorithmconsistentlyfindscorrectlocations
moreoftenthanAlignACE,evenat highnoiselevels.

6 DISCUSSION

Wehavedescribedanew methodologyfor addressingava-
riety of learningtasksthat featurea competitionbetween
two conflicting sourcesof information,oneof which ad-
mits a closed-form(or at leasta feasible)solution. The
homotopy continuationmethodfollows a continuouspath
of stationarypointsof themixedoptimizationcriterion,by
solvinga differentialequationbasedon stationaritycondi-
tionsin

ñ ��� � � in thenumberof optimizedparameters.By
identifying critical pointsalongsuchpathswe canbetter
determinetheidealallocationof thesources.

Themethodis deterministicandavoids thetypical combi-
natorialcomplexity of non-convex optimizationproblems.
Thekey requirementis that theestimationcriterioncanbe
reducedto fixedpoint computations.

The basicmethodologyadmitsa numberof importantex-
tensionsfrom active learning(with the idea of regaining
stability) to gametheoreticproblemsmoregenerally.

APPENDIX

Theorem4 Let � and ° be continuousfunctionson a
compactset.Thereexistsa monotonicallyincreasingfunc-
tion X � E F;�2*gH � E FG���Ã� such that for every -pC�E F;�2*gH ,�8*6&�-'���· 0- ° and ê7° �ð�ªW X,��-'� í achievetheir minimum
at thesametime. Moreover, wecanchooseX,��F$�|
�JiK?Mv�
andany X,�+*7���.JLó7�4� .

Proof �8*%&i-����D Q- ° is continuousonacompactsetthusit
achievesits minimum. Let  l beoneof thepointsachiev-
ing it. Moreover, let  Ô l be a point achieving the mini-
mum of êÒ° �Z� W ���? l � í . Then ���� Ô l �oW ���� l � and° �? Ô l �ÁW ° �� l � . Therefore�8*µ& -������� Ô l �� - ° �� Ô l �ÁW�8*À&n-������� l �	 �- ° �? l � , andbecause l is a minimum
by definition, we must have equality. If follows that  Ô l
achieves the minimum of both êÒ° �Z� W ���? Ô l � í and�8*�&Ã-����² �- ° . Thereforewe candefineX¢��-���
 ���? Ô l �
to ensurethat the functionsin the statementachieve their
minimumat thesametime.

It remainsto show that X is increasing.Let -�cQW - § . By
definition

�8*�&�- c �����? Ô l�� �× v- c ° �� Ô l�� �	W��8*�&�- c �����? Ô l � �× v- c ° ��
Ô l � ��8*�&�- § �����? Ô l � �× v- § ° �� Ô l � �����8*�&�- § �����? Ô l � �× v- § ° ��
Ô l � �

Subtractingthesecondinequalityfrom thefirst we obtain:

��- § &Á-'c��8������ Ô l � ��& ° �? Ô l � �+��W���- § &Á-'c2�8�����? Ô l � ��& ° ��
Ô l � �8�

therefore���? Ô l � �7& ° �? Ô l � �RWn���� Ô l � �~& ° �?
Ô l � � , or equiv-

alently X¢��-�c���&oX,��- § �RW ° �� Ô l � ��& ° �� Ô l � � .
Assumeby contradictionthat X¢��- c �
	´X,��- § � . It follows
that ° �� Ô l � ��	 ° �? Ô l � � , and since ���� Ô l � �·W X,��- § �!¬X,��- c � ,  Ô l � cannotbeaminimumof êÒ° �Z�²W�X,��- c � í . This
is a contradiction.Thechoiceof valuesof X at F and * is
trivial. ¼
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