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Abstract

We formulatea principle for classificationwith
the knowledgeof the maminal distribution over
the datapoints (unlabeleddata). The principle
is castin termsof Tikhonov style regularization
wherethe regularizationpenalty articulatesthe
way in which the maminal density shouldcon-
strainotherwiseunrestrictecconditionaldistribu-
tions. Specifically the regularizationpenaltype-
nalizesary informationintroducedbetweenthe
examplesandlabelsbeyondwhatis provided by
the available labeledexamples. The work ex-
tends(SzummerandJaaklola, 2003)to multiple
dimensionsproviding a regularizerindependent
of the covering of the spaceusedin the deriva-
tion. In addition we lay the learning theoreti-
cal framework for classificatiorwith information
regularizationand provide a samplecomplexity
bound. We illustratethe regularizationprinciple
in practiceby restrictingthe classof conditional
distributionsto belogistic regressiormodelsand
constructingheregularizationpenaltyfrom afi-
nite setof unlabeledexamples.

1 INTRODUCTION

Considerthe task of training a classifier from samples
drawn accordingto a densityp(x, y) over the joint space
of dataand classlabels X x ). The taskdistinguishes
itself from standardsupervisedearningin that additional
alundantunlabeleddata provides full knowledge of the

maiginal densityp(x) 2. We investigatea principle for in-

tegratingthis unlabelednformationwith minimalassump-
tionsaboutthe underlyingdensityasintroducedn (Szum-
merandJaaklola,2003),andwe derive aregularizerof the
conditionallog-likelihoodwhich compliesto this principle.

IWork donewhile at University of Toronto
2\We also considerthe relaxationto finite-samplenoisy esti-
matesof themamginal
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The regularizerextends(Szummerand Jaaklola, 2003)in
that it appliesto ary dimensionalityandit is transparent
to the covering of the spaceusedin its derivation, while
in onedimensionit is analyticallytractable. We shav how
theregularizercanbeusedo learnaclassifiewith nopara-
metricassumptiong&boutthe conditional,but alsoprovide
practicalalgorithmswhena parametriadecisionboundary
is desirable.In the caseof logistic regressiorwe demon-
stratethatthe unlabelednformationcanachiese a signifi-
cantreductionin classificatiorerror. Finally, we provide a
learningtheoreticalframework for learninga classifierun-
derthepresencef unlabelednformation.

2 INFORMATION REGULARIZATION

The key questionhereis how to establisha generallink
betweenthe maminal p(x) and conditionalsp(y|x). A
commondirection in this regard tries to place the deci-
sion boundary and thereforelarge changesn p(y|x), in
low densityregions(Figure1). In otherwords,tight clus-
tersof pointsarelikely to be labeledsimilarly, whereaghe
label may changeacrosssuchclusters. It is lessimmedi-
atehow thisintuition shouldtranslatento aformalrelation
betweerthe mamginal andthe conditional.

We establishithe relationby regularizinginformation. The

key guiding principle hereis thatonly labeledpoints can
provide usefulinformationaboutthe conditional.By spec-
ifying ary conditionalfunction,i.e.,p(y|x) asafunctionof

x, we automaticallyintroducesomeinformation between
thelabelsandexamples.Suchinformation,whennot from

the labeledexamples,is artefactualand should be mini-

mized. The regularizationpenaltyshouldthereforebe ex-

pressedn termsof mutualinformation.

In order to incorporateary known topological structure
over the examplespace however, we have to measuréan-
formation locally. In otherwords, for any small region
Q definedin termsof the available metric, the regulariza-
tion penaltyshouldscalewith I (y;x), the mutualinfor-
mationbetweeny andx restrictedto region , wherethe
maminal definedby p(x)/p(Q). Moreover, theregulariza-



Figure 1: Principle Behind Information Regularization:
Decision BoundariesShould not CrossRegions of High
DataDensity

tion penaltyshouldscalewith the probability massperre-
gion, or, equivalently, be definedper point ratherthanper
region (regionsaresecondarygoncepts)Thelocal regular

ization penaltyarisingfrom the informationregularization
principleis thereforep(Q) I (y; x) overary (small)region

Q.

2.1 LOCAL INFORMATION REGULARIZATION

In the absenceof completesamplesunlabeleddatapro-
videsnoinformationaboutthe conditional. Thuswe would
like to constrainthe informationy providesaboutx in re-
gionswith no labeledsamples. The relevant information
theoreticalquantityis

y4e] (Xa y)
PQ(%)pQ(y)

wherethesubscripindicategestrictionto theregion Q. Its

expectedvalue over the region, the averagemutualinfor-

mationlq (%, y), unfortunatelyis notindicative aboutlocal

variationsin conditional. Mutual informationis invariant
to permutationof conditionalsof small regions of equal
probability, thus constrainingit doesnot enforcesmooth-
nessatthelocal level (Figure2).

To derive aninformation-basedneasureof smoothnessf
p(y|x) atthelocallevel, we considemutualinformationas
thediameterof @) approaches. If x, is theexpectedvalue
of x in the region, mutualinformationtakesthe following
asymptotidorm (seeAppendixA for aderivation):

Ta(xiy) = 5Tr lcovg(x) Fxo)] + O (diam(Q)*) (1)

where F(x) = E,yx) [Vxlogp(y|x) - Vi logp(y|x)T]
is the Fisherinformationandcov g (x) is the covarianceof
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Figure2: Compleity of DecisionBoundariesiot Captured
by Mutual InformationBetweerDataandLabels,Invariant
to Permutation®f Conditionalsof SmallEqually Probable
Reagions

po(x). In this derivation we have madethe implicit as-
sumptionof differentiability of p(y|x). Thisis nota prac-
tical restrictionasfunctionswith unboundedierivative can
approximatea wide rangeof densities.Boundedvariation
will be a consequencef regularizationratherthanan as-
sumption.

Note that since the covariance is O (diam(Q)?),
Io(x;y) — 0 asdiam(Q) — 0. As a measureof
smoothnessmutual information is not scale invariant,
becausehereis not muchuncertaintyin x in aninfinites-
imal @ to begin with. Thereforewe normalize mutual
information to diam(Q)?> to characterizesmoothness
at local level. The actual normalizationfactor will not
matterin the limit up to a multiplicative factor as long
asit is const - O (diam(Q)?). Thuswe may view it as
normalizationwith respectto the variance of x while
preservingthe shapeof @ asdiam(Q) — 0, or mutual
informationper unit variance

Finally, accordingto the statedprinciple we wantto penal-
ize more conditionalchangesn regionsof high dataden-
sity. Thisleadsto thefollowing regularizerin aninfinitesi-
mal region Q:

1 covpo(x
) Ta(xi) ~ 5p(Q)Tr | £ ()

(2)
Let Qo betheshapesimilarto @) suchthatdiam(Qq) = 1.
As @ shrinksx becomeauniform on @ up to first order
Thuscovg(x) ~ diam(Q)?covg,, Wherecovg, is theco-
varianceof anuniformdistribution on Qy. Thelocal regu-
larizerbecomes

%p(Q)Tr [covg, F'(xq)] 3)

2.1.1 Shape-Independent Local Regularization

As introducedabove local regularizationdependson the
shapeof @ throughcovg,. Symmetricregions like the
sphereor theaxis-parallecubemake this parametea mul-



tiple of identity, but the questionis why shouldwe prefer
them.We introduceanotherprinciple thatwill remove this
degreeof freedom.Briefly, theregularizermustnota priori
preferaspecificdirectionindependenof p(x) for thevari-
ation of the conditional. Formally, considera small region
Q@ inwhichpg (x) isuniformandp(y = 1|x) = v-x+cis
linear, wherev is the directionof highestvariation. In this
settingwe have thefollowing result:

Theorem 1 Thelocal informationregularizeris indepen-
dentof v/ ||v| if and only if covg, is a multiple of the
identity.

Proof We have F'(xq) = vv’. Therelevantquantitythat
shouldbe independentf v/ ||v|| is thereforev’ covg, v.
Letv = A;/ ||A;]], whereA; is aneigervectorof covg, of
eigervalue \;. Theanconov = ); shouldnot depend
ontheeigervector If follows thatcovg, hasequaleigen-
valuesthuscovg, = AI. Thecorverseis trivial. O

Droppingmultiplicative constantsywe have derivedthefol-
lowing information regularizeron an infinitesimal region
Q, wherexq is its centerof mass:

p(Q)Tr [F(x0)] (4)

2.2 GLOBAL INFORMATION
REGULARIZATION

We derive a global regularizerof the log-likelihood that
constrainghe information y providesaboutx andbiases
variationsin the conditionalto regionsof low datadensity
The ideais to definea rich covering X = Ugeco@ with

infinitesimal regions and sum the local regularizersover
eachregion. The covering mustsatisfy certainproperties,
suchas connectednesand a significantoverlap between
neighbors. This is becausep(y|x;) imposesa constraint
on p(y|xz) only throughtheregularizer andonly if x; and
x5 arein the sameregion, or are connectedoy a path of

overlappingregions. Ideally, asthe the size of the regions
approache$ the overlap of neighborsapproached00%.

Note that with suchoverlapeachpoint will belongto in-

finitely mary regions, thus the sum of local regularizers
will be infinity. We avoid over-countingby adjustingthe
weightof local regularizers.

In what follows we derive the regularizerfrom a specific
covering; neverthelessthelimiting resultwill bethesame
for othercoveringsthatabideto the above assumptionsQ
consistsof all axis-parallelcubesof length! centeredat
theaxis-parallelattice pointsthatarespacedat distance’,
wherel” is muchsmallerthani. As! — 0 we would like
the overlap factor /!’ to approachinfinity; for instance,
I' = (2. Eachpoint belongsto |//1’|¢ regions,whered is
the dimensionof data,andthis will be our discountfactor
to accountfor overlapping. Let Q' be the partitioning of
X into atomic lattice cubesof length!’. Eachregion in

Q is partitionedinto |//1’|¢ atomiccubesof Q’, andeach
atomiccubeis containedn |1/1’| overlappingregionsof
Q. We may now rewrite the global regularizerasa sum
overthepartition Q’:

. ’ Tr FXO
lim Z p(Q") Z W = -

Givenlabeledtrainingdatawe canestimatehe conditional
by applyingthe informationregularizerto the conditional
log-likelihood:

max

(p(ylx)} Zlogp(yi‘xi) - )\/Xp(X)Tr [F(x)]dx (6)

The maximum is over all continuous piecavise-
differentiableconditionalssubjectto 0 < p(y|x) < 1 and
>,y P(ylx) = 1. Full continuity is not necessarybut a
continuousapproximationto the discontinuitywill always
achieve a higherscore. Note thaton a continuousdomain
we cannotlearn the conditional without the regularizer
no matterhow mary labeledsamples,becauseve make
no other assumptionabouthow conditionalsat different
locationsrelateto eachother

The positive A absorbsall constantmultiplicative factors
in the derivation,andalsocontrolsthe strengthof the reg-
ularization. At A — oo the penaltyfor ary information
in y aboutx is high, and the maximizing conditionalis
the sameat every location;its actualvaluedependsn the
overall numberof training labeledsamplesn eachclass.
At A — 0, we estimateeachp(y; |x; ) independenthof un-
labeledinformation (1 for continuousX’; the fraction of
samplesn classy; atx; for discreteX’), thencompletethe
conditionalbetweertrainingsamplesasif p(x) is uniform.
Only intermediatevaluesof A make thevariationof p(y|x)
dependon p(x).

3 OPTIMIZATION WITH
INFORMATION REGULARIZATION

We discussseveral methodsof optimizing the regularized
likelihood (6) for continuousbinary classification()) =
{-1,1}, continuousX). To begin with we make no para-
metric assumptiongboutp(y|x) and shav that informa-
tion regularizationdefinesa uniquesolution.As in (Szum-
mer and Jaaklola, 2003) we can use calculusof varia-
tions to obtain a differential equationthat characterizes



the optimal conditional. Given naturalboundarycondi-
tions p(x) = 0 and Vxp(y|x) = 0 aswell asthe val-
uesof the conditionalon all labeledsamplesp(y;|x;) =
po(yi|x;), the conditionalthat minimizes the regularizer
[ p(x)Tr [F(x)] is adifferentialfunction(exceptmaybeat
thelabeledsamplesyhereit is only continuous}hatsatis-
fiesthe EulerLagrangecondition:

Vilog p(x) Vap(L]x)" + Tr [Vp(11x)] +
1p(1x) — p(=1]x) 2 )
— Vxp(l|x =0
2 p(ipop(-1ho | <!
This equationusesthe unlabelednformation V log p(x)
to completethe conditionalfrom its valueon labeledsam-
plesin auniqueway. If I({po(y:|x:)}) is theminimal reg-

ularizergiventhe valueof p(y|x) on the labeledsamples,
to optimize(6) we needto considerall suchvalues:

T > logpo(yilxi) = A ({po(yilxi)}) (8)

In onedimensionthedifferentialequation7) canbesolved
analytically If f(xz) = p(1|z), rewrite theequationas

a log [p(:r)7|%| ] =0 9)
& -7

thus |d | = ,¢ > 0. Thereforeon eachin-
f(1 f) ' de p(:r)
df 1 af _ _¢
terval with non-zero3- we have A = @)

some(positive or negative) c. The left handside canbe
integratedanalyticallyto —2 arctan , /% 71 therefore:
1

1 + tan? (—cf ﬁ)

wherec andthe additive constantin [ 1/p canbe deter
mined from the valuesof the conditionalat labeledsam-
ples.c canchangeatthe pointswhere% = 0. Thecondi-
tional canbecomputedexactly provided1/p is analytically
integrable,or approximatediumericallyfrom ff 1/p.

ply=1lz) = (10)

In Figure3 we shaw the effect of variousdatadensitieson
the solution. Note thatif p(z) is uniform the conditional
is closeto but not linear, asthe variationis penalizedmore
whenp(1|z) is closeto 0 or 1 ratherthenaround0.5.

Solving (7) and (8) numericallyin high dimensionsis a
comple task,andwe needsimplifying assumptionsibout
p(y|x) and p(x) for tractableoptimization. We consider
parametricrepresentation®f the decision boundary as
well as kernel estimatesof p(x) from a finite unlabeled
sample.

3.1 PARAMETRIC DECISION BOUNDARY

One of the merits of information regularizationis that no
parametricmodelis necessaryo propagateunlabeledin-
formation. Unlabeleddataand few labeledsamplespro-
vide a decisionboundarywith minimal assumptiongbout
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Figure 3: Conditionalsthat Minimize the Information
Regularizerfor Various One-DimensionaData Densities
While the Valueat BoundarylLabeledPointsls Fixed

p(y|x) or how it relatesto p(x). Neverthelessye canstill

employ informationregularizationon discriminative tasks
in which a parametricdecisionboundaryis desired. The
goalis to estimatethe conditionalp(y|x; @) from afamily
parametrizedy 6 given unlabelednformationp(x). We
canapply the information regularizeras before, but opti-

mizing over @:

mas Y logp(y:[x,:0) A /X POOTE [F(x; 8)] dx (11)

We illustratethis approacton logistic regressionjn which
we restrict the conditional to linear decisionboundaries
with thefollowing parametridorm: p(y|x; 0) = o(y8”x),
wherey € {—1,1} ando(z) = 1/(1 + exp(—z)). We get
F(x;0) = 0(0"x)o(—0"x)86" andtheregularizer

j61* [ nexo

Thetermo (87 x)o(—07x) = p(y|x)p(7|x) focusednthe
decisionboundary Thereforecomparedo the standardo-
gistic regressiorregularizer||6||?, we penalizemoredeci-
sionboundariesrossingegionsof high datadensity Note
thatthe termalsomakesthe regularizernon-comvex, mak-
ing optimization potentially more difficult. This lack of
corvexity is however unavoidableby ary algorithmusing
unlabelednformation, that shouldtake into accountcom-
plex multi-modaldatadensities.

(-6 x)dx (12)

3.2 FINITE UNLABELED DATA
APPROXIMATIONS

To finalize a practical formulation of the optimization
we mustprovide an approximateregularizerfrom a large



but finite unlabeledsample{x;} ratherthan full knowl-

edgeof p(x). We considerthe empirical approximation
L Z 6(x —x7), kerneldensityestimatorsaswell aspara-
metricmodels.

Theempiricalapproximatiorcanonly be usedin finite do-
mainsor whenthe conditionalis parametrizedptherwise
regionsof zeroprobability make the conditionalarbitrary
in (8) excepton labeledsamples. In logistic regression
however, where all conditionalsare tied through 8, the
countingapproximatiorbecomeselevant:

A T T/
meaxz log o(y;0%x;) — p- Z o(0"x})o(—0" x;) (13)
7 J
This criterion can be easily optimized by gradient-ascent
or Newton type algorithms. In the resultssectionwe also
demonstrateoptimizationby continuation,in which X is
graduallyincreasedvhile following the solution.

If unlabelediatais limited, we maypreferakernelestimate
p(x) ==L Z;il K (x,x;) to theempiricalapproximation,
provided the regularizationintegral remainstractable. In
the regularizationof logistic regressionjif the kernelsare
Gaussianwve can make the integral tractableby approxi-
matingo (0”7 x)o(—0” x) with a degenerateGaussianEi-
therfrom the Laplaceapproximationpr the Taylor expan-
sionlog(1l + %) ~ log2 + z/2 + 2?/8, we derive the
following approximation:

(07x)o(—07x) ~ iexp (—%(eTxV) (14)
With this approximatiorcomputingtheintegral of the reg-
ularizerover the kernelat p of variancerI becomesnte-
grationof a Gaussian:
1

fow (070 ) A G ) =

1 [det >, p" (11— %) p T
Zmexp(_T N (% =25,
where .

Zo = (31+4607) =7 [1-3667/ (1 +3101)]

After integrationonly the multiplicative factorremains:
1 -3 1 (07p)?
z (1+I||9H2) exp ,_(7“)2
4 2 41+ 30|

Thereforeif we placea Gaussiarkernelof variancerI at
eachunlabeledsamplex;- we obtainthe following approx-
imationto (12):

1 (HTX9)2

lo|> 1 i ( )
— N exp|—s——L5| (15
143 e M= 1+50]

This regularizercan be also optimizedby gradientascent
or Newton’s method.

4 LOGISTIC REGRESSION
EXPERIMENTS

We illustrate the applicationof informationregularization
to syntheticclassificatiortasks.We generatelatafrom two

bivariate Gaussiardensitiesof equalcovariance,a model
in which the linear decisionboundaryof logistic regres-
sioncanbe Bayesoptimal. However, the small numberof

labeledsamplesis not enoughto accuratelyestimatethe
model, andwe shav that information regularizationwith

unlabeleddatacansignificantlyimprove errorrates.

We compareafew criteria: logistic regressiortrainedonly
on labeleddataandregularizedwith thestandard|6)|*; lo-
gistic regressionregularizedwith the informationregular
izer derivedfrom the empiricalestimateto p(x) (13); and
logistic regressiorwith theinformationregularizerderived
from a Gaussiarkernelestimateof p(x) (15).

We have optimizedthe regularizedlikelihood L(€) both
with gradientascent) < 0 + aVgL(0), andwith New-
ton’s method (iterative re-weightedleast squares)d «—
0 — aVp,L(0) 'V L(6) with similar results. Newton’s
method corverges with fewer iterations, but computing
the Hessianbecomesrohibitive if datadimensionalityis
high, and corvergencedependson strongerassumptions
thatthosefor gradientascent.Gradientascenis safer but
slower if nottoo mary parameters.

We ran multiple experiments(100) with datadrawvn from

the samemodelandaveragedhe error ratesto obtainsta-
tistically significantresults. In Figure4 we have obtained
theerrorrateson 5 labeledand100unlabeledsamplesOn

eachdatasetwe initialized theiterationrandomlymultiple

times. The information regularizersderived from kernel
andempiricalestimategperformindistinguishablen such
large numberof unlabeledsamples.They both outperform
the standardabeledregularizationsignificantly

5 INFORMATION REGULARIZATION
AND LEARNING THEORY

We provide a theoreticalframework for learnabilityunder
informationregularization,andasseshe samplecomplex-
ity of learning. While the learningframework is general,
we derive sample-sizdoundsonly for squardossandone-
dimensionalX andbinary ), anddiscusspossibleexten-
sions.

To build alearningtheorywe needto formalizethelearned
conceptstheconceptlass(from whichto learnthem),and
a measureof achieementconsistentith (6). Thekey is

thento show thatthetaskis learnabldn termsof the com-

plexity of theconceptclass.

Standard PAC-learning of indicator functions of class
membershiwill notsuffice for our purpose.Indeed,con-



0.06 r . .
- information regularization (empirical)
i — - information regularization (kernel)
0.055 \ —— standard regularization
.05}
[0}
T 0.045
S
S
o
5 0.04
) L
. 7
0.035 ) . P
0.03 ~ N ,
N /
| N —
0.025 : - : -
0 0.5 1 1.5 2 25

regularization strength (A)

Figure4: AverageError Ratesof Logistic Regressiornwith

and without Information Regularizationon 100 Random
Selectionsf 5 Labeledand 100 UnlabeledSamplefrom

BivariateGaussiarClasses

ditionalswith very small information regularizercanstill

have very complex decisionboundaries,of infinite VC-

dimension.Insteadwe rely on the p-conceptKearnsand
Schapire,1994) model of learningfull conditionaldensi-
ties: conceptsarefunctionsh(y|x) : X — [0, 1]. Thenthe
conceptlassis thatof conditionalswith boundednforma-
tion regularizer:

Zy(p) = {h : /){p(X)Zh(yIX) IV log Ay )| < 7}

We measurehe quality of learningby alossfunction Ly, :
X x Y — [0,00). Thiscanbethelog-loss— logh(y|x)
associatedvith maximizinglikelihood, or the squareloss
(h(y|x) — 1)? whoseadwantageis boundednessThe goal
is to estimatefrom a labeledsamplea conceptp,p; 3 from
7, (p) thatminimizesthe expectedossE,, x)p(y|x) [Ln]-

One cannotcomputethe expectedlossdirectly becauset
depend®on the unknown p(y|x). To optimizeit, we mini-
mizethe empiricallossinstead(log-likelihoodif log-loss)

; g 1
h = arg min E[Lp] = arg min — Z; Ly (x4, 9i)
1=

We saythetaskis learnablef with high probabilityin the
samplethe empirical loss corvergesto the true loss uni-
formly for all conceptsasn — oo. This guaranteeshat
E [L;] approximates [L,,,, | well. Formally,

Pr[3h € Z,(p) : |B[Lsa] —~E[Ln]| > €] <6  (16)

wherethe probability is with respecto all samplef size
n. Theinequalityshouldhold for n polynomiallylargein

1/e,1/8,1/7.
*popt (y|x) is p(y|x) only whenp(y|x) € Z, (p)

51 MEASURESOF COMPLEXITY

The samplesizefor a desiredlearningaccurag will be a
function of the compleity of Z, (p), like VC-dimensionin
PAC-learning. One suchmeasurds the boundon the in-
formationregularizery; however, we shouldalsotake into
accounthe complexity of p(z).

Intuitively, learningis difficult when significantprobabil-
ity masslies in regionsof small p(z:) wherethe variation
of h is lessconstrained. Learningis also difficult when
p(z) hasmary modesof high probability separatetby low
probability, becausehe variationof A is constrainecbnly
within eachregion. We definetwo quantitiesto charac-
terize the compleity of p(z). For eacha € [0,1) let
Mp(a) = {z : p(z) < a} bethe pointsof densitybe-
low a. Letm,(«) = Pr[M,(«)] bethetotalmassof small
density Let C,,(«) bethepartitionof X'\ M,,(«) into max-
imal disjointintervals,andc,(«) its count.Wewill provide
alearningboundin termsof m,(«), ¢, (), andy.

The two measure®f compleity arewell-beharedfor the
useful densities. Densitiesof boundedsupport,Laplace
and Gaussianas well mixturesof thesehave m,(«a) <

Ka. Mixtures of single-modedensities have ¢, ()

boundedy the numberof mixtures.

5.2 DERIVATION OF A LEARNING BOUND
We derive thefollowing samplecomplexity bound:

Theorem 2 Lete,d > 0. Then

Pr[3h € T, (p) : [B[La] — E[Ly]| > €] < 6

wheetheprobability is over sample®f sizen greaterthan

0 (3 (o) e "9 + ]

HadZ, (p) beerfinite, we would have derivedalearningre-
sult from McDiarmid’s inequality (McDiarmid, 1989)and
theunionboundasin (Haussler1990):

Pr{3h € T,(p) : [B[La] — B [L4]| > f < 2T, (p)le "

(17)
Hencetheideaof replacingZ, (p) with afinite discretiza-
tion Z< (p) for which the above inequalityholds. If for ary
h in Z,(p) its representatie g, from the discretizationis
guaranteedo be “close”, andif |Z5(p)| is small enough,
we canextendthelearningresultfrom finite setswith

|E[Ly] — E[Ln]| < [E[La] — ElLg,]| +

R (18)

+ |E [Lh] —E [LQh] | + |E[LQh] —E [LQh] |
To discretizeZ, (p) we choosesomel/ pointsfrom X and
discretizepossiblevaluesof / atthosepointsinto 1/7 in-
tervalsof lengthT > 0. Any h is thenrepresentedy one



of (1/7)™ combinationsf smallintervals. Z5 (p) consists
of onerepresentatie from Z,, correspondindgo eachsuch
combination(provided it exists). It remainsto selectthe
M pointsandr to guaranteghat/ andg;, are“close”, and
1Z5(p)| = (1/7)™M is smalll.

Our starting point is Lemma 3 from Appendix B that
boundsthe variationof ~ on aninterval in termsof its in-
formationregularizerand [ 1/p. We canuseit to bound
(h(1|z) — KW' (1]z))? onaninterval (x1, x2) independently
of h,h' € Z,(p), providedh, " arewithin ~ of eachother
attheendpointsandfff dx/p(zx) is small.If weselectthe
M pointsof Z¢ to male [ 1/p smallon eachinterval of the
partition (excepton the tail M,(«a)), we canquantify the
“closeness’df h andgq,, asin Theorenb:

v 1/2
E[La] ~ E [Lo,] | €2 [my(@) + 55— +37]
1/2
. . _ v+ yNE
|E[Lh} — E[th” < 2 |:6 + mp(a) + W + 37':|

with probabilityatleastl — (M + 1) exp(—2&2n), where

€ (0,1) is afree parameteto be optimizedlater, and
N = M + 1 — 2¢p(a). We cancombinethe lasttwo in-
equalitiesand(17) in (18) andoptimizeover M, T, «, € t0
obtainalearningresult.

To deriveageneraresult(withoutknowing mp (), ¢, ()
we mustchoosepossiblynon-optimalvaluesof thefree pa-
rameters.f N = 51, e = €2, 7 = €2, mp(a) = €, we

obtainthe asymptoticsamplesizestatedn thetheorem.

5.2.1 Extensions

We considerextensionsof the sample-compbeity bound
to multiclassclassificationmultidimensionalY’, andlog-
loss (maximumlikelihood)insteadof squareloss. To ex-
tendthe resultsto the unboundedog-loss,we canusethe
equivalenceresultsbetweensquareloss and log loss are
presentedn (Abe, Takeuchi,and Warmuth,2001), where
the e-Bayesianaveragingtrick effectively renderdog-loss
bounded.To extendtheresultsto multiple dimensionswve
needamultidimensionakquivalentof Lemma3. Although
intuitively feasible suchresultcouldbedifficult to obtain.

6 DISCUSSION

We have extendednformationregularizationin severalre-
spects. We formulatedthe principle asa Tikhonov style
regularization,providing a continuousversionof theregu-
larization penaltyin multiple dimensiongindependentbf
ary topologicalcover usedin a finite approximation).We
alsoderived the differential equationgoverningthe mini-
mumpenaltyinterpolationbetweertheconditionalswhere
the interpolatingsolution can be found in closedform in
one dimension. Oneway to reapthe benefitsof the new
regularizationprinciplein practice(withouthaving to solve

a multi-dimensionaldifferential equation)is to formulate
theregularizationproblemwithin alimited classof param-
eterizedconditionalssuchasthelogistic regressiormodels
we usedhere.

We shaved that the regularization penalty senes as a

valid notionof compleity of learningwith unlabeleddata,

wherethe compleity measuralependsothon the condi-

tionalsaswell asthemaminaldistribution. Non-parametric
tasks becomelearnableunder no other assumptionshut

thoseimposedby theinformationregularizer

A ASYMPTOTICSOF MUTUAL
INFORMATION

We derive an asymptoticformula for the mutualinforma-
tion betweendataandlabelsin a region Q asthe scaleR
(radius,diameter)approache$. We begin with the defin-
ing formulafor mutualinformation:

o(x:y) Z/x

yey EQ

ply)
p(y|x) log 7o) dx

(19)

wherethe subscrlth indicatesthatthejoint is restricted
to theregion: pg(x) (%)/ JxeqP(X)dx, andpg(y) =
JrecqPa(®)p (yIX)dX

Let xo = E,,(x) [x] be the averagevalue of x in the
region. To simplify notationlet G = Vxp(y|xo) and
H = V2,p(ylxo) bethe gradientandthe Hessianof the

conditionalat x5. The conditionalhasthe following sec-
ondorderTaylor expansionaboutxg:

p(ylx) =p(ylxo) + GT (x — x0) +
+ (x — x0)TH(x — x0) + O (R?)
By taking expectationwith respectto pg(x) we also get
pa(y) = plylxo) + Trcovg(x)H] + O (R*) where
covg(x) is the covarianceof pg (x). Next we usel/(1 +
r)=1-z+2>+ 0 (%) andlog(l + z) = = — 22 /2 +
O (z*) to obtain:
lo p(y|x) _ 1 [GT(X _
pe(y)  p(ylxo)
+(x —x0)T H(x — xq) — Tr[covg(x)H] —
— [GT (x = x0)1*/2p(y|x0)] + O (R®)
We only needto multiply the above equatiornby theexpan-
sionof p(y|x) againandtake the expectationwith respect

to pg (x) to get:

1
Io(iy) = 5p(ylxo)Te
yey

(20)

Xo) =+
(21)

[covg(x)GGT] + O (R?)

(22)

Noticethat}_, p(y|xo)GGT is justthe Fisherinformation
atxg. Finally

Io(x;y) =

%“ [cove(x)F(x0)] + O (R?)  (23)



B TECHNICAL RESULTSFOR
LEARNING THEORY

Lemma3 Forz; < 22,) ={-1,1}

/902 p(I)E <% 10gh(y|q=)> ‘| > 4(h(1u|;2012)%1§i|$2))

whete the expectationis with respecto h(y|x).

Proof After rewriting the expectedvaluewe useCauchy-
Schwartz,thenh(1|z)h(—1|z) < i:

e ()
/ p(z)d“”” | PO 2

(IQ 1| (1|:v)1|x )2 4</:2%h(1|x)dx)2
O

Lemma4 ThesquaelossL;, = (h(y|x) — 1)? satisfies

%

(MBS

B [Ln,] — E [Ln,] | < 2B [(h1(1]z) — ha(1]2))?]

[N

|E[Ln,] — ElLn,]| <2 [1 > (ha(tlzs) — h2(1|a:,-))2]

i=1

Proof A simpleapplicationof Cauchysinequality |

Theorem 5 For everya € (0,1) and M there exist points
{z1,22,..., 20} from X sudh thatany hy,he € Z,(p)
with |h1(1‘”[31) — h2(1|’[31)| <ti=1...M, 1€ (0,1)
satisfy

+ 37

~y 1/2
e + ]

[Bpe) L]~y [Lnal | < 2 [my(0) + 50—
whee N = M +1—2¢,(a). Also,with probability at least

1 — (M + 1) exp(—2¢%n) overa sampleof sizen from X,
for anysud h; andhs wehave:

oA 1/2
IB[Ln,] — B[Ln,]| <2 {e (o) + DI 37}
Proof We constructa partition P of X' \ M, («) with in-
tervals by intersectingthe intervals that make up Cp(«)
with a partitioning of X" into IV intervals of equalprob-
ability mass. Let {z1,x9,...,20p} be the endpointsof
theseintervals. Thereareno morethan N — 1 + 2¢,(«)
distinctendpointsin Z, andwe chooseN suchthat M =
N —1+2¢,(a).

We bound(h; — h2)? on eachsetof the partition M, (o) U
Urep I of X. On M,y () [hi(1]x) — ha(1]z)]* < 1 triv-
ially. Oneachl € P we mustresortto Lemma3 to derive
anupperbound.

LetI = (u,v). Notethatfor z € I, [h1(1|z)—ha(1]2)]? <
2[h1 (1|z) — ha (1|u)]? 4 2[ha(1|u) — ha(1|z)]? + 37. Thus
it sufficesto boundthe variationof eachh on (u, x). This
is exactlywhatLemma3 provides:

b1l RE(h) [T dx' _ RU(h) [® da’'
h(u)” < =5 /up(x,)g . /up(x,)

where RP(h) is the information regularizer of h on
(a,b). Thus[hi(1]z) — hao(1]z)]* < 37 + (R4 (h1) +
RY(h2)) [ da’/p(a"). Combiningthis resultwnh asim-
ilar applicationof Lemma3 on (z, v) leadsto [h;(1|z) —
ho(1z))? < 37 + (RY(h1) + Ry(he))/4 - [, da/p(x).
Sincel/p < p/a?onl, for z € I we have

[h(1]x)

Ry (h1) + Ry, (h2)

[ (1]2) - —

ha(1]a)]* < 37 + (24)

To obtaintheboundon |E [Ly,|—E [Ly,] | take expectation
overI of (24),use}_; R;(h) < ~, [;p < 1/N,thenapply
Lemma4. For the secondpart of the theorem,we upper
boundL Y (hy(1|2;) — ha(1];))? using(24) in termsof
the fraction f; of sampleghatfall in interval I, andthe
fraction fo of sampleghatfall in M, (p). Sincemax; f1 <
I/N +eand fo < ma(p) + € with probability at least
1 — (M + 1) exp(—2€2n), theconclusiorfollows. |
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