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Abstract

We formulatea principle for classificationwith
the knowledgeof the marginal distribution over
the datapoints (unlabeleddata). The principle
is castin termsof Tikhonov style regularization
where the regularizationpenaltyarticulatesthe
way in which the marginal densityshouldcon-
strainotherwiseunrestrictedconditionaldistribu-
tions. Specifically, theregularizationpenaltype-
nalizesany information introducedbetweenthe
examplesandlabelsbeyondwhatis providedby
the available labeledexamples. The work ex-
tends(SzummerandJaakkola,2003)to multiple
dimensions,providing a regularizerindependent
of the covering of the spaceusedin the deriva-
tion. In addition we lay the learning theoreti-
cal framework for classificationwith information
regularizationandprovide a samplecomplexity
bound.We illustratethe regularizationprinciple
in practiceby restrictingtheclassof conditional
distributionsto belogistic regressionmodelsand
constructingtheregularizationpenaltyfrom a fi-
nitesetof unlabeledexamples.

1 INTRODUCTION

Consider the task of training a classifier from samples
drawn accordingto a density �������	��
 over the joint space
of dataand classlabels ��
�� . The task distinguishes
itself from standardsupervisedlearningin that additional
abundantunlabeleddata provides full knowledgeof the
marginal density������
 2. We investigatea principle for in-
tegratingthisunlabeledinformationwith minimalassump-
tionsabouttheunderlyingdensityasintroducedin (Szum-
merandJaakkola,2003),andwederivearegularizerof the
conditionallog-likelihoodwhichcompliesto thisprinciple.

1Work donewhile at Universityof Toronto
2We alsoconsiderthe relaxationto finite-samplenoisy esti-

matesof themarginal

Theregularizerextends(SzummerandJaakkola, 2003)in
that it appliesto any dimensionalityand it is transparent
to the covering of the spaceusedin its derivation, while
in onedimensionit is analyticallytractable.We show how
theregularizercanbeusedto learnaclassifierwith nopara-
metricassumptionsabouttheconditional,but alsoprovide
practicalalgorithmswhena parametricdecisionboundary
is desirable.In the caseof logistic regressionwe demon-
stratethat theunlabeledinformationcanachieve a signifi-
cantreductionin classificationerror. Finally, we providea
learningtheoreticalframework for learninga classifierun-
derthepresenceof unlabeledinformation.

2 INFORMATION REGULARIZATION

The key questionhereis how to establisha generallink
betweenthe marginal ������
 and conditionals ����������
 . A
commondirection in this regard tries to place the deci-
sion boundary, and thereforelarge changesin ����������
 , in
low densityregions(Figure1). In otherwords,tight clus-
tersof pointsarelikely to belabeledsimilarly, whereasthe
label may changeacrosssuchclusters. It is lessimmedi-
atehow this intuition shouldtranslateinto aformal relation
betweenthemarginalandtheconditional.

We establishtherelationby regularizinginformation. The
key guiding principle hereis that only labeledpointscan
provideusefulinformationabouttheconditional.By spec-
ifying any conditionalfunction,i.e., ����������
 asafunctionof
� , we automaticallyintroducesomeinformationbetween
thelabelsandexamples.Suchinformation,whennot from
the labeledexamples,is artefactualand shouldbe mini-
mized. The regularizationpenaltyshouldthereforebeex-
pressedin termsof mutualinformation.

In order to incorporateany known topological structure
over the examplespace,however, we have to measurein-
formation locally. In other words, for any small region�

definedin termsof the availablemetric, the regulariza-
tion penaltyshouldscalewith ������������
 , the mutual infor-
mationbetween� and � restrictedto region

�
, wherethe

marginaldefinedby ������
 �!��� � 
 . Moreover, theregulariza-



Figure 1: Principle Behind Information Regularization:
DecisionBoundariesShouldnot CrossRegions of High
DataDensity

tion penaltyshouldscalewith theprobabilitymassper re-
gion, or, equivalently, be definedper point ratherthanper
region(regionsaresecondaryconcepts).Thelocal regular-
izationpenaltyarisingfrom the informationregularization
principleis therefore��� � 
"� � �"���#��
 overany (small)region�

.

2.1 LOCAL INFORMATION REGULARIZATION

In the absenceof completesamples,unlabeleddatapro-
videsnoinformationabouttheconditional.Thuswewould
like to constrainthe information � providesabout � in re-
gionswith no labeledsamples.The relevant information
theoreticalquantityis

$�%'& �(�)����� ��

� � ����
"� � �"��


wherethesubscriptindicatesrestrictionto theregion
�

. Its
expectedvalueover the region, the averagemutual infor-
mation� � ����� ��
 , unfortunatelyis not indicativeaboutlocal
variationsin conditional. Mutual information is invariant
to permutationsof conditionalsof small regionsof equal
probability, thusconstrainingit doesnot enforcesmooth-
nessat thelocal level (Figure2).

To derive an information-basedmeasureof smoothnessof
���"���*��
 atthelocal level,weconsidermutualinformationas
thediameterof

�
approaches+ . If �-, is theexpectedvalue

of � in theregion, mutualinformationtakesthefollowing
asymptoticform (seeAppendixA for a derivation):

� � ��������
/.
0
1�2�3�4 5 %76 � ����
 89���:,;
=<?>A@ BDCFEHGI� � 
=J (1)

where 89���/
K.MLON�P�Q'R S7T U S $�%'& ����������
�V'U S $F%H& ���"���*��
XW
is theFisherinformationand 5 %76 � ����
 is thecovarianceof

Figure2: Complexity of DecisionBoundariesnotCaptured
by Mutual InformationBetweenDataandLabels,Invariant
to Permutationsof Conditionalsof SmallEquallyProbable
Regions

�(�Y����
 . In this derivation we have madethe implicit as-
sumptionof differentiabilityof �������*��
 . This is not a prac-
tical restrictionasfunctionswith unboundedderivativecan
approximatea wide rangeof densities.Boundedvariation
will be a consequenceof regularizationratherthanan as-
sumption.

Note that since the covariance is @ BDC�E'GI� � 
=Z ,
� � ��������
\[ + as B-CFEHG]� � 
^[ + . As a measureof
smoothnessmutual information is not scale invariant,
becausethereis not muchuncertaintyin � in an infinites-
imal

�
to begin with. Thereforewe normalizemutual

information to BDC�E'GI� � 
 Z to characterizesmoothness
at local level. The actual normalizationfactor will not
matter in the limit up to a multiplicative factor as long
as it is _!`�acbedfVg@ BDCFEHGI� � 
=Z . Thus we may view it as
normalization with respectto the variance of � while
preservingthe shapeof

�
as BDC�E'G]� � 
K[h+ , or mutual

informationperunit variance.

Finally, accordingto thestatedprinciplewe wantto penal-
ize moreconditionalchangesin regionsof high dataden-
sity. This leadsto thefollowing regularizerin aninfinitesi-
mal region

�
:

��� � 

BDC�E'GI� � 
 Z � � ��������
�i

0
1 ��� � 
 2�3 5 %76 �)����


B-CFEHG]� � 
 Z 89���-,(

(2)

Let
� , betheshapesimilar to

�
suchthat BDC�E'GI� � , 
j. 0

.
As

�
shrinks � becomesuniform on

�
up to first order.

Thus 5 %76 � ����
jiABDC�E'GI� � 
kZ 5 %76 ��l , where5 %76 ��l is theco-
varianceof anuniform distribution on

� , . Thelocal regu-
larizerbecomes 0

1 ��� � 
 2�3�4 5 %76 � l 89��� , 
k< (3)

2.1.1 Shape-Independent Local Regularization

As introducedabove local regularizationdependson the
shapeof

�
through 5 %76 ��l . Symmetricregions like the

sphereor theaxis-parallelcubemakethisparameteramul-



tiple of identity, but the questionis why shouldwe prefer
them.We introduceanotherprinciplethatwill removethis
degreeof freedom.Briefly, theregularizermustnotapriori
preferaspecificdirectionindependentof ������
 for thevari-
ationof theconditional.Formally, considera small region�

in which �(������
 is uniformand���"�]. 0 ����
/.nmoVp�q>r_ is
linear, wherem is thedirectionof highestvariation.In this
settingwe havethefollowing result:

Theorem 1 Thelocal informationregularizer is indepen-
dent of m��fspmYs if and only if 5 %76 ��l is a multiple of the
identity.

Proof We have 89��� , 
t.um�mgW . Therelevantquantitythat
shouldbe independentof m��fsem)s is thereforemgW 5 %76 � l m .
Let vI.xwzy �fs�wty�s , wherewty is aneigenvectorof 5 %76 � l of
eigenvalue { y . Then mgW 5 %76 ��l m|.}{ y shouldnot depend
on theeigenvector. If follows that 5 %76 ��l hasequaleigen-
values,thus 5 %76 ��l .~{'� . Theconverseis trivial. �
Droppingmultiplicativeconstants,wehavederivedthefol-
lowing information regularizeron an infinitesimal region�

, where� , is its centerof mass:

��� � 
 2�3�4 89��� , 
=< (4)

2.2 GLOBAL INFORMATION
REGULARIZATION

We derive a global regularizerof the log-likelihood that
constrainsthe information � providesabout � andbiases
variationsin theconditionalto regionsof low datadensity.
The idea is to definea rich covering ��.M� ���(� �

with
infinitesimal regions and sum the local regularizersover
eachregion. Thecoveringmustsatisfycertainproperties,
suchas connectednessand a significantoverlapbetween
neighbors. This is because�������*� � 
 imposesa constraint
on ��������� Z 
 only throughtheregularizer, andonly if � � and
� Z are in the sameregion, or areconnectedby a pathof
overlappingregions. Ideally, asthe thesizeof the regions
approaches+ the overlapof neighborsapproaches

0 +'+:� .
Note that with suchoverlapeachpoint will belongto in-
finitely many regions, thus the sum of local regularizers
will be infinity. We avoid over-countingby adjustingthe
weightof local regularizers.

In what follows we derive the regularizerfrom a specific
covering;nevertheless,thelimiting resultwill bethesame
for othercoveringsthatabideto theaboveassumptions.�
consistsof all axis-parallelcubesof length � centeredat
theaxis-parallellatticepointsthatarespacedatdistance��� ,
where ��� is muchsmallerthan � . As �O[�+ we would like
the overlap factor ���H��� to approachinfinity; for instance,
���z.���Z . Eachpoint belongsto ���X�'�F�*��� regions,where � is
thedimensionof data,andthis will beour discountfactor
to accountfor overlapping. Let ��� be the partitioning of
� into atomic lattice cubesof length �F� . Eachregion in

� is partitionedinto �����H���*�7� atomiccubesof �Y� , andeach
atomiccubeis containedin �����H���*�7� overlappingregionsof
� . We may now rewrite the global regularizeras a sum
over thepartition ��� :

$ CFG� � , ���(�
��� � 

�����H� � � � 2�3�4 89���:,�� � 
p
k<�.

$ CFG�*� , �����(��� ��� � � 
 ���7���
2�3�4 89���?,;� � 
e
k<

�����H� � � � .
$ CFG� � � , � � �(� � ��� � � 
 2�3�4 89���?,�� � � 
p
k<�.

� ������
 2�3�4 89����
k<����

(5)

Givenlabeledtrainingdatawecanestimatetheconditional
by applyingthe informationregularizerto the conditional
log-likelihood:

G�E'�� N�P�Q'R S7T��
$�%'& �����;yp�*�gye
���{ � ������
 2�3�4 89����
=<H�'� (6)

The maximum is over all continuous piecewise-
differentiableconditionalssubjectto +�� �������*��
Y� 0

and
Q �¢¡ ���"���*��
f. 0

. Full continuity is not necessary, but a
continuousapproximationto thediscontinuitywill always
achieve a higherscore.Note thaton a continuousdomain
we cannot learn the conditional without the regularizer
no matterhow many labeledsamples,becausewe make
no other assumptionabouthow conditionalsat different
locationsrelateto eachother.

The positive { absorbsall constantmultiplicative factors
in thederivation,andalsocontrolsthestrengthof the reg-
ularization. At {|[¤£ the penaltyfor any information
in � about � is high, and the maximizing conditional is
thesameat every location;its actualvaluedependson the
overall numberof training labeledsamplesin eachclass.
At {r[¥+ , we estimateeach���"� y ��� y 
 independentlyof un-
labeledinformation (

0
for continuous� ; the fraction of

samplesin class� y at � y for discrete� ), thencompletethe
conditionalbetweentrainingsamplesasif ������
 is uniform.
Only intermediatevaluesof { makethevariationof ����������

dependon ������
 .

3 OPTIMIZATION WITH
INFORMATION REGULARIZATION

We discussseveral methodsof optimizing the regularized
likelihood (6) for continuousbinary classification(�¦.§ � 0 � 0'¨ , continuous� ). To begin with we make no para-
metric assumptionsabout ����������
 andshow that informa-
tion regularizationdefinesa uniquesolution.As in (Szum-
mer and Jaakkola, 2003) we can use calculusof varia-
tions to obtain a differential equationthat characterizes



the optimal conditional. Given natural boundarycondi-
tions ������
©.ª+ and U S �������*��
©.ª+ as well as the val-
uesof the conditionalon all labeledsamples,�����(yp���:ye
«.
� , ���;ye���:ye
 , the conditional that minimizes the regularizer

������
 2�3�4 89����
=< is adifferentialfunction(exceptmaybeat
thelabeledsamples,whereit is only continuous)thatsatis-
fiestheEuler-Lagrangecondition:

U S $F%H& ������
	U S ��� 0 ����
 W > 2�3 U ZS7S ��� 0 ����
 >0
1 ��� 0 �*��
��]���	� 0 ����


��� 0 ����
����p� 0 ����
 s¬U S ��� 0 ����
­s Z .®+ (7)

This equationusesthe unlabeledinformation U S $�%'& �����/

to completetheconditionalfrom its valueon labeledsam-
plesin auniqueway. If ��� § ��,;��� y �*� y 
 ¨ 
 is theminimal reg-
ularizergiven the valueof �������*�/
 on the labeledsamples,
to optimize(6) we needto considerall suchvalues:

G�E'�� N l P�Q°¯�R S(¯FTe� �(± ,�² ��³"´
$�%'& � , ���(yp���:ye
?�©{'��� § � , ���;ye���:ye
 ¨ 
 (8)

In onedimensionthedifferentialequation(7) canbesolved
analytically. If µ���¶j
/.©��� 0 � ¶j
 , rewrite theequationas

�
�°¶

$�%'& ���"¶/
 � �"·�¬¸ �
µ�� 0 �Aµ�
 .A+ (9)

thus
�¹ · P ��º · T � ��·�¬¸ �). »N�P ¸ T �°_r¼½+ . Thereforeon eachin-

terval with non-zero �"·�¬¸ we have
�¹ · P �eº · T ��·�¬¸ . »N�P ¸ T for

some(positive or negative) _ . The left handside can be

integratedanalyticallyto � 1 E 3e5­¾ E'¿ �
· � 0

, therefore:

�����I. 0 � ¶j
/.
0

0 > ¾ EH¿(Z �q_ �N�P ¸ T
(10)

where _ and the additive constantin
0 �¬� can be deter-

mined from the valuesof the conditionalat labeledsam-
ples. _ canchangeat thepointswhere �"·�¬¸ .x+ . Thecondi-
tionalcanbecomputedexactlyprovided

0 �¬� is analytically
integrable,or approximatednumericallyfrom ¸À 0 �!� .

In Figure3 we show theeffect of variousdatadensitieson
the solution. Note that if ����¶/
 is uniform the conditional
is closeto but not linear, asthevariationis penalizedmore
when��� 0 � ¶/
 is closeto + or

0
ratherthenaround+?Á Â .

Solving (7) and (8) numerically in high dimensionsis a
complex task,andwe needsimplifying assumptionsabout
���"���*��
 and ������
 for tractableoptimization. We consider
parametricrepresentationsof the decision boundary, as
well as kernel estimatesof ������
 from a finite unlabeled
sample.

3.1 PARAMETRIC DECISION BOUNDARY

Oneof the meritsof informationregularizationis that no
parametricmodel is necessaryto propagateunlabeledin-
formation. Unlabeleddataand few labeledsamplespro-
vide a decisionboundarywith minimal assumptionsabout
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Figure 3: Conditionals that Minimize the Information
Regularizer for VariousOne-DimensionalData Densities
While theValueatBoundaryLabeledPointsIs Fixed

���"���*��
 or how it relatesto �����/
 . Nevertheless,we canstill
employ informationregularizationon discriminative tasks
in which a parametricdecisionboundaryis desired. The
goal is to estimatetheconditional�������*���	Ãj
 from a family
parametrizedby Ã given unlabeledinformation ������
 . We
canapply the informationregularizerasbefore,but opti-
mizingover Ã :

G�EH�Ä $F%H& ���"�;y	���gye� Ãj
��r{ � ������
 2�3�4 89�����	Ã/
=<H�'� (11)

We illustratethis approachon logistic regression,in which
we restrict the conditional to linear decisionboundaries
with thefollowingparametricform: ����������� Ãc
/.ÆÅ����DÃ W ��
 ,
where�]Ç § � 0 � 0'¨ and Å��"¶/
c. 0 ��� 0 >KÈ°�;É��p��¶/
e
 . We get
89���/� Ãj
/.ÊÅ��=Ã W ��
	Å��	�tÃ W ��
kÃ�Ã W andtheregularizer

s�ÃYs Z ������
 Å��=Ã W ��
	Å��	�tÃ W ��
 �'� (12)

Theterm Å��kÃ W �/
 Å��	�tÃ W ��
j.�����������
����¢Ë���*��
 focusesonthe
decisionboundary. Thereforecomparedto thestandardlo-
gistic regressionregularizer s Ã)s Z , we penalizemoredeci-
sionboundariescrossingregionsof highdatadensity. Note
that thetermalsomakestheregularizernon-convex, mak-
ing optimizationpotentially more difficult. This lack of
convexity is however unavoidableby any algorithmusing
unlabeledinformation,thatshouldtake into accountcom-
plex multi-modaldatadensities.

3.2 FINITE UNLABELED DATA
APPROXIMATIONS

To finalize a practical formulation of the optimization
we mustprovide an approximateregularizerfrom a large



but finite unlabeledsample
§ �-�Ì ¨ rather than full knowl-

edgeof ������
 . We considerthe empirical approximation�Í Î ���«���-�Ì 
 , kerneldensityestimators,aswell aspara-
metricmodels.

Theempiricalapproximationcanonly beusedin finite do-
mainsor whenthe conditionalis parametrized;otherwise
regionsof zeroprobability make the conditionalarbitrary
in (8) except on labeledsamples. In logistic regression
however, where all conditionalsare tied through Ã , the
countingapproximationbecomesrelevant:

G�EH�Ä y
$F%H& Å����(y=Ã��:y�
'� {Ï Ì Å��=Ã W � � Ì 
	Å��	�tÃ W � � Ì 
 (13)

This criterion can be easily optimizedby gradient-ascent
or Newton type algorithms. In the resultssectionwe also
demonstrateoptimizationby continuation,in which { is
graduallyincreasedwhile following thesolution.

If unlabeleddatais limited,wemaypreferakernelestimate
������
j. �Í ÍÌ�Ð ��Ñ �����¬�-�Ì 
 to theempiricalapproximation,
provided the regularizationintegral remainstractable. In
the regularizationof logistic regression,if the kernelsare
Gaussianwe can make the integral tractableby approxi-
mating Å��kÃ W ��
 Å��p�tÃ W ��
 with a degenerateGaussian.Ei-
ther from theLaplaceapproximation,or theTaylor expan-
sion

$�%'& � 0 >uÒ!¸D
]i $F%H& 1 >x¶�� 1 >�¶gZH�­Ó , we derive the
following approximation:

Å��=Ã W ��
	Å��	�tÃ W ��
/i
0
Ô È­�;É �

0
Ô �kÃ W ��
 Z (14)

With this approximationcomputingtheintegral of thereg-
ularizerover the kernelat Õ of varianceÖ�× becomesinte-
grationof aGaussian:0
Ô È°�;É �

0
Ô �kÃ W ��
 Z Ø ����� Õf� Ö�×�
j.

0
Ô BDÈ ¾�Ù Ä

BDÈ ¾ Ö�× È°�;É � ÕzWÚ�kÖ�×�� Ù Ä 
�Õ1 Ö Z Ø ��� Ù Ä Õ
Ö � Ù Ä

where

Ù Ä . �Û ×O> �
Z ÃgÃ W

º��
.�Ö ×�� �

Z ÃgÃ W � �Û > �
Z s Ã)s Z

After integrationonly themultiplicativefactorremains:

0
Ô 0 > Ö 1 s�ÃYs Z

º�ÜÝ È­��É �
0
Ô �kÃ W Õo
=Z0 > Û

Z s�Ã�s Z
Thereforeif we placea Gaussiankernelof varianceÖ�× at
eachunlabeledsample�-�Ì we obtainthefollowing approx-
imationto (12):

s�ÃYs Z
0 > Û

Z s�Ã�s Z
0

Ô Ï
Í
Ì�Ð � È°�;É �

0
Ô �kÃ W �-�Ì7
kZ0 > Û

Z s�Ã�s Z (15)

This regularizercanbe alsooptimizedby gradientascent
or Newton’smethod.

4 LOGISTIC REGRESSION
EXPERIMENTS

We illustratethe applicationof informationregularization
to syntheticclassificationtasks.Wegeneratedatafrom two
bivariateGaussiandensitiesof equalcovariance,a model
in which the linear decisionboundaryof logistic regres-
sioncanbeBayesoptimal. However, thesmallnumberof
labeledsamplesis not enoughto accuratelyestimatethe
model,andwe show that informationregularizationwith
unlabeleddatacansignificantlyimproveerrorrates.

We comparea few criteria: logistic regressiontrainedonly
on labeleddataandregularizedwith thestandards�Ã�s Z ; lo-
gistic regressionregularizedwith the informationregular-
izer derivedfrom theempiricalestimateto ������
 (13) ; and
logistic regressionwith theinformationregularizerderived
from a Gaussiankernelestimateof ������
 (15).

We have optimizedthe regularizedlikelihood ÞO�=Ãc
 both
with gradientascentÃàßáÃ�>Æâ�U Ä ÞO�=Ã/
 , andwith New-
ton’s method(iterative re-weightedleast squares)Ãáß
ÃK�~â�U Z Ä7Ä Þt�kÃj
 º�� U Ä ÞO�kÃj
 with similar results.Newton’s
method converges with fewer iterations, but computing
the Hessianbecomesprohibitive if datadimensionalityis
high, and convergencedependson strongerassumptions
that thosefor gradientascent.Gradientascentis safer, but
slower if not too many parameters.

We ran multiple experiments(100) with datadrawn from
thesamemodelandaveragedtheerror ratesto obtainsta-
tistically significantresults. In Figure4 we have obtained
theerrorrateson5 labeledand100unlabeledsamples.On
eachdatasetwe initialized theiterationrandomlymultiple
times. The information regularizersderived from kernel
andempiricalestimatesperformindistinguishableon such
largenumberof unlabeledsamples.They bothoutperform
thestandardlabeledregularizationsignificantly.

5 INFORMATION REGULARIZATION
AND LEARNING THEORY

We provide a theoreticalframework for learnabilityunder
informationregularization,andassesthesamplecomplex-
ity of learning. While the learningframework is general,
wederivesample-sizeboundsonly for squarelossandone-
dimensional� andbinary � , anddiscusspossibleexten-
sions.

To build a learningtheoryweneedto formalizethelearned
concepts,theconceptclass(from whichto learnthem),and
a measureof achievementconsistentwith (6). The key is
thento show thatthetaskis learnablein termsof thecom-
plexity of theconceptclass.

StandardPAC-learning of indicator functions of class
membershipwill not suffice for our purpose.Indeed,con-
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ditionalswith very small informationregularizercanstill
have very complex decisionboundaries,of infinite VC-
dimension.Instead,we rely on thep-concept(Kearnsand
Schapire,1994)modelof learningfull conditionaldensi-
ties: conceptsarefunctions ãg�"������
cä:�å[ 4 +-� 0 < . Thenthe
conceptclassis thatof conditionalswith boundedinforma-
tion regularizer:

æ?ç ����
/. ãèä � ������
 Q ãg�"������
�s¬U S $�%'& ã���������
¢s Z �®é
We measurethequality of learningby a lossfunction Þ�êëä
�ì
è�ª[ 4 +-�¢£x
 . This canbe the log-loss � $�%'& ã������*�/

associatedwith maximizinglikelihood,or the squareloss
� ã���������
�� 0 
kZ whoseadvantageis boundedness.Thegoal
is to estimatefrom a labeledsamplea concept�Dí N#î 3 fromæ ç ����
 thatminimizestheexpectedloss LON�P S�TXN�P�Q�R S�T 4 Þ ê < .
Onecannotcomputethe expectedlossdirectly becauseit
dependson theunknown ����������
 . To optimizeit, we mini-
mizetheempiricallossinstead(log-likelihoodif log-loss)

ïãë.AE 3 & G«C�¿ê
ïL 4 Þ�ê'<�.®E 3 & G�CF¿ê

0
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ð
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We saythetaskis learnableif with high probability in the
samplethe empirical loss convergesto the true loss uni-
formly for all conceptsas a½[ñ£ . This guaranteesthat
L Þtòê approximatesL Þ N¢ó=ôeõ well. Formally,

ö 3�4�÷ ãèÇ æ ç ����
/ä(� ïL 4 Þ ê <:�KL 4 Þ ê <H�(øàù�<�� Î (16)

wheretheprobability is with respectto all samplesof size
a . The inequalityshouldhold for a polynomially largein0 �Hù#� 0 � Î � 0 �¬é .

3úDûXü�ý�þ"ÿ�� ��� is ú(þ"ÿ�� ��� only whenú(þ"ÿ�� ��������	�þ"ú
�

5.1 MEASURES OF COMPLEXITY

The samplesizefor a desiredlearningaccuracy will be a
functionof thecomplexity of

æ?ç �"��
 , like VC-dimensionin
PAC-learning. Onesuchmeasureis the boundon the in-
formationregularizeré ; however, we shouldalsotake into
accountthecomplexity of ���"¶/
 .
Intuitively, learningis difficult whensignificantprobabil-
ity masslies in regionsof small ����¶j
 wherethe variation
of ã is lessconstrained. Learningis also difficult when
���"¶/
 hasmany modesof highprobabilityseparatedby low
probability, becausethe variationof ã is constrainedonly
within eachregion. We definetwo quantitiesto charac-
terize the complexity of ����¶j
 . For each âMÇ 4 +-� 0 
 let� N � â/
r. § ¶½äj����¶/
è�ªâ ¨

be the pointsof densitybe-
low â . Let Ï N � â/
j. ö 374 � N � â/
k< bethetotalmassof small
density. Let � N �	â�
 bethepartitionof ��
 � N �	â�
 into max-
imal disjoint intervals,and _ N � â/
 its count.Wewill provide
a learningboundin termsof Ï N � â/
 , _ N � â/
 , andé .

The two measuresof complexity arewell-behavedfor the
useful densities. Densitiesof boundedsupport,Laplace
and Gaussian,as well mixturesof thesehave Ï N �	â�
��Ñ â . Mixtures of single-modedensities have _ N �	â�

boundedby thenumberof mixtures.

5.2 DERIVATION OF A LEARNING BOUND

We derive thefollowing samplecomplexity bound:

Theorem 2 Let ù#� Î ø�+ . Then

ö 3�4�÷ ãëÇ æ?ç ����
/ä(� ïL 4 Þ�ê�<?�KL 4 Þ�ê�<H�(øàù�<�� Î
wheretheprobability is oversamplesof sizea greaterthan

@
0
ù��

$F%H& 0
ù

$�%'& 0
Î >A_ N � Ï º��N � ù Z 
e
�> é

� Ï º��N �	ù Z 
p
 Z
Had

æ ç ����
 beenfinite,wewouldhavederivedalearningre-
sult from McDiarmid’s inequality(McDiarmid, 1989)and
theunionboundasin (Haussler, 1990):

ö 3¢4F÷ ã Ç æ?ç ����
/ä(� ïL 4 Þ�ê7<:�KL 4 Þ�ê'<H�(øàù�<�� 1 � æ?ç ����
p��Ò º Z�� Ý ð
(17)

Hencethe ideaof replacing
æ?ç ����
 with a finite discretiza-

tion
æ �ç ����
 for which theabove inequalityholds.If for any

ã in
æ?ç �"��
 its representative ��ê from the discretizationis

guaranteedto be “close”, and if � æ �ç �"��
p� is small enough,
we canextendthelearningresultfrom finite setswith

� ïL 4 Þ ê <:�KL 4 Þ ê <H�D� � ïL 4 Þ ê <-� ïL 4 Þ����!<���>
>A� L 4 Þ�ê�<-��L 4 Þ � �¬<��H>�� ïL 4 Þ � �!<:�KL 4 Þ � �°<H� (18)

To discretize
æ?ç �"��
 wechoosesome

�
pointsfrom � and

discretizepossiblevaluesof ã at thosepointsinto
0 �!Ö in-

tervalsof length Ö øu+ . Any ã is thenrepresentedby one



of � 0 �¬Ö�
�� combinationsof small intervals.
æ �ç ����
 consists

of onerepresentative from
æ ç

correspondingto eachsuch
combination(provided it exists). It remainsto selectthe�

pointsandÖ to guaranteethat ã and �#ê are“close”, and
� æ �ç �"��
	�?. � 0 �¬Ö�
 � is small.

Our starting point is Lemma 3 from Appendix B that
boundsthevariationof ã on an interval in termsof its in-
formationregularizerand

0 �!� . We canuseit to bound
� ã�� 0 � ¶j
��nã�� � 0 � ¶/
e
kZ on aninterval ��¶ � �	¶ Z 
 independently
of ã:�°ã���Ç æ ç ����
 , provided ã?�­ãH� arewithin Ö of eachother
at theendpoints,and ¸ Ý¸ Ü �°¶��¬����¶j
 is small. If weselectthe�

pointsof
æ �ç to make

0 �!� smalloneachinterval of the
partition (excepton the tail

� N �	â�
 ), we canquantify the
“closeness”of ã and �#ê asin Theorem5:

� L 4 Þ ê <?�KL 4 Þ����!<H�-� 1 Ï N � â/
�> é1�� Z â Z > ��Ö
��! Z

� ïL 4 Þ�ê7<:� ïL 4 Þ ��� <��D� 1 Ëù�> Ï N � â/
�> ér>ré � Ëù1�� Z â Z >"�7Ö
��! Z

with probabilityat least
0 � � � > 0 
�È°�;É��	� 1 Ëù�Z¬aO
 , where

â^Çå�=+-� 0 
 is a free parameterto be optimizedlater, and� . � > 0 � 1 _ N �	â�
 . We cancombinethe last two in-
equalitiesand(17) in (18) andoptimizeover

� �	Ö?�°â���Ëù to
obtaina learningresult.

To deriveageneralresult(withoutknowing Ï N �	â�
 , _ N � â/
 )
wemustchoosepossiblynon-optimalvaluesof thefreepa-
rameters.If

� .
ç

Z�# Ý , Ëù .½ù Z , ÖÊ.½ù Z , Ï N � â/
o. ù Z , we
obtaintheasymptoticsamplesizestatedin thetheorem.

5.2.1 Extensions

We considerextensionsof the sample-complexity bound
to multiclassclassification,multidimensional� , andlog-
loss(maximumlikelihood) insteadof squareloss. To ex-
tendtheresultsto theunboundedlog-loss,we canusethe
equivalenceresultsbetweensquareloss and log loss are
presentedin (Abe, Takeuchi,andWarmuth,2001),where
the ù -Bayesianaveragingtrick effectively renderslog-loss
bounded.To extendtheresultsto multiple dimensionswe
needamultidimensionalequivalentof Lemma3. Although
intuitively feasible,suchresultcouldbedifficult to obtain.

6 DISCUSSION

We haveextendedinformationregularizationin severalre-
spects. We formulatedthe principle as a Tikhonov style
regularization,providing a continuousversionof theregu-
larizationpenaltyin multiple dimensions(independentof
any topologicalcover usedin a finite approximation).We
alsoderived the differentialequationgoverningthe mini-
mumpenaltyinterpolationbetweentheconditionals,where
the interpolatingsolutioncanbe found in closedform in
onedimension. Oneway to reapthe benefitsof the new
regularizationprinciplein practice(withouthaving to solve

a multi-dimensionaldifferentialequation)is to formulate
theregularizationproblemwithin a limited classof param-
eterizedconditionalssuchasthelogistic regressionmodels
we usedhere.

We showed that the regularization penalty serves as a
valid notionof complexity of learningwith unlabeleddata,
wherethecomplexity measuredependsbothon thecondi-
tionalsaswell asthemarginaldistribution. Non-parametric
tasksbecomelearnableunder no other assumptionsbut
thoseimposedby theinformationregularizer.

A ASYMPTOTICS OF MUTUAL
INFORMATION

We derive an asymptoticformula for the mutual informa-
tion betweendataandlabelsin a region

�
asthe scale $

(radius,diameter)approaches+ . We begin with thedefin-
ing formulafor mutualinformation:

������������
/. Q �¢¡ S �7� �(�Y����
��������*�/
 $F%H& ���"���*��

� � �"��
 ��� (19)

wherethe subscript
�

indicatesthat the joint is restricted
to theregion: �D�)����
z.x�����/
 � S �7� ������
 �'� , and �D�)����
t.
S �7� � � ����
�����������
 �'� .

Let �-, .áLtN&%:P S'T 4 �-< be the averagevalue of � in the
region. To simplify notation let ' . U S �������*�:,�
 and( . UfZS7S ���"�����-,�
 be the gradientandthe Hessianof the
conditionalat �-, . The conditionalhasthe following sec-
ondorderTaylor expansionabout�-, :

�������*��
c./���������-,;
�>)' W ��� � �?,;
�>
>x��� �®� , 
 W ( ���Ú�®� , 
�>A@ $ J (20)

By taking expectationwith respectto � � ����
 we also get
� � ����
 . �������*�-,;
9> 2�3�4 5 %76 � ����
 ( <o> @ $ J where
5 %76 � ����
 is thecovarianceof � � ����
 . Next we use

0 ��� 0 >
¶/
c. 0 �I¶r>]¶:Z�>x@ ¶ J and

$�%'& � 0 >]¶/
c. ¶è�I¶:Z�� 1 >
@ ¶ J to obtain:

$�%'& ���"������

� � �"��
 .

0
���������-,;
 ' W ��� �®�-,;
�>

>����Ú�®� , 
 W ( ��� � � , 
g� 2�374 5 %76 �)����
 ( <?�
� 4 ' W ��� �®�?,�
=< Z � 1 ���������-,�
 >�@ $tJ

(21)

Weonly needto multiply theaboveequationby theexpan-
sionof �������*��
 againandtake theexpectationwith respect
to � � ����
 to get:

������������
/. Q �¢¡
0
1 ���"����� , 
 2�3 5 %76 �Y����
*'�' W >A@ $ J

(22)
Noticethat Q ��������� , 
+'�'YW is just theFisherinformation
at �-, . Finally

� � ��������
/.
0
1�2�3�4 5 %76 � ����
	89���?,;
k<:>�@ $tJ (23)



B TECHNICAL RESULTS FOR
LEARNING THEORY

Lemma 3 For ¶ � �A¶ Z , �^. § � 0 � 0�¨

¸ Ý
¸ Ü

����¶/
=L �
�!¶

$F%H& ãg�"��� ¶j
 Z ¼
Ô � ã�� 0 � ¶ � 
���ãg� 0 � ¶ Z 
p
 Z¸ Ý¸ Ü

�N�P ¸ T �!¶
where theexpectationis with respectto ã������ ¶/
 .
Proof After rewriting theexpectedvaluewe useCauchy-
Schwartz,then ãg� 0 � ¶/
 ã��	� 0 � ¶j
/� �

� :

¸ Ý
¸ Ü

0
���"¶/
 �!¶rV ¸ Ý

¸ Ü
���"¶/
 ��¬¸ ã�� 0 � ¶j
 Z

ãg� 0 � ¶/
	ãg�p� 0 � ¶/
 �°¶�¼
¸ Ý

¸ Ü
��¬¸ ãg� 0 � ¶/


ãg� 0 � ¶/
	ãg�p� 0 � ¶/
 �°¶
Z ¼ Ô ¸ Ý

¸ Ü
�
�!¶ ãg� 0 � ¶/
	�!¶ Z

�
Lemma 4 Thesquare loss Þ ê .à� ã������ ¶/
�� 0 
=Z satisfies

� L 4 Þ�ê Ü <-��L 4 Þ�ê Ý <H�D� 1 L � ã � � 0 � ¶/
���ã Z �
0 � ¶j
p
 Z ÜÝ

� ïL 4 Þ�ê Ü <-� ïL 4 Þ�ê Ý <��D� 1 0
a

ð
y Ð � � ã � � 0 � ¶�y�
���ã Z �

0 � ¶�y�
p
 Z
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Proof A simpleapplicationof Cauchy’s inequality. �
Theorem 5 For every â�ÇA�=+-� 0 
 and

�
there exist points§ ¶ � �	¶ Z �°Á°Á­Á!� ¶ �

¨
from � such that any ã � �°ã Z Ç æ ç ����


with �Fã � � 0 � ¶ y 
/�Æã Z �
0 � ¶ y 
	�O�^Ö?�+,Ú. 0 Á­Á°Á � ��Ö Ç\�=+-� 0 


satisfy

� LON�P ¸ T 4 Þ ê Ü <��tLON�P ¸ T 4 Þ ê Ý <��D� 1 Ï N � â/
�> é1�� Z â Z >"�7Ö
��! Z

where
� . � > 0 � 1 _ N � â/
 . Also,with probabilityat least0 �~� � > 0 
�È°�;É��p� 1 ù�Z#aO
 over a sampleof sizea from � ,

for anysuch ã � and ã Z wehave:

� ïL 4 Þ ê Ü <;� ïL 4 Þ ê Ý <��D� 1 ù�> Ï N � â/
�> é]>ré � ù1�� Z â Z >"�7Ö
��! Z

Proof We constructa partition - of �.
 � N � â/
 with in-
tervals by intersectingthe intervals that make up � N �	â�

with a partitioning of � into

�
intervals of equalprob-

ability mass. Let
§ ¶ � �	¶ Z �°Á°Á­Á°�	¶ �

¨
be the endpointsof

theseintervals. Thereareno morethan
� � 0 > 1 _ N �	â�


distinct endpointsin
æ

, andwe choose
�

suchthat
� .� � 0 > 1 _ N �	â�
 .

We bound �	ã � �©ã Z 
kZ oneachsetof thepartition
� N �	â�
:�

/ �10 � of � . On
� N �	â�
 4 ã � � 0 � ¶j
��Êã Z �

0 � ¶/
=<FZ]� 0
triv-

ially. On each�]Ç2- we mustresortto Lemma3 to derive
anupperbound.

Let �r.Æ�43��	v�
 . Notethatfor ¶©Ç � , 4 ã � � 0 � ¶/
¬�«ã Z �
0 � ¶j
k<�Z9�1 4 ã � � 0 � ¶j
��Iã � � 0 � 3c
k<�Zj> 1 4 ã Z �

0 � 3c
��Iã Z �
0 � ¶j
k<�Zc>5��Ö . Thus

it sufficesto boundthevariationof eachã on �43��	¶/
 . This
is exactlywhatLemma3 provides:

4 ãg� 0 � ¶/
	�qã�� 0 � 3c
k< Z � $ ¸6 � ã�
Ô ¸
6

�°¶ �
���"¶ � 
 � $876 � ã�
Ô ¸

6
�!¶ �

����¶ � 

where $89À � ã�
 is the information regularizer of ã on
�*:;�<;­
 . Thus 4 ã � � 0 � ¶j
c�àã Z �

0 � ¶j
k<�Zx�=��Ö�> �
Z �+$ 76 �	ã � 
c>

$ 76 �	ã Z 
p
 ¸6 �!¶g���!���"¶:� 
 . Combiningthis resultwith a sim-
ilar applicationof Lemma3 on �"¶��	v�
 leadsto 4 ã � � 0 � ¶/
��
ã Z �

0 � ¶j
k<�Z �>�7Ö®>|�*$ 76 � ã � 
t>?$ 76 � ã Z 
p
	�
Ô V 76 �!¶��¬���"¶/
 .

Since
0 �!� � �g�'â:Z on � , for ¶�ÇÚ� we have

4 ã � � 0 � ¶/
��Aã Z �
0 � ¶/
=< Z �)�7Öë> $ 76 � ã � 
�>)$ 76 �	ã Z 
Ô � â Z (24)

To obtaintheboundon � L 4 Þ�ê Ü < �zL 4 Þ�ê Ý <H� takeexpectation
over � of (24),use / $ / � ã�
��®é , / �ë� 0 � � , thenapply
Lemma4. For the secondpart of the theorem,we upper
bound

�ð �	ã � � 0 � ¶�y�
��Êã Z �
0 � ¶�y�
p
kZ using(24) in termsof

the fraction µ / of samplesthat fall in interval � , and the
fraction µ!, of samplesthatfall in

�
# ����
 . SinceG�EH� / µ / �0 � � >uù and µ!,@� Ï # ����
t>uù with probability at least0 �n� � > 0 
�È°�;É��p� 1 ù Z aO
 , theconclusionfollows. �
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