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Abstract

We derive single view indexing functions for dynamic scenes
— where dynamic is defined as a scene consisting of multi-
ply moving points each moving independently with constant
velocity. The indexing functions we derive are view inde-
pendent and form a generalization of the “shape tensors”
associated with rigid scenes by introducing a time-varying
parameter. We derive those indexing functions under full 3D
projective, 3D affine, and various reduced configurations.

The indexing functions were implemented and tested for
matching against objects for which their non-rigid motion
is an intrinsic part of their character — human gait recog-
nition and hand gesture identification are the two chosen
application examples.

1 Introduction

In the context of multi-view analysis of 3D rigid scenes two
kinds of algebraic invariants are often discussed and elabo-
rated upon — one is invariant to the 3D shape of the object
(multi-view tensors such as the fundamental matrix of two
views and the trilinear and uadlinear tensors of 3 views
respectively 3 and the other is invari-
ant to the viewing geometry (shape tensors  he latter is
often used in the context of recognition of rigid objects un-
der varying viewing positions and is based on the following
principle 3D rigid object is modeled as a point con gu-
ration projected onto multiple D views he projection is
a function of the 3D coordinates the camera position and
the image coordinates y having suf ciently many points
in a single view the camera parameters can be algebraically
eliminated leaving constraints which involve the 3D coor-
dinates and the D coordinates alone hese constraints are
known as single view shape constraints and have appeared
in 3

In this paper we derive single view shape constraints of
a continuously changing 3D shape — ie the notion of

time is integrated into the shape constraints  he continu-
ous change model is inspired by the recent work on motion
understanding of 3D dynamic point con gurations where
dynamic is de ned in the sense of having multiply mov-
ing points along straight line (or curved paths (and in some
case with constant velocity he non-
rigidity in this framework is structured in a way which
is amenable to algebraic treatment — for example multi-
view tensors for planar scenes and general 3D scenes
were introduced for dynamic point con gurations
and which form a natural generali ation of the classical
multi-view tensors associated with rigid con gurations

In the same vain we wish to generali e the shape ten-
sors introducedin 3 which were associated with rigid
point con gurations to the case of dynamic con gurations

nlike the rigid case where the shape tensors are a function
of image measurements and 3D point positions here the
notion of time is represented as well (since the point con-

guration changes relative positions as a function of time

e will derive the single view shape motion invariants
starting from the 3D af ne projection model then the full
3D projective (perspective model then consider reduced
con gurations and apply these models to the case of mul-
tiply moving points along straight line paths with constant
velocity and second-order paths (the latter only for the full
3D projective model

e have implemented and tested the indexing functions
and applied them to the task of matching against classes of
objects characteri ed both by their shape and motion  he
classes we selected in this paper include human gait recog-
nition people makinga sitting motion (from upright posi-
tion to a full sitting position and hand gesture recognition

sing the indexing function we were able to match a sin-
gle view of (a person walking sitting or hand gesture to
the correct class ie is this an image of a person walking
sitting or what class of hand gesture isit  Ithough the ex-
periments are not intended to introduce a complete system
for hand gesture recognition or human gait classi cation
they do demonstrate the relevance of the dynamic indexing
functions we derive to real applications of interest
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he closest work to ours is the use of view-consistency con-
straints for human gait recognition by matching image se-

uences he classical view consistency constraint also
known as recognition polynomials 3  is based on the
following principle ecall that the shape tensors arise from
an elimination process in which given suf ciently many
points in a single view the camera parameters can be alge-
braically eliminated leaving constraints which involve the
3D coordinates and the D coordinates alone he process
of elimination can continue by having a number of views
until we are left with constraints involving image coordi-
nates alone  hese constraints known as view consistency
constraints express the fact that those number of views
of those number of points are the projections of the same
3D object he second step of elimination is unwieldy un-
der general projective setting and has therefore not received
much attention however is relatively manageable under or-
thographic or scaled orthographic projection  nder ortho-
graphic projection two views of four points are suf cient
for a constraint which was rst derived in 3 or scaled
orthographic projection two views of ve points are neces-
sary for a constraint which was recently derived in

he -point view consistency constraint of was in-

troduced for human gait recognition by comparing two se-

uences of the same person walking — each se uence from
a different viewing position = he view consistency con-
straint was evaluated for every pair of frames one from each
se uence thus creating a se uence consistency matrix
whose entries are the residual of the view consistency con-
straint (low residual re ects good consistency  hus the
diagonal of the matrix should have low numbers if indeed
the two se uences are of the same person In other words
the role of a se uence in this approach is to add a statisti-
cal component on top of the basic two-view algebraic con-
sistency expression  hus this approach is fundamentally
different from the task set out in this paper which is to de-

ne a new single-view shape contraint of structured non-
rigid phenomena in which the structuring takes the form of
multiply moving points along straight-line (or second order
curves paths with constant velocity

i o

c ti in
tr int

on

onsider a 3D point con guration which move
along straight line paths with constant velocity
he position of the th point at time is
et denote the camera matrix pro-
jecting all points onto the thimage plane and let
be the projection of at view

thus we have

ur goal is that given a suf cient number of image points in
a single view to algebraically eliminate the camera param-
eters leaving constraints which involve the 3D coordinates
the velocity vectors  powers of the time parameter
and the image coordinates e will start doing so for the
3D af ne camera model and then proceed to the general
perspective model

A a ras

orthe af ne camera model (projection rays are parallel and
meet the image plane at some obli ue angle the camera
matrix has the following form

he projection e uation can be further manipulated

iven such points we take to be
ince
e conclude that and he deter-
minant expansions of and are polynomials
and in the ve image



points and (the time parameter whose coef cients are

functions of the (maybe unknown shape and direction pa-
rameters  and

e can simplify the above determinants by selecting a

D af ne canonical basis for the images plane where

the rst points are and

hus the polynomials are func-

tions of the th and th image points and the parameter
alone or example the matrix  has the form

(
and is linear in the image co-

ordinates and order 3 in herefore the non-
vanishing terms contain the elements of the artesian prod-
uct and likewise the non van-
ishing terms in are elements of

his implies that have  non vanishing coef-
cients each owever since the coef cients of is iden-
tical to that of  (whichis — and likewise
the coef cient of is identical to that of — there are
only  distinct coef cients for together ince each
image frame provides constraints ( and
then frames suf ce to solve for the
unknown coef cients of the polynomials e sum-
mari e this in the claim below

single view of general dynamic points
provide two affine invariants which are linear in the image
coordinates and of order 3 in the time parameter . The
two invariants together have  distinct view-independent
coefficients which are a function of and which can be
recovered linearly from views.

he process of single-view indexing proceeds as follows
iven views of the con guration of dynamic points the
view-independent coef cients can be recovered linearly

or any novel view of the con guration for some
unknown the functions are polynomials of or-
der3in ie (with known

coef cients ince we have two polynomials in
from each group of points taken from the object a min-
imum of two distinct groups of points would be suf cient
for (linear consistency veri cation (intersection of planes
in 3D necessary condition for the image of these point-
con gurations to belong to the object class is that
the collections of planes (two for each group of points
intersect at a single point ie there is a consistent time pa-
rameter at the intersection single con guration (two

polynomials may also be suf cient by intersecting the -
nite solutions for from each polynomial — a necessary
condition for the con guration to belong to the class is that
the intersection is not null

ra rs ct a ra

enerali ing the af ne space-time view-independent func-
tions introduced above to full projective re uires a mini-
mum of points as follows et in the th image
be lines coincident with the point and denote by  the
matrix

he determinant of  vanishes since

are the rows of the camera matrix
e can simplify the determinant expansion by se-
lecting a canonical basis for the rst four image points
and

where

leaving a function

where (note that appears only in  of
the columns of  which is bilinear in the th and thim-
age points and of order in the time parameter hus
the constraint viewed as a tensor has ele-
ments  he contraction of this tensor with

and vanishes whenever those points and

time index arise from the desired con guration
he elements of the tensor are not independent as
there are  linear constraints among the elements of the
tensor  hese constraints arise as follows et
denote the standard basis  on-
sider the camera matrix whose th column consists of
and all the remaining entries vanish  hen maps the 3D
projective space either to orto therefore regard-
less of the positions of the 3D point con guration and their
velocities (or they vanish thus
herefore for any 3D con guration and for any time
the contraction of the tensor with (where
isone of the basis points must vanish ince this is true
for all we can conclude that the contraction of the tensor
with would give us a vector of ten eros s a result
the tensor contains only ~ parameters (up to scale  ince
each view provides one (linear constraint forthe param-
eters we will need  views (of the dynamic points in



order to recover the shape tensor  his is summari ed be-

low

n a projective frame, a single view of dynamic
points provide a projective view-independent in-
variant which is bilinear in the image coordinates and of
order in the time parameter . The invariant function is

a tensor whose contraction with the th and
th image points and the vector vanishes. The
tensor is defined by  parameters up to scale entries

of the tensor minus  linear constraints among the tensor
elements , thus  views are re uired for computing the in-
variant function.

he process of single-view indexing proceeds in the
same manner as in the af ne case or every con guration
of points one can recover the view-independent tensor
(from  views  or any novel view of each such con g-
uration the contraction with the tensor yields a th degree
polynomial in the time parameter hus with at least two
such con gurations one can intersect the solutions for —
a necessary condition that the con gurations of points arise
from is that the intersection is not null
he constraints above however are not stable numeri-
cally as they contain large exponents of the frame number
In many practical situations the non-rigidity can be de-
scribed by motion which is less general then the 3D con-
stant velocity model In these cases we are able to derive
smaller tensors which are more numerically stable to com-
pute impli cations can be made by limiting the generality
of the position of 3D points at one hand or by limiting the
generality of the directions of the motion on the other hand
ome examples are described below

In case we can assume up to af ne
transformation that all the velocities lie in the plane

ie he componentof vanishes et be asde ned
in e uation he time index appears only in  of the
columns of he highest exponent of in the determinant

expansion of  becomes he si e of the resulting tensor
in this case would be out of which  are lin-
early independent (ie 3 views are necessary to compute
the model

onsider the case where at least on one time along the ac-
tion all the points become coplanar In this case we can
assume (up to af ne transformation that the third coordi-
nate of each point  to vanish  hree columns of now
contain only multiplications of =~ he exponent of would
rise from to as would appear at least three times in
every monomial of the determinant expansion ince is

shared among all the factors we can view  as a common

scale factor of our tensor o the resulting constraint would

contain only the powers of from ero to six he si ¢ of

the resulting tensor would be fthese elements only
would be independent

ssume that in addition to the above all points move in
the same direction which is not contained in the plane of
the point con guration p to af ne transformation we can
assume that this direction is along the axis hus only
3 of the columns of  contain multiplications with  (the
3 columns matching the  coordinate and they contains
only multiplications with ince  is shared among all
the factors we can view  as a common scale factor of
our tensor which does not affect the vanishing of the de-
terminant  herefore the tensor derived in this case is time
independent and contains only elements ( f these
elements only would be independent

o summari e the tensor si e corresponding to the vari-
ous reduced con gurations are displayed in the table below

otion on ontrind i tic

r ctori

e have discussed so far view-invariant polynomials for dy-
namic scenes which contain multiply moving points along
straight-line paths with constant velocity It is possible
to obtain simple view-invariant polynomials also for some
constrained non-linear motions such as multiply moving
points along elliptic trajectories with constant angular ve-
locity

et  be 3D points moving along elliptic trajectories
et the centers of the trajectories be and let the axes of
the ellipse be ttime the 3D location of the point
is

ssume that all the points are coplanar at some time
along the motion ie w1 o gthe third coordinate of  van-
ishes for all Iso assume that one of the axes of each el-
lipse is perpendicular to the plane ie

and In this case the matrix of e uation



becomes

he determinant of  vanishes since

otice that  has six columns which do not contain any
function of hree columns of  contain only multipli-
cations of and therefore can be seen as

nother three columns contain mul-
tiplications of along with other elements (the rst
coordinate of o the constraint which we get from
the determinant expansion of the matrix  is multilinear
in the fth and six image points and a power series of

a general scale factor

ne can reduce the type of elliptic motion even further
and thus obtain a simpler invariant — this time both view-
independent and time-independent ~ ssume that in addition
to the above there is a known constant ratio between the
axis of the motion ellipse ie forevery thereexist such

that and In this

case the matrix  takes the form
hree columns of  are multiplications of here-
fore is a global scale factor of the constraint
very column which contains can

be factored into a sum of the part which does not contain

and the part which contains it  his situation occurs
in three columns and by the multi-linearity of the determi-
nant expansion we factor it along these sums into a sum of

determinants 11 the determinants which contain
a column which is a multiplication of vanish since
these columns are just a scalar times one of the columns
which are multiplications of hus the only re-
maining part of the determinant is the part which does not
contain any at all

he resulting constraint is a multilinear expression in the
measurements and is invariant to time

r nt

¢ have applied the view-invariant polynomials and tensors
for matching against classes of objects for which both shape
and motion form an integral part of their characteri ation
as aclass or example the distinction between a person
making a walking movement or a sitting movement from an
upright position re uires both shape (3D position of con-
trol points and motion ikewise the distinction between
various classes of hand gestures also re uires both the 3D
position of control points and their motion In both cases
we made the assumption the dynamic component can be
approximated by the non-rigidity assumed in this paper for
the gait and sitting movement we assumed multiply moving
points along straight-line paths with constant velocity and
for the hand gestures we assumed constraint circular trajec-
tories with constant angular velocity
Ithough our objective in this work is not necessarily
to introduce the best algorithm for human gait recogni-
tion or identi cation of action in general — these applica-
tions are introduced here only as a means to form interest-
ing and challenging testing platforms — it is worth noting
that the literature on understanding action — mostly related
to human motion understanding covering full body move-
ments like gait recognition up to facial expressions — is
vast in number and spans a variety of different technical ap-
proaches n updated survey of the various techni ues can
be found in

t a tt t

e applied the polynomials described for the f ne cam-
era model for the task of indexing into the motions of a
person performing a sitting movement  ecall that a sin-
gle view of points gives rise to two view-invariant and
motion-invariant polynomials whose coef cients (a func-
tion of the positions  and velocities  can be recovered
from views of of the object in motion onsider applying
this scheme to the matching points arising from a person
whose motion starts from an upright position and ends in a
crouching position (sitting on a chair see ig (a -a3
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igure

he rst experiment is to recover the time per frame
of the se uence ecall that once we have recovered the
coef cients (using at least views every collection of
points from the image provides two 3 rd order polynomi-
alsin thus can be recovered per image (for this par-
ticular setup the polynomial is linear because the velocities
are mostly collinear e consider a new se uence of an-
other person performing the same movement and apply the
polynomials from the reference person and calculate e
then match the images from the rst se uence to the images
from the second se uence based on the computed in order
to see whether we indeed get the same stage in the motion
se uence ig (b -b3 shows three such frames with es-
timated times which match those of (a -a 3 e can see
that there is a good correspondence between the different
stages of the sitting action in the three pairs of images

In the second experiment we display the computed as it
changes over the se uence — we expect it to change mono-
tonically (since represents time  iven se uence of an-
other person performing the same type of motion we expect
that the invariant polynomials recovered from the rst se-

uence will generate a monotonically increasing his is
shown in ig a where the value of the recovered of the
second se uence is plotted and is indeed monotonically in-
creasing In ig b we see the plot of of a person getting

up from a sitting position — in this case we expect to have a
monotonically decreasing graph  inally we expect that the
recovered from a se uence of a different movement say
a gait movement would yield an inconsistent behavior of

his is shown in ig c for a walking movement — the
recovered remains at re ecting the value ( ero corre-
sponding to the upright position in the se uence of a person
making a sitting movement herefore by the change pat-
tern of the value one can match se uences of a class of
objects making a class of movements

a ¢ a st r c t

e have created ve action models — each action model
was created from a se uence he rst and last frame from
each se uence is displayed in the rst two rows of ig 3

ote that some of the actions involve only rigid motion (like
the hand waving in display b andb  while others included
dynamic (non-rigid movement (like the gesture in displays
a and a ach se uence of hand movement was taken
while the camera was in motion thus we had both change
of viewing position and change in shape (for those gestures
that involved shape change  he stage of model building
consisted of creating the indexing polynomials (the tensors
described in ection 3  he results of single view classi -
cation are presented in the graph plots he axis of each
plot runs over the test images whereas the axis represents
the classi cation values (residual of tensor contraction

ig 3(f shows the residuals for the motion shown in
gures 3(b b he ve graphs represent the residuals
of the ve indexing tensors  he indexing tensor match-
ing the motion captured is emphasi ed for clarity  otice-
ably the indexing tensor of the correct action has much
smaller residuals for most of the se uence ig 3(g shows
recognition performed on a se uence capturing the motion
in ig 3(c ¢ In some part of this se uence the index-
ing function of the motion described in ig 3(d d show
lower residuals then the correct indexing function he im-
ages corresponding to these results are indeed compatible
with both of the gestures ig 3(h shows the residuals for
a se uence of the motion showed in ig 3(e e wo of
the indexing functions (matching the motions (a and (e
have the lowest residuals errors  his can be explained by
the fact that the motion (e is a speci c case of the motion
(a therefore a classi cation is not possible

u r

e have derived single-view (view-invariant shape con-
straints for continuously changing 3D shapes where the no-
tion of time is integrated into the shape constraints he
resulting expressions are a function of image coordinates
3D coordinates of the corresponding points the velocity
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vectors (assuming that the shape evolution over time fol-
lows a constant velocity rule and the frame number e
have shown that given a suf cient number of images taken
from various viewing positions of the evolving shape —
in the af ne camera model views are necessary — the
coef cients of these expressions can be linearly recovered
from the image measurements alone  iven a novel view of
the evolving shape the invariant expression can be evalu-
ated leaving a polynomial in the frame number (the time
stamp which can then be recovered e have introduced
these expressions for various camera models including 3D
af ne and full projective and various constant velocity evo-
lutions models
he experiments were conducted on se uences depict-

ing people making a sitting movement and walking (gait
movements and hand gestures In all these cases the classes
of objects are characteri ed both by their shape and their
movement — therefore a view-invariant indexing model
which takes into account shape and motion seems to be
very useful  he experimental results have shown that in-
deed what can match various stages of the motion evolu-
tion across se uences of objects of the same class ( ig
and moreover one can ef ciently discriminate between se-

uences coming from different classes ( ig and also
make a discrimination from a single view to which class of
objects the image comes from ( ig 3

r nc
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