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A more convoluted example: log (
𝑛

𝑛/2) 

Consider the following function: 

𝑓(𝑛) = log (
𝑛

𝑛/2 ) = Θ(? ) 

Remember that (
𝑛
𝑘

) =
𝑛!

𝑘!(𝑛−𝑘)! 
 

Let’s see how we can simplify (
𝑛

𝑛/2 ). We assume that 𝑛 is even. 

(
𝑛

𝑛/2 ) =
𝑛!

(
𝑛
2

) ! ⋅ (
𝑛
2

) !
=

1 ⋅ 2 ⋅ 3 ⋅ … ⋅ (𝑛 − 1) ⋅ 𝑛

(1 ⋅ 2 ⋅ 3 ⋅ … ⋅ (
𝑛
2

− 1) ⋅
𝑛
2

) ⋅ (1 ⋅ 2 ⋅ 3 ⋅ … ⋅ (
𝑛
2

− 1) ⋅
𝑛
2

) 

=
1 ⋅ 2 ⋅ 3 ⋅ … ⋅ (𝑛 − 1) ⋅ 𝑛

(
1
2)

𝑛
2

(2 ⋅ 4 ⋅ 6 ⋅ … ⋅ (𝑛 − 2) ⋅ 𝑛) ⋅ (
1
2)

𝑛
2

(2 ⋅ 4 ⋅ 6 ⋅ … ⋅ (𝑛 − 2) ⋅ 𝑛)

= 2𝑛
1 ⋅ 2 ⋅ 3 ⋅ … ⋅ (𝑛 − 1) ⋅ 𝑛

(2 ⋅ 4 ⋅ 6 ⋅ … ⋅ (𝑛 − 2) ⋅ 𝑛)2

= 2𝑛
1 ⋅ 3 ⋅ 5 ⋅ … ⋅ (𝑛 − 3) ⋅ (𝑛 − 1)

2 ⋅ 4 ⋅ 6 ⋅ … ⋅ (𝑛 − 2) ⋅ 𝑛
 

Now, if we take the log of the result we get: 

𝑓(𝑛) = log(2𝑛) + log (
1 ⋅ 3 ⋅ 5 ⋅ … ⋅ (𝑛 − 3) ⋅ (𝑛 − 1)

2 ⋅ 4 ⋅ 6 ⋅ … ⋅ (𝑛 − 2) ⋅ 𝑛
) = 𝑛 + log (

1 ⋅ 3 ⋅ 5 ⋅ … ⋅ (𝑛 − 3) ⋅ (𝑛 − 1)

2 ⋅ 4 ⋅ 6 ⋅ … ⋅ (𝑛 − 2) ⋅ 𝑛
) 

Now, intuition tells us that 
1⋅3⋅5⋅…⋅(𝑛−3)⋅(𝑛−1)

2⋅4⋅6⋅…⋅(𝑛−2)⋅𝑛
 will be very small because it can be written as 

1

2
⋅

3

4
⋅

5

6
⋅ … ⋅

𝑛−3

𝑛−2
⋅

𝑛−1

𝑛
 which 

tends to barely approach 1 as 𝑛 increases. So informally we can already argue that 𝑓(𝑛) = Θ(𝑛) since log(1) = 0. 

More formally, we will prove that 𝑓(𝑛) = Ω(𝑛) and 𝑓(𝑛) = 𝑂(𝑛) which means 𝑓(𝑛) = Θ(𝑛). 

Part 1: Prove that 𝒇(𝒏) = 𝛀(𝒏) 

Note that, 

1 ⋅ 3 ⋅ 5 ⋅ … ⋅ (𝑛 − 3) ⋅ (𝑛 − 1)

2 ⋅ 4 ⋅ 6 ⋅ … ⋅ (𝑛 − 2) ⋅ 𝑛
=

1

𝑛
⋅

3 ⋅ 5 ⋅ … ⋅ (𝑛 − 3) ⋅ (𝑛 − 1)

2 ⋅ 4 ⋅ 6 ⋅ … ⋅ (𝑛 − 2)
≥

1

𝑛
, ∀𝑛 > 1 

This implies that, 

log (
1 ⋅ 3 ⋅ 5 ⋅ … ⋅ (𝑛 − 3) ⋅ (𝑛 − 1)

2 ⋅ 4 ⋅ 6 ⋅ … ⋅ (𝑛 − 2) ⋅ 𝑛
) ≥ log (

1

𝑛
) , ∀𝑛 > 1 

Thus,  

𝑓(𝑛) = 𝑛 + log (
1 ⋅ 3 ⋅ 5 ⋅ … ⋅ (𝑛 − 3) ⋅ (𝑛 − 1)

2 ⋅ 4 ⋅ 6 ⋅ … ⋅ (𝑛 − 2) ⋅ 𝑛
) ≥ 𝑛 + log (

1

𝑛
) = 𝑛 + log 1 − log 𝑛 = 𝑛 − log 𝑛 , ∀𝑛 > 1 

Since 𝑛 dominates log 𝑛 asymptotically, it follows that 𝑓(𝑛) = Ω(𝑛). 

Part 2: Prove that 𝒇(𝒏) = 𝑶(𝒏) 

Note that, 
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1 ⋅ 3 ⋅ 5 ⋅ … ⋅ (𝑛 − 3) ⋅ (𝑛 − 1)

2 ⋅ 4 ⋅ 6 ⋅ … ⋅ (𝑛 − 2) ⋅ 𝑛
≤

2 ⋅ 4 ⋅ 6 ⋅ … ⋅ (𝑛 − 2) ⋅ 𝑛

2 ⋅ 4 ⋅ 6 ⋅ … ⋅ (𝑛 − 2) ⋅ 𝑛
, ∀𝑛 > 1 ⇔

1 ⋅ 3 ⋅ 5 ⋅ … ⋅ (𝑛 − 3) ⋅ (𝑛 − 1)

2 ⋅ 4 ⋅ 6 ⋅ … ⋅ (𝑛 − 2) ⋅ 𝑛
≤ 1, ∀𝑛 > 1 

This implies that, 

log (
1 ⋅ 3 ⋅ 5 ⋅ … ⋅ (𝑛 − 3) ⋅ (𝑛 − 1)

2 ⋅ 4 ⋅ 6 ⋅ … ⋅ (𝑛 − 2) ⋅ 𝑛
) ≤ log(1) ≤ 1, ∀𝑛 > 1 

Thus,  

𝑓(𝑛) = 𝑛 + log (
1 ⋅ 3 ⋅ 5 ⋅ … ⋅ (𝑛 − 3) ⋅ (𝑛 − 1)

2 ⋅ 4 ⋅ 6 ⋅ … ⋅ (𝑛 − 2) ⋅ 𝑛
) ≤ 𝑛 + 1, ∀𝑛 > 1 

This is equivalent to saying that 𝑓(𝑛) = 𝑂(𝑛) 

Finally, since 𝑓(𝑛) = Ω(𝑛) and 𝑓(𝑛) = 𝑂(𝑛), this means 𝑓(𝑛) = Θ(𝑛). 

 


