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Reductions 
3𝑆𝐴𝑇 ≤𝑝 𝐶𝐿𝐼𝑄𝑈𝐸 
Construction: The three literals in a clause become a group of three nodes in the graph (𝑛 literals → 𝑛 nodes, so repeats 

will occur). All nodes (literals) will be connected except: literals from the same clause, and complementary literals like 𝑥2 

and �̅�2. For an expression 𝜙 with 𝑘 clauses, a 𝑘-clique will correspond to the literals that need to be set to true in the 

expression. 

Why it works: Because you are encoding all the ways you could pick one variable from each clause such that if all 

selected variables are set to true, then the expression is true. 

Example: For 𝜙 = (𝑥1 ∨ 𝑥1 ∨ 𝑥2) ∧ (�̅�1 ∨ �̅�2 ∨ �̅�2) ∧ (�̅�1 ∨ 𝑥2 ∨ 𝑥2), we would get: 

 

Figure 1: SAT to CLIQUE reduction (from Sipser 3rd. Ed) 

3𝑆𝐴𝑇 ≤𝑝 𝑉𝐸𝑅𝑇𝐸𝑋-𝐶𝑂𝑉𝐸𝑅 
Construction: For each variable (not literal), we create an 𝑥 − �̅� pair in the graph (two nodes connected by an edge). For 

each clause we create group of 3 nodes connected all connect by 3 edges (so a clique), where the nodes are labeled just 

like the literals in the clause. We connect the nodes in the clause gadget to the nodes with the same labels in the 

variable gadget. For an expression 𝜙, a vertex cover will correspond to a satisfying assignment. The VC will consist of 

nodes from the variable gadgets and of nodes from the clause gadgets. The nodes in the VC from the variable gadgets 

will give the truth assignment. For example, if 𝑥2 from the variable gadgets, is in the VC then 𝑥2 would be set to 𝑡𝑟𝑢𝑒 in 

the SAT expression. The nodes in the VC from the clause gadgets would be set to false. The VC should be of size 2𝑘 + 𝑣, 

where 𝑘 is the number of clauses in 𝜙 and 𝑣 is the number of variables. This is because the VC will have one node from 

each variable gadget and 2 nodes from each clause gadget. 

Example: 𝜙 = (𝑥1 ∨ 𝑥1 ∨ 𝑥2) ∧ (�̅�1 ∨ �̅�2 ∨ �̅�2) ∧ (�̅�1 ∨ 𝑥2 ∨ 𝑥2) 
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Other reductions 
𝑆𝐴𝑇 ≤𝑝 3𝑆𝐴𝑇 

𝐻𝐴𝑀𝑃𝐴𝑇𝐻 ≤𝑝 3𝑆𝐴𝑇 

𝐻𝐴𝑀𝑃𝐴𝑇𝐻 ≤𝑝 𝑈𝐻𝐴𝑀𝑃𝐴𝑇𝐻 

𝐻𝐴𝑀𝑃𝐴𝑇𝐻 ≤𝑝 𝐿𝑂𝑁𝐺𝐸𝑆𝑇𝑃𝐴𝑇𝐻 

3𝑆𝐴𝑇 ≤𝑝 𝑆𝑈𝐵𝑆𝐸𝑇-𝑆𝑈𝑀 

𝑇𝑄𝐵𝐹 ≤𝑝 𝐺𝐺  


