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Lecture 22: More Hidden Markov Models

We can view HMMs as Bayesian network.

T.)* {“ -n"' b :"::‘ \J
o = ¢ o
22 _;4 - ',_;“3""‘5 20
¢ e \‘/ 3’ ‘L t
! . -~ J
4 A2 Fa

We showed how this graphical structure implies independency and how they are easier to learn.
Sy L s3| s, (true)
x1 L x3| s, (true)
X1 L x3 | x, (false)

What does x; L x5 | x, (false) say about the observable variables? That there are many possible ways to couple them
together. The sequence of the observable variables is NOT a Markov model. They are more dependent on each other
than a Markov model.
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Figure 1: | have no clue where this figure was supposed to be inserted

Last time we looked over the tree problems we need to solve for an HMM.

(1) P(x1, s Xp) = Xs,,.5, P(X1, 0, X, S1, -, Sy) @nd the Markov structure makes it easier to evaluate that joint
a. Solved last time using forward and backward probabilities

(2) Learn Py(sq), Pg(x|s),Pr(s'|s),x € X ={1, ..., kg}

(3) Find the most likely underlying explanation for the observables in terms of states: (34, ..., $,) =

argmax P(xq, ..., Xp, S1, -+, Sp)-
S1,emSn

Forward probabilities: a;(s;) = P(xq, ..., X¢,St)
ay(s1) = Py(s)Pe(xq]s1),s1 =1, ...k

ar(sy) = Z ar—1(Se—1)Pr(selse—1)Pe(x¢lse),s¢ =1, ...,k

St-1
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Backward probabilities: 8;(s;) = P(Xt41, ) Xn|St)

Bn(sn) =1
Be(se) = Z Pr(se41lS)Pp(Xee1lSe41)Bre1(Se41),5: =1, .,k
St+1
k
Z an(sn) = P(xll ---;xn)
sp=1
k

z e (s)Be(se) = P(xq, o, xp), YVt =1,...,n
St:1

Learning HMMs from data
Estimate P,(s1),s; = 1,...,k, Pr(s'|s),s,s’ =1, ..., k, get a k? probability table, and Pz (x|s),s = 1, .., k,x = 1, ..., kg

Complete log likelihood (single input x4, ..., x;, sequence):

n n
log P(xy, ..., Xn, S1, -, Sp) = log Py (s1) + Z log Py (x¢|sy) + ZlogPT(sHllst)

t=1 t=1
k
= an(s) log Py (S; =s) + Z nT(S:S,)IOgPT(Snext = Sllsprev = S)
s=1 s's
+ ZnE(s,x) logPr (X = x|S =5)
s,x

ni(s) = [[s = s4]]
n-1

ne(s,s) = ) [ls = selllls' = senl]

t=1

n

ne(s,2) = ) [ls = sell[lx = x])

t=1
ML estimates of the parameters given these counts:
PO =g )
N
1) = g
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What if we don’t have complete data? We randomly initialize the model and compute:

RAGI0
Yo ar (sDB(s")

nr(s,s') =2 &:(s,8") = P(s¢ = 8,S¢41 = S'|X1, 000, Xp) = at(S)PT(Sg?:lzgcgzgl)ﬁtﬂ(S,)

ng(s,x) = ye(s) = P(s¢ = s|xq, ..., xn)

EM algorithm (Forward-backward algorithm for estimating HMM)
Initialization: Initialize P; (s;), Pr(s'|s), Pg(x|s) with a guess

E-step: Evaluate y;(s),é(s,s"),Vt = 1,...,,n,Vs,s" =1, ..., k, for a single sequence

ﬁl(s) = 1’1(5) = P(Sl = s|x1, '";xn)

n—-1 n-1
fir(s,s') = Z $e(s,s') = Z P(s¢ = 5,St41 = S'|Xq, 0, Xp)
t=1 t=1

Ap(s,2) = D ¥e@Ilx = xJ1 = ) Plse = shxr, e x)[x = %]]
t=1 t=1

M-step: Exactly as before, except we use the 71 counts:

~ i1 (s)
P(s) =c——<
! Zs’ nl(sl)
fig (s, x)
Pp(x|s) = c— ;
£ 2x g (s, x)
fir(s,s")
P (Slls) ~ rn
’ Xsfip(s,s”)
Example:
_(1,s;,=1
Pl(sl) - {0151 — 2
s'=1 s'=2
Pr(s'ls)=|s=1 9 .1
s=2 0 1
x=A x=B
P(x|s)=[s=1 .5 5
s=2 .1 9
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Find the states:

(81,8,) = argmaxP(x; = B,x; = B,s1,5;)
51,52

Consider the following probabilities:

(s1=1,s,=1)>P(x; =B,x, =B,s;=1,5,=1)
= P(S]_ = 1)PE(X1 = BlSl = 1)PT(SZ = 1|Sl = 1)P(.x2 = BlSz = 1) = 1 . 05 '09 . 05

Similarly, we get:
(s;=1,5,=2)>1-05-0.1-0.9
(s1=2,5,=1) > 0prob
(s1;=2,5,=2)—> 0prob
So, the higher likelihood answeris (s; = 1,5, = 1)

If | observed B, B, B, B, ..., B the estimated ML sequence would have been 1,2,2,2,2, ...,2.

Viterbi algorithm
We can estimate the HMM model with the EM algorithm, but how can we find the most likely state sequence given
some data? (Remember each state isin {1, ..., k}, so we have an exponential space of states to explore)

(81, ,8p) = argmax P(xy,...,Xn, S1, ) Sn)
S1,--Sn€{1,...k}

We can use something very similar to the forward probabilities, except that instead of summing over all possible
previous states we take the maximum instead. Let,

0,(s,) = max P(xq, .., Xn,S1, .., S
n( n) S1,uSn—1€{1,...k} ( Drorr S 21 e n)

If I have &, (s,,) how would | determine the ML for s,,?

8, = argmax &,,(s,)
sn=1,..k

...because max 8,,(s,) = max P(xq, ..., Xp, S1, -, Sn)
Sn S1,-Sn

01(s1) = P1(51)Pg(xq]s1) = P(x1,51)

8,(s2) = max P(x1,X3,81,S2) = max Py (s1)Pg (x1]51) Pr(sz|s1)Pg (x2]s2) = max 81 (s1)Pr(szs1)Pg(x2]s2)
s1=1,...k s1=1,..k s1=1,..,k

83(s3) = max  P(xy,Xx3,X3,51,52,53) = max  P(xy,x3,51,52) Pr(s3|s;)Pg(x3]s3)
51,52€{1,...k} s1,S2€{1,...k}

= mnax ( max P(x1;x2;51:52))PT(53|52)PE(X3|53)= max 82 (s2)Pr(s3]s2) Pg(x3ls3)
Sp=1,...,k \s1=1,...k s,=1,..,k
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In general, we can prove that:

6:(s) = ., max k5t—1(5t—1) Pr(s¢lse-1)Pe(x¢lse), Vs = 1, ...,k

t-1=1L,s

Backtracking iteration:

We can compute the n X k §;(j) table foralli € {1, ...,n} and for all j € {1, ..., k} in the following order:
6,(1),6,(2),...,6,(k); 6,(1), ..., 5,(n); ...; 6, (1), ..., 6, (k)

Then we can find the maximum sequence of states (8, ..., §,,) by doing:

8, = argmax d,,(s,)
Sn

3,-1 = (the s,_; that maximized 6,(3,)) = argmax &,y (Sp-1) Pr(8,|5n-1)Pg (x,]3,)
n—1

= arggnax On—1(Sn-1) Pr(8plsn—1)
n—-1

Spz = argl;nax 5n—2(5n—2) Pr (§n—1 |Sn—2)
n-2

§; = argmax &, (s1) Pr(8;|s1)
S1
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