
Influence of r ∈ V on v ∈ V

γF (v; r | S) :=
��∆F (v | S)−∆F (v | S ∪ {r})

��

Maximum total influence

γF := max
r∈V
S⊆V

∑
v∈V

tanh
(
1

2
γF (v; r | S)

)

Evaluation
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◦ Compare against variational inference
[Djolonga and Krause, ’14]

◦ Compute p(v | S)

◦ |V | = 20 −→ exact marginals

[1] [2] [5] [4] [3]
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Fast Mixing

Theorem 2

For any submodular or supermodular set function F , if γf < 1, the mixing time of
the Gibbs sampler is bounded by

tmix(ϵ) ≤
1

1− γf
n
(
logn+ log ϵ−1

)
.

Lemma 1

For any decomposable submodular function f ,

γf ≤ 1

2
θfλf .

We call f decomposable if f(S) =
∑
i∈[L]

fi(S)

θf := max
v∈V

∑
i∈[L]

√
fi(v)

λf := max
i∈[L]

∑
v∈V

√
fi(v)

Polynomial-time Mixing

“Distance” from modularity

ζF := maxA,B⊆V

∣∣F (A) + F (B)− F (A ∪B)− F (A ∩B)
∣∣

submodular constant modular normalized monotone submodular

F (S) = c +
∑

v∈S mv + f(S)

exp(F (S)) ∝
∏
v∈S

exp(mv) × exp(f(S))

PSM product interactions

Theorem 1

For any set function F , the mixing time of the Gibbs sampler is bounded by

tmix(ϵ) ≤ 2n2 exp(2ζF ) log (ϵpmin)
−1

.

For any submodular or supermodular set function F , the mixing time of the Gibbs
sampler is bounded by

tmix(ϵ) ≤ 2n2 exp(ζf ) log (ϵpmin)
−1

.

flow A → B — p(A)p(B)

capacity of edge e — transition probability

congestion of edge e — total flow / capacity

Method of canonical paths [Sinclair, ’92]

{}

1 2 3 4

12 13 14 23 24 34

123 124 134 234

V

Facility location (log-submodular)

GMM (log-supermodular) Ind. cascade (log-supermodular)

Gibbs Sampling

Start at S0

For t = 1, 2, . . .

◦ Select random v ∈ V

◦ ∆ ← F (St ∪ {v})− F (St \ {v})

◦ padd ← e∆/
(
1 + e∆

)

◦ Flip biased coin

padd 1− padd

St+1 ← St ∪ {v} St+1 ← St \ {v}
{}

{1} {2} {3}

{1, 2} {1, 3} {2, 3}

V

St

v
=
3

Does the Markov chain converge?

Total variation distance

d(t) = max{dtv (PSt , π) | S0 ∈ Ω}

Under mild assumptions (ergodicity),

d(t)
t→∞−−−−−→ 0

How long does it take to converge?

Mixing time

tmix(ϵ) = min {t | d(t) ≤ ϵ}

We establish sufficient 
conditions for sub-exponential 
mixing of the Gibbs sampler 

on PSMs

DPPsEx
ac

t ◦ Tractable only for limited subclasses

◦ #P-hard even for Ising models

BP
, M

F, 
...

low-order MRFs
◦ Extensively studied model class

◦ Complexity exponential in model order

L-
Fi

el
d Probabilistic

Submodular
Models

◦ Variational approach for general PSMs
[Djolonga and Krause, ’14]

Inference

What about sampling?

log-supermodular

log-submodular

DPPs

repulsive
pairwise MRFs

attractive
pairwise MRFs

product

p(S) =
1

Z
exp(F (S))

PSMs MRFs

◦ Ground set V with |V | = n ◦ Binary random vector

X = (X1, . . . , Xn)

◦ Sub- or supermodular function

F : 2V → R

◦ Set of factors

ϕi : {0, 1}Ci → R

◦ Distribution over subsets

p(S) ∝ exp(F (S))

◦ Distribution over binary vectors

p(X) ∝ exp
(∑

i ϕi (XCi)
)

Probabilistic Submodular ModelsMotivation

Image collection summarization

Submodularity
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Foreground / background segmentation

Pairwise models

Sampling summaries

Equip existing models with 
higher-order interactions

Use submodular functions 
in probabilistic models

Probabilistic Submodular Models
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Summary 1 Summary 2
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Higher-order models

[Djolonga and Krause, ’15]
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