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Abstract

We develop hierarchical, probabilistic models for objects, the parts composinghem, and the
visual scenes surrounding them. Our approach couples topic models originally developed fraxt
analysis with spatial transformations, and thus consistently accounts ér geometric constraints.
By building integrated scene models, we may discover contextual relationships, andditer ex-
ploit partially labeled training images. We rst consider images of isolated objects, and show that
sharing parts among object categories improves detection accuracy when learning frorevi ex-
amples. Turning to multiple object scenes, we propose nonparametric models which ugsrichlet
processes to automatically learn thenumber of parts underlying each object category, and objects
composing each scene. The resulting transformed Dirichlet process (TDP) leads to dite Carlo
algorithms which simultaneously segment and recognize objects in street and o cescenes.

1 Introduction

Object recognition systems use the image features compogjra visual sceneto localize and cate-
gorize objects. We argue that multi{object recognition shauld consider the relationships between
di erent object categories during the training process. This approach provides several bene ts.
At the lowest level, signi cant computational savings are possible if di erent categories share a
common set of features. More importantly, jointly trained r ecognition systems can use similarities
between object categories to their advantage by learning f®ures which lead to better generaliza-
tion [15, 64]. This transfer of knowledge is particularly important when few training examples
are available, or when unsupervised discovery of new objegtis desired. Furthermore, contextual
knowledge can often improve performance in complex, natudascenes. At the coarsest level, the
overall spatial structure, or gist, of an image provides priming information about likely object cat-
egories, and their most probable locations within the sceng¢46, 63]. In addition, exploiting spatial
relationships between objects can improve detection of lesdistinctive categories [2, 18, 24, 65].

In this paper, we develop a family of hierarchical generatie models for objects, the parts
composing them, and the scenes surrounding them. We focus dhe so{called basic levelrecognition
of visually identi able categories, rather than the di ere ntiation of object instances [36]. Our models
share information between object categories in three distict ways. First, parts de ne distributions
over a common low{level feature vocabularly, leading to corputational savings when analyzing new



images. In addition, and more unusually, objects are de nedusing a common set of parts. This
structure leads to the discovery of parts with interesting mantic interpretations, and can improve
performance when few training examples are available. Finly, object appearance information is
shared between the many scenes in which that object is found.

This generative approach is motivated by the pragmatic needfor learning algorithms which
require little manual supervision and labeling. While disaiminative models often produce accurate
classi ers, they typically require very large training sets even for relatively simple categories [34, 67].
In contrast, generative approaches can discover large, viglly salient categories (such as foliage and
buildings [55]) without supervision. Partial segmentations can then be used to learn semantically
interesting categories (such as cars and pedestrians) whiicare less visually distinctive, or present
in fewer training images. Moreover, by employing a single kerarchy describing multiple objects or
scenes, the learning process automatically shares inforrtian between categories.

Our hierarchical models are adapted fromtopic models originally used to analyze text docu-
ments [6, 61]. These models make the so{callebag of wordsassumption, in which raw documents
are converted to word counts, and sentence structure is igmed. While it is possible to develop
correspondingbag of featuresmodels for images [3, 11, 16, 55], which model the appearanoé de-
tected interest points and ignore their location, we show that doing so neglects valuable information,
and reduces recognition performance. To consistently acemt for spatial structure, we augment
these hierarchies withtransformation [20, 30, 45, 53] variables describing the locations of objec
in each image. Through these transformations, we learn pag which describe features relative to a
\canonical" coordinate frame, without requiring the align ment of training or test images.

The principal challenge in developing hierarchical modeldor scenes is specifying tractable, scal-
able methods for handling uncertainty in the number of objeds. This issue is entirely ignored by
most existing models, which are either tested on cropped imges of single objects [7, 15, 68], or
use heuristics to combine the outputs of local \sliding window" classi ers [64, 66, 67]. Grammars,
and related rule{based systems, provide one exible familyof hierarchical representations [5, 62].
For example, several di erent models impose distributionson hierarchical tree{structured segmen-
tations of the pixels composing simple scenes [1, 26, 29, 586]. In addition, an image parsing [65]
framework has been proposed which explains an image using atf regions generated by generic
or object{speci ¢ processes. While this model allows uncdarinty in the number of regions, and
hence objects, its high{dimensional state space requiresiscriminatively trained, bottom{up pro-
posal distributions. The BLOG language [43] provides a pronsing framework for representing
unknown objects, but does not address the computational andstatistical challenges which arise
when learning scene models from training data.

We propose a di erent, data{driven framework for handling u ncertainty in the number of object
instances, based on Dirichlet processes (DPs) [32, 48, 57]n nonparametric Bayesian statistics,
DPs are used to learn mixture models whose number of compontnis automatically inferred from
data [14, 47]. A hierarchical Dirichlet process (HDP) [61] describes several related datasets by
reusing mixture components in di erent proportions. We extend the HDP framework by allowing
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Figure 1: Three types of interest operators applied to two o ce scenes: Harris{a ne corners (left),
maximally stable extremal regions (center), and linked sequences of Canny edgesdhit).

the global, shared mixture components to undergo a random geof transformations. The resulting
transformed Dirichlet process (TDP) produces models which automatically learn the number of
parts underlying each object category, and objects composp each scene.

The following section begins by reviewing prior work on featire{based image representations,
and existing bag of features image models. We then develop driarchical models which share parts
among related object categories, automatically infer the mmber of depicted object instances, and
exploit contextual relationships when parsing multiple object scenes. We evaluate these models by
learning shared representations for sixteen object categies (Sec. 5), and detecting multiple objects
in street and o ce scenes (Sec. 9).

2 Generative Models for Image Features

In this paper, we employ sparse image representations demd from local interest operators. This

approach reduces dimensionality and dependencies amongaferes, and simpli es object appear-

ance models by focusing on the most salient, repeatable imagstructures. While the features we
employ are known to perform well in geometric correspondere tasks [42], we emphasize that our
object and scene models could be easily adapted to alternat families of local descriptors.

2.1 Feature Extraction

In each grayscale training or test image, we begin by deteatig a set of elliptical interest regions
(see Fig. 1). We consider three complementary criteria for egion extraction. Harris{fane in-
variant regions [41] detect corner{like image structure by nding pixels with signi cant second
derivatives. The Laplacian of Gaussian operator [38] then povides a characteristic scale for each
corner. Alternatively, maximally stable extremal regions(MSER) [40] are derived by analyzing the
stability of a watershed segmentation algorithm. As illustrated in Fig. 1, this approach favors large,
homogeneous image regions.For object recognition tasks, edge{based features are alsaighly in-
formative [4]. To exploit this, we nd candidate edges via a Canny detector [9], and link them into
segments broken at points of high curvature [33]. These linethen form the major axes of elliptical
interest regions, whose minor axes are taken to be 10% of thdength.

!software for the detection of Harris{a ne and MSER features, and computati on of SIFT descriptors [38], was
provided by the Oxford University Visual Geometry Group:  http://www.robots.ox.ac.uk/ vgg/research/affine/



Figure 2: A subset of the a ne covariant features (ellipses) detected in images of o ce scenes. Inve
di erent colors, we show the features corresponding to the ve discrete vocabulary wads which most
frequently align with computer screens in the training images.

Given the density at which interest regions are detected, tkese features provide a multiscale
over{segmentation of the image. Note that low{level interest operators are inherently noisy: even
state{of{the{art detectors sometimes miss salient regiors, and select features which do not align
with real 3D scene structure (see Fig. 1 for examples). We hatle this issue by extracting large
feature sets, so that many regions are likely to be salient. tlis then important to design recognition
algorithms which exploit this redundancy, rather than relying on a small set of key features.

2.2 Feature Description

Following several recent approaches to recognition [11, 1665], we use SIFT descriptors [38] to
describe the appearance of interest regions. SIFT descripts are derived from windowed histograms
of gradient magnitudes at varying locations and orientations, normalized to correct for contrast and
saturation e ects. This approach provides some invarianceto lighting and pose changes, and was
more e ective than raw pixel patches [66] in our experiments

To simplify learning algorithms, we convert each raw, 128{dmensional SIFT descriptor to a
vector quantized discrete value [16, 55]. For each trainingdatabase, we useK {means clustering
to identify a nite dictionary of W appearance patterns, where each of the three feature types
is mapped to a disjoint set of visual words We set the total dictionary size via cross{validation;
typically, W  1;000 seems appropriate for categorization tasks. In some egpments, we improve
discriminative power by dividing the a nely adapted region s according to their shape. Edges
are separated by orientation (horizontal versus vertical) while Harris{a ne and MSER regions
are divided into three groups (roughly circular, versus hoizontally or vertically elongated). An
expanded dictionary then jointly encodes the appearance ah coarse shape of each feature.

Using this visual dictionary, the i!" interest region in imagej is described by its detected image
position vji, and the discrete appearance wordyj; with minimal Euclidean distance [38]. Let w;
and v; denote the appearance and two{dimensional position, respatively, of the N; features in
imagej. Fig. 2 illustrates some of the visual words extracted from adatabase of o ce scenes.

2.3 Visual Recognition with Bags of Features

In many domains, there are severalgroups of data which are thought to be produced by related
generative processes. For example, the words composing axtecorpus are typically separated into
documents which discuss partially overlapping topics [6, 3, 61]. Alternatively, image databases like
MIT's LabelMe depict visual scenes which compose many di eent object categories [51]. While it



is simplest to analyze each group independently, doing so th neglects critical information. By
sharing random parameters among groups, hierarchical Bayesian mais [22] provide an elegant
mechanism for transferring information between related de@uments, objects, or scenes.

Latent Dirichlet allocation (LDA) [6] provides one framework for learning mixture models which

POXji J j5 15715 K =X( ik E X J k) i=15000N 1)
k=1

Here, f (x j ) is family of probability densities, with corresponding distributions F( ) parameter-
ized by . We later use multinomial F( ) to model visual words, and GaussianF ( ) to generate
feature locations. LDA's use of shared mixture parameters tansfers information among groups,
while distinct mixture weights capture the unique features of individual groups. As discussed in
App. A, we improve the robustness of learning algorithms by pacing conjugate priors [22, 57] on
the cluster parameters H( ). Mixture weights are sampled from a Dirichlet prior ;  Dir( ),
with hyperparameters either tuned by cross{validation [23] or learned from training data [6].

LDA has been used to analyze text corpora by associating grqas with documents and datax;;
with words. The exchangeability assumption ignores sentece structure, treating each document as
a \bag of words." This approximation leads to tractable algorithms which learn topics (clusters)
from unlabeled document collections [6, 23]. Using image &tures like those in Sec. 2, topic models
have also been adapted to discover objects in simple scen&s] or web search results [17], categorize
natural scenes [8, 16], and parse presegmented captionedages [3]. However, following an initial
stage of low{level feature detection or segmentation, thes approaches ignore spatial information,
discarding positionsv; and treating the image as an unstructured bag of featuresw;. This paper
instead develops richer hierarchical models which consisttly incorporate spatial relationships.

2.4 Overview of Proposed Hierarchical Models

In the remainder of this paper, we introduce a family of hierachical models for visual scenes and
object categories. We begin by considering images depictinsingle objects, and develop models
which shareparts among related categories. Using spatial transformationswe then develop models
which decompose scenes via a set of part-based representaisoof object appearance.

Fixed{Order Object Model In Sec. 3, we describe multiple object categories using a x
number of shared parts. Results in Sec. 5 show that sharing iproves detection performance when
few training images are available.

Nonparametric Object Model In Sec. 4, we adapt the hierarchical Dirichlet process [61]d
learn the number of shared parts underlying a set of object categories. The milting nonparametric

2Exchangeable datasets have no intrinsic order, so that every permutation has equal joint probability [22, 57].
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Figure 3: A parametric, xed{order model which describes the visual appearance of. object categories
via a common set ofK shared parts. Thej™ image depicts an instance of object category; , whose
position is determined by the reference transformation ;. The appearancew;; and position v;; , relative
to j, of visual features are determined by assignments;; o, to latent parts. The cartoon example
illustrates how a wheel part might be shared among two categoriedicycle and cannon. We show feature
positions (but not appearance) for two hypothetical samples from each category

model learns representations whose complexity grows as mtraining images are observed.

Fixed{Order Scene Model In Sec. 6, we learn contextual relationships among a xed nurber
of objects, which in turn share parts as in Sec. 3. Results in &. 9 show that contextual cues
improve detection performance for scenes with predictableglobal spatial structure.

Nonparametric Scene Model In Sec. 7, we develop a transformed Dirichlet process (TDP)and
use it to learn scene models which allow uncertainty in the nmber of visual object categories, and
object instances depicted in each image. Sec. 8 then integes the part{based object representations
of Sec. 4 with the TDP, and thus more accurately segments novescenes (see Sec. 9).

3 Learning Parts Shared by Multiple Objects

Figure 3 illustrates a directed graphical model which extems LDA [6, 50] to learn shared, part{
based representations for multiple object categories. Noek of this graph represent random variables
or distributions, where shaded nodes are observed during #&ining, and rounded boxes are xed
hyperparameters. Edges encode the conditional densitiesnderlying the generative process [31, 57].
To develop this model, we rst introduce a exible family of s patial transformations.

3.1 Capturing Spatial Structure with Transformations

Figure 4 illustrates the challenges in developing visual ssne models incorporating feature positions.
Due to variability in three{dimensional object location an d pose, the absolute position at which
features are observed may provide little information abouttheir corresponding category. Recall
that LDA models dierent groups of data by reusing identical cluster parameters i in varying

proportions. Applied directly to features incorporating b oth position and appearance, such topic
models would need a separate global cluster for every pos$iblocation of each object category.
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Figure 4. Scale{normalized images used to evaluate two{dimensional models for visual scenesailable

from the MIT LabelMe database [51]. Top: Five of 613 images from a partially labeled dataset of street
scenes, and segmented regions corresponding to cars (red), buildings (magenta), rogtkie), and trees

(green). Bottom: Six of 315 images from a fully labeled dataset of o ce scenes, and segmented reg®
corresponding to computer screens (red), keyboards (green), and mice (blue).

Clearly, this approach does not sensibly describe the spadl structure underlying real scenes, and
would not adequately generalize to images captured in new etronments.

A more e ective model of visual scenes would allow the same gbal cluster to describe objects
at many di erent locations. To accomplish this, we augment topic models with transformation
variables, thereby shifting global clusters from a \canonical" coordinate frame to the object posi-
tions underlying a particular image. Let ( ; ) denote a family of transformations of the parameter
vector , indexed by 2 }. For computational reasons, we assume that parameter trarfermations
are invertible, and have a complementarydata transformation ~(v; ) de ned so that

TUREREST ISR @
The normalization constant Z ( ), which is determined by the transformation's Jacobian, isassumed
independent of the underlying parameters . Using eqg. (2), model transformations ( ; ) are
equivalently expressed by a change (v; ) of the observations' coordinate system. In later sections
we use transformations to translate Gaussian distributiors N (; ), in which case

G )=0C +3) ~(v; )=V (3)
Our learning algorithms use this relationship to e ciently combine information from images de-
picting scale-normalized objects at varying locations. Formore complex datasets, we could instead

employ a family of invertible a ne transformations (see Sec. 5.2.2 of [57]).
Transformations have been previously used to learn mixturemodels which decompose video se-



guences into a xed number of layers [20, 30]. In contrast, tle hierarchical models developed in this
paper allow transformed mixture components to be shared amuag di erent object and scene cate-
gories. Nonparametric density estimates of transformatims [44, 45], and tangent approximations
to transformation manifolds [53], have also been used to catruct improved template{based recog-
nition systems from small datasets. By embedding transformtions in a nonparametric hierarchical
model, we parse more complex visual scenes in which the numbef objects is uncertain.

3.2 Fixed{Order Models for Isolated Objects

We begin by developing a parametric, hierarchical model forimages dominated by a single ob-
ject [58]. The representation of objects as a collection ofmtially constrained parts has a long
history in vision [19]. In the directed graphical model of Fig. 3, parts are formalized as groups
of features that are spatially clustered, and have predictdle appearances. Each of thd object
categories is in turn characterized by a probability distribution - over a common set ofK shared
parts. For this xed{order object appearance modelK is set to some known, constant value.
Given an imagej of object categoryo; containing N; features W;;v;), we model feature posi-
tions relative to an image{speci c reference transformation, or coordinate frame, ;. For datasets
in which objects are roughly scale{normalized and centered unimodal Gaussian distributions
i N ¢, o provide reasonable transformation priors. To capture the nternal structure of ob-
jects, we de ne K distinct parts which generate features with di erent typic al appearancew;; and

are independently sampled from a category{speci ¢ multinamial distribution, so that z; o -

When learning object models from training data, we assign Diichlet priors -  Dir( ) to the
part association probabilities. Each part is then de ned by a multinomial distribution ¢ on the
discrete set of W appearance descriptors, and a Gaussian distributiorN ( x; «) on the relative
displacements of features from the object's transformed pse:

Wji zji Vji N ( ( zji ; Zji ; J)) (4)
For datasets which have been normalized to account for origation and scale variations, transfor-
mations are de ned to shift the part's mean as in eq. (3). In principle, however, the model could
be easily generalized to capture more complex object pose wations.

Marginalizing the unobserved assignmentszj; of features to parts, we nd that the graph of
Fig. 3 de nes object appearance via a nite mixture model:

X
p(Wii Vi ] jig =)= ) kWi))N (Vs Cksoki ) (5)
k=1
Parts are thus latent variables which capture dependencies feature location and appearance, while
reference transformations allow a common set of parts to moel unaligned images. Removing these
transformations, we recover a variant of theauthor{topic model [50], where objects correspond to
authors, features to words, and parts to the latent topics urderlying a given text corpus. The LDA
model [6] is in turn a special case in which each document (inge) has its own topic distribution,



and authors (objects) are not explicitly modeled.

The xed{order model of Fig. 3 shares information in two distinct ways: parts combine the same
features in di erent spatial con gurations, and objects re use the same parts in di erent proportions.
To learn the parameters de ning these parts, we employ a Gibls sampling algorithm [23, 50], which
Sec. 6.2 develops in the context of a related model for multilg object scenes. This Monte Carlo
method may either give each object category its own parts, okborrow" parts from other objects,
depending on the structure of the given training images.

3.3 Related Part{Based Object Appearance Models

In independent work paralleling the original development d our xed{order object appearance
model [58], two other papers have used nite mixture models ¢ generate image features [17, 37].
However, these approaches model each category independintrather than sharing parts among
them. In addition, they use discrete representations of transformations and feature locations. This
choice makes it di cult to learn typical transformations, a key component of the contextual scene
models developed in Sec. 6. More recently, Williams and Alla have pointed out connections
between so{calledgenerative templates of feature469], like the model of Fig. 3, and probabilistic
voting methods such as the implicit shape model [35].

Applied to a single object category, our approach is also relted to constellation models [19, 68],
and in particular Bayesian training methods which share hyperparameters among categories [15].
However, constellation models assume each part generates most one feature, creating a combi-
natorial data association problem for which greedy approxinations are needed [25]. In contrast,
our model associates parts with expectegbroportions of the observed features. This allows several
di erent features to provide evidence for a given part, and £ems better matched to the dense,
overlapping feature sets described in Sec. 2.1. Furthermer by not placing hard constraints on
the number of features assigned to each part, we develop sirtglearning algorithms which scale
linearly, rather than exponentially, with the number of par ts.

4 Sharing Parts using Nonparametric Hierarchical Models

When modeling complex datasets, it can be hard to determine @a appropriate number of clusters
for parametric models like LDA. As this choice signi cantly a ects performance [6, 16, 23, 61], it is
interesting to explore nonparametric alternatives. In Bayesian statistics, Dirichlet processes (DPs)
avoid model selection by de ning priors onin nite  models. Learning algorithms then produce
robust predictions by averaging over model substructures Wose complexity is justi ed by observed
data. The following sections brie y review properties of DPs, and then adapt the hierarchical
DP [61] to learn nonparametric, shared representations of mitiple object categories. For more
detailed introductions to Dirichlet processes and classial references, see [32, 48, 57, 61].

4.1 Dirichlet Process Mixtures

Let H be a measure on some parameter space , like the conjugate pors of App. A. A Dirichlet
process (DP), denoted by DP(;H ), is then a distribution over measures on , where the scalar



concentration parameter controls the similarity of samplesG  DP( ;H ) to the base measureH .
Analogously to Gaussian processes, DPs may be characterdéy the distribution they induce on

(G(T1);:::;G(T))  Dir( H (Ty);:::; H (T)) (6)

Samples from DPs are discrete with probability one, a propety highlighted by the following stick{
breaking construction [27, 48]:

s
G()= k (k) © Beta(l; ) k= ¢ @9 @)
k=1 =1

Each parameter H is independently sampled from the base measure, while the vghts
=( 1; 2;:::) use beta random variables to partition a unit{length \stic k" of probability mass.
Following standard terminology [48, 61], let GEM( ) denote a sample from this stick{breaking
process. As becomes largeE[ E] =1=(1+ ) approaches zero, ands approachesH by uniformly
distributing probability mass among a densely sampled set bdiscrete parametersf kgﬁzl.

DPs are commonly used as prior distributions for mixture mockls with an unknown, and po-
tentially in nite, number of components [14, 47]. Given G DP( ;H ), each observationx; is
generated by rst choosing a parameter ; G, and then sampling Xx; F i . Note that we
use i to denote the unique parameters associated with distinct mixture components, ad ; to
denote acopy of one such parameter associated with a particular observadn x;. For moderate
concentrations , all but a random, nite subset of the mixture weights  are nearly zero, and data
points cluster as in nite mixture models. In fact, mild cond itions guarantee that DP mixtures
provide consistent parameter estimates for nite mixture models of arbitrary order [28].

To develop computational methds, we letz; indicate the unique component ofG( ) associ-
ated with observation x; F( z). Marginalizing G, these assignmentg demonstrate an important
clustering behavior [48]. Letting Ny denote the number of observations already assigned toy,

X #
Pzijziiiz 1 )= —5—g k Nk (zi;K)+  (ziik) (8)

Here, k indicates a previously unused mixture component & priori, all clusters are equivalent). This
process is sometimes described by analogy to a Chinese restant in which the (in nite collection
of) tables correspond to the mixture components , and customers to observationsx; [48, 61].
Customers are social, tending to sit at tables with many othe customers (observations), and each
table shares a single dish (parameter). This clustering bia leads to Monte Carlo methods [14, 47]
which infer the number of mixture components underlying a sé of observations.

4.2 Modeling Objects with Hierarchical Dirichlet Processe S

Standard Dirichlet process mixtures model observations \a a single, in nite set of clusters. The
hierarchical Dirichlet process (HDP) [61] instead shares in nite mixtures among several goups of
data, thus providing a nonparametric generalization of LDA. In this section, we augment the HDP

10



with image{speci ¢ spatial transformations, and thereby model unaligned sets of image features.

As discussed in App. A, letH,, denote a Dirichlet prior on feature appearance distributions, Hy
a normal{inverse{Wishart prior on feature position distri butions, and H,, H, the corresponding
product measure. To construct an HDP, a global probability measureGo DP( ;H w Hy)is rst
used to de ne an in nite set of shared parts:

3 GEM( )
Go( )= k (7 ®) )
k=1 (ks kv KW= k Hw Hy
For each object category’ = 1;:::;L, an object-speci ¢ reweighting of these partsG- DP( ;G o)
is independently sampled from a DP with discrete base measerGy, so that
3 e GEM( )
G()= et (; &) (10)
t=1 & Go t=1;2:::
Each local part t (eq. (10)) has parameters®; copied from someglobal part ., indicated by
k-t . Aggregating the probabilities associated with these cops, we can also directly express
each object's appearance via the distinct, global parts:
p 3 X
G()= ® (5 ) * = et (11)
k=1 tike =k
Using eq. (6), it can be shown that -+ DP(; ), where and - are interpreted as measures

on the positive integers [61]. Thus, determines the average importance of each global part
(E[ k1= «), while controls the degree to which parts are reused across objectategories.

Consider the generative process shown in Fig. 5 for an imagedepicting object categoryo;. As
in the xed{order model of Sec. 3.2, each image has a referemctransformation ; sampled from a
Gaussian with normal{inverse{Wishart prior ( -; ) R. Each feature (w;i ;v;i) is generated by
choosing a partz; o » and then sampling from that part's appearance and transfomed position
distributions, as in eq. (4). Marginalizing these unobsenred assignments of features to parts, object
appearance is de ned by anin nite mixture model:

xR
P(Wji;Vji J ;0 =)= * k(Wi)N(vi; (ks ok ) (12)
k=1
This approach generalizes the parametric, xed{order object model of Fig. 3 by de ning an in nite
set of potential global parts, and using the Dirichlet process' stick{breaking prior to automatically
choose an appropriate model order. It also extends the origial HDP [61] by associating a di erent
reference transformation with each training image.
The HDP follows an extension of the DP analogy known as theChinese restaurant franchise[61].
In this interpretation, each object or group de nes a separde restaurant in which customers (ob-
served features) (v ;Vv;i ) sit at tables (clusters or parts) tji . Each table shares a single dish (pa-
rameter) €, which is ordered from a menuGg shared among restaurants (objects). Letkk- = fkg
denote the global parts assigned to all tables (local parts)f category . We may then integrate

11
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Figure 5: Nonparametric, hierarchical DP model for the visual appearance ofL object categories.
The generative process is as in Fig. 3, except there are in nitely many potential pas. Left: Each

of the J- images of object”™ has a reference transformation ; N ( -; ), where '+ = ( +; ).

Go DP(;H, Hy) then denes an innite set of global parts, and objects reuse those parts via
the reweighted distribution G- DP(;G o). ;i G- are then the part parameters used to gener-

ate feature (w;; ;v; ). Right: Equivalent, Chinese restaurant franchise representation of the HDP. The
explicit assignment variablesk , t;; are used in Gibbs sampling algorithms (see Sec. 4.3).

N

L

over Gg and G+, as in eq. (8), to nd the conditional distributions of these assignment variables:
X
p(ti j it 15 )/ Njt (tist)+  (tji;t) (13)
Xt
p(k j ko ke pkaiinke 1)/ M (ki k) + (ki k) (14)
k
Here, My is the number of tables previously assigned to y, and Nj; the number of customers
already seated at thet™ table in group j. As before, customers prefer tableg at which many
customers are already seated (eq. (13)), but sometimes chee a new tablet. Each new table is
assigned a dishk-; according to eq. (14). Popular dishes are more likely to be atered, but a new
dish , H may also be selected. In this way, object categories someties reuse parts from other

objects, but may also create a new part capturing distinctive appearance features.
4.3 Gibbs Sampling for Hierarchical Dirichlet Processes

To develop a learning algorithm for our HDP object appearan® model, we consider the Chinese
restaurant franchise representation, and generalize a préously proposed HDP Gibbs sampler [61] to
also resample reference transformations. As illustratedn Fig. 5, the Chinese restaurant franchise
involves two sets of assignment variables. Object categas =~ have in nitely many local parts
(tables) t, which are assigned to global partsk. Each observed feature, or customer, ;i ; Vi ) is
then assigned to some tabld;i . By sampling these variables, we dynamically construct pat{based
feature groupings, and share parts among object categories

The proposed Gibbs sampler has three sets of state variablesassignmentst of features to
tables, assignmentsk of tables to global parts, and reference transformations for each training

12



Given a previous reference transformation j(t Y table assignmentstj(t Y for the N; features in an image

depicting object categoryo, = *, and global part assignmentskgt Y for that object's T- tables:
1. sett; =t P k- = k" P, and sample a random permutation () of the integersf1;:::;N;g. For
eachi 2f (1);:::; (Nj)g, sequentially resample feature assignment; as follows:
(@) DecrementN-; , and remove ;i ;v;i ) from the cached statistics for its current part k = kv, :

Ciw Cw 1 W= Wi
[GVH B T I (! j(t )y

(b) For each of the K instantiated global parts, determine the predictive likelihood

Cw + =W ¢t 1 A
fr(wji = wyvji)= P——— N (v NG
k( ji ]|) WOCkw0+ ( ji i k k)

Also determine the likelihood f (wji ;v;i ) of a potential new part k.
(c) Sample a new table assignment;; from the following (T- + 1)-dim. multinomial distri%ution:

X X
tj Nt Fie, (Wi s vii) (tist) + ﬁ Mifr(wiisvi )+ Fo(wiisvi) o (tist)
t=1 k k=1

(d) If t; = t, create a new table, incrementT-, and sample

X
K-t M (Wi svii ) (ke k)+ Fo(wiivii) (ke k)
k=1
If k-y = k, create a new global part and incrementK .
(e) Increment N, , and add (w;; ;Vv;i ) to the cached statistics for its new partk = ky, :
Ciw Cw +1 W= Wi

(GRS T PP B (VF ,-(t )y
2. Fix tj(t) =tj, k® = k. If any tables are empty (Ny = 0), remove them and decrementT-.

(t)

3. Sample a new reference transformation; "’ as follows:

(@) Remove ]-(t Y from cached transformation statistics for object :
NN A (t 1)
;™) ;™) J_
(b) Sample M N ( j; ;) aposterior distribution determined via eq. (45) from the prior

J
N(;;™;"™), cached part statistics f ~x; "k g, , and feature positionsv; .
c) Add " to cached transformation statistics for object *:
]

G I G I

(GO T PR B (T j(t Y)

(DR B (P I (T j(t))

Algorithm 1: First stage of the Rao{Blackwellized Gibbs sampler for the HDP object appeaance
model of Fig. 5. We illustrate the sequential resampling of all assignmerstt; of features to tables
(category{speci ¢ copies of global parts) in the j™ training image, as well as that image's coordinate
frame ;. For e ciency, we cache and recursively update statisticsf AR g-_, of each object's reference
transformations, counts N-; of the features assigned to each table, and appearance and position statistics
fCiw "k '\kg,'f:l for the instantiated global parts. The and operators update cached mean and
covariance statistics as features are added or removed from parts (see App. B.1The nal step ensures
consistency of these statistics following reference transformation updates.

13



Given the previous global part assignmentsk§t Y for the T- instantiated tables of object category °, and
xed feature assignmentst; and reference transformations ; for all images of that object:

(a) DecrementMy. , and remove all features at tablet from the cached statistics for partk = k:
Cw Cw 1 for eachw 2 w , fw; jtji = tg
(GPFAM I OO
(b) For each of the K instantiated global parts, determine the predictive likelihood
fre(wesve) = pwe jfw ke, = Kiti 6 tgiHw  p v jfv jky, = Kt 6 tg;Hy
Also determine the likelihood f (w;; v;) of a potential new part k.
(c) Sample a new part assignmenk-; from the following (K + 1)-dim. multinomial distribution:

") (v i) foreachv 2 vi, fv; jtj = tg

X
k- Mifr(Wesve) (kes k) + f(wew) (K k)
k=1
If k¢ = k, create a new global part and incrementK .
(d) Increment My, , and add all features at tablet to the cached statistics for its new partk = kv :
Cw Ciw +1 for each w 2 w;

G I (T
2. Fix k" = k-. If any global parts are unused My = 0), remove them and decrementK .
3. Given gamma priors, resample concentration parameters and using auxiliary variables [14, 61].

k) (v ) for eachv 2 v

Algorithm 2:  Second stage of the Rao{Blackwellized Gibbs sampler for the HDP object appearance
model of Fig. 5. We illustrate the sequential resampling of all assignmergtk- of tables (category{speci c
parts) to global parts for the """ object category, as well as the HDP concentration parameters. For
e ciency, we cache and recursively update appearance and position statistic$ Cyy ; “k; Akg{le for the
instantiated global parts, and counts M of the number of tables assigned to each part. The and
operators update cached mean and covariance statistics as features are regssd (see App. B.1).

image. In the rst sampling stage, summarized in Alg. 1, we casider each training imagej in
turn and resample its transformation ; and feature assignmentd;. The second stage, Alg. 2, then
examines each object category, and samples assignment&- of local to global parts. At all times,
the sampler maintains dynamic lists of those tables to whichat least one feature is assigned, and the
global parts associated with these tables. These lists growhen new tables or parts are randomly
chosen, and shrink when a previously occupied table or part @ longer has assigned features. Given
K instantiated global parts, the expected time to resampleN features iSO(NK).

We provide high{level derivations for the sampling updatesunderlying Algs. 1 and 2 in App. B.1.
Note that our sampler analytically marginalizes (rather than samples) the weights , e assigned
to global and local parts, as well as the parameters y de ning each part's feature distribution.
Such Rao{Blackwellization is guaranteed to reduce the variance of Monte Carlo estimates [10, 57].

5 Sixteen Object Categories

To explore the bene ts of sharing parts among objects, we cosider a collection of 16 categories
with noticeable visual similarities. Fig. 6 shows images fom each category, which fall into into
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Figure 6: Example images from a dataset containing 16 object categories (columns), aNvable from
the MIT LabelMe database [51]. These categories combines images collected via webarches with
the Caltech 101 [15] and Weizmann Institute [7, 66] datasets. Including a compleentary background

category, there are a total of 1,885 images, with at least 50 images p&ategory.

three groups: seven animal faces, ve animal pro les, and far wheeled vehicles. While training
images are labeled with their category, we daot explicitly modify our part{based models to re ect
these coarser groupings. As recognition systems scale to@jcations involving hundreds of objects,
the inter{category similarities exhibited by this dataset will become increasingly common.

5.1 Visualization of Shared Parts

Given 30 training images from each of the 16 categories, we st extracted Harris{a ne [41] and
MSER [40] interest regions as in Sec. 2.1, and mapped SIFT desptors [38] to one of W = 600
visual words as in Sec. 2.2. We then used the Gibbs sampler oflgs. 1 and 2 to t an HDP object
appearance model. Because our 16{category dataset contarapproximately aligned images, the
reference transformation updates of Alg. 1, steps 3{4 were at needed. Later sections explore
transformations in the context of more complex scene models

For our Matlab implementation, each sampling iteration requires roughly 0.1 seconds per train-
ing image on a 3.0 GHz Intel Xeon processor. Empirically, thdearning procedure is fairly robust to
hyperparameters; we choséd, to provide a weak ( = 6 degrees of freedom) bias towards moderate
covariances, andH,, = Dir( W=10) to favor sparse appearance distributions. Concentratin param-
eters were assigned weakly informative priors  Gamma(5; 0:1), Gamma(0:1; 0:1), allowing
data{driven estimation of appropriate numbers of global and local parts.

We ran the Gibbs sampler for 1000 iterations, and used the n&assignments €; k) to estimate
the feature appearance and position distributions for eachpart. After an initial burn{in phase,
there were typically between 120 and 140 global parts assatied with at least one observation (see
Fig. 7). Figure 8 visualizes the feature distributions de ning seven of the more signi cant parts.
A few seem specialized to distinctive features of individuhcategories, such as the spots appearing
on the leopard's forehead. Many other parts are shared amongeveral categories, modeling com-
mon aspects such as ears, mouths, and wheels. We also show aifeseveral parts which model
background clutter around image boundaries, and are widelyshared among categories.

To further investigate these shared parts, we used the symnigzed KL divergence, as in [50],
to compute a distance between all pairs of object{speci c pat distributions:

X 'k mk
D( m)= 'k 10g——+ mk log— (15)

k=1 mk
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Figure 7: Mean (thick lines) and variance (thin lines) of the number of global parts createdby the
HDP Gibbs sampler (Sec. 4.3), given training sets of varying sizeleft: Number of global parts used
by HDP object models (blue), and the total number of parts instantiated by sixteen independent DP
object models (green).Right: Expanded view of the parts instantiated by the HDP object models.

In evaluating eg. (15), we only use parts associated with atdast one feature. Fig. 9 shows the two{
dimensional embedding of these distances produced by metrimultidimensional scaling (MDS), as

well as a dendrogram constructed via greedy, agglomerativelustering [52]. Interestingly, there

is signi cant sharing of parts within each of the three coars{level groups (animal faces, animal
pro les, vehicles) underlying this dataset. In addition, t he similarities among the three categories
of cat faces, and among those animals with elongated facesteare ected in the shared parts.

5.2 Detection and Recognition Performance

To evaluate our HDP object appearance model, we consider twexperiments. The detection task
uses 100 images of natural scenes to train a DP background apprance model. We then use likeli-
hoods computed as in Sec. B.1 to classify test images as objer background. Alternatively, in the
recognition task test images are classi ed as either their true categoryor one of the 15 other cate-
gories. For both tasks, we compare ahared model of all objects to a set of 18unshared independent
DP models trained on individual categories. We also examineimpli ed models which ignore the
spatial location of features, as in earlier bag of features @proaches [11, 55]. We evaluate perfor-
mance via the area under receiver operating characteristi€ROC) curves, and use nonparametric
rank{sum tests [13] to determine whether competing models der with at least 95% con dence.

In Fig. 7, we illustrate the number of global parts instantiated by the HDP Gibbs sampler.
The appearance{only HDP model learns a consistent humber oparts given between 10 and 30
training images, while the HDP model of feature positions ugs additional parts as more images
are observed. Such data{driven growth in model complexity underlies many desirable properties of
Dirichlet processes [28, 32, 57]. We also show the considélg larger number of total parts (roughly
25 per category) employed by the independent DP models of féare positions. Because we use
multinomial appearance distributions, estimation of the number of parts for the DP appearance{
only model is il{posed, and very sensitive toH,,; we thus exclude this model from Fig. 7.

Figure 10 shows detection and recognition performance givebetween 4 and 30 training images
per category. Likelihoods are estimated from 40 samples esdcted across 1000 iterations. Given
6 training images, shared parts signi cantly improve position{based detection performance for all
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Figure 8: Seven of the 135 shared parts (columns) learned by an HDP model for 16 object catedges
(rows). Using two images from each category, we display those features thithe highest posterior prob-
ability of being generated by each part. For comparison, we show six of the pagt which are specialized
to the fewest object categories (left, yellow), as well as one of several wideshared parts (right, cyan)
which seem to model texture and background clutter. The bottom row plots the Gausgan position
densities corresponding to each part. Interestingly, several parts have rough semtic interpretations,
and are shared within the coarse{level object groupings underlying this dataset.
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Figure 9: Two visualizations of learned part distributions - for the HDP object appearance model
depicted in Fig. 8. Top: Two{dimensional embedding computed by metric MDS, in which coordinates
for each object category are chosen to approximate pairwise KL distances as #&q. (15). Animal faces
are clustered on the left, vehicles in the upper right, and animal pro les in the lowerright. Bottom:

Dendrogram illustrating a greedy, hierarchical clustering, where branch lengths areproportional to

inter{category distances. The four most signi cant clusters, which very intuit ively align with semantic

relationships among these categories, are highlighted in color.
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Figure 10: Performance of Dirichlet process object appearance models for the detection (left)na
recognition (right) tasks. Top: Area under average ROC curves for di erent numbers of training images
per category. Middle: Average of ROC curves across all categories (6 versus 30 training images).
Bottom: Scatter plot of areas under ROC curves for the shared and unshared models of individual
categories (6 versus 30 training images).

categories (see scatter plots). Even with 30 training imags, sharing still provides signi cant bene ts
for 9 categories (for the other seven, both models are extreaty accurate). For the bag of features
model, the bene ts of sharing are less dramatic, but still sttistically signi cant in many cases.
Finally, note that with fewer than 15 training images, the unshared position{based model over ts,
performing signicantly worse than comparable appearanceqnly models for most categories. In
contrast, sharing spatial parts provides superior perfornance for all training set sizes.

For the recognition task, shared and unshared appearancefdy models perform similarly. How-
ever, with larger training sets the HDP model of feature posiions is less e ective for most categories
than unshared, independent DP models. Confusion matricesnot shown) con rm that this small
performance degradation is due to errors involving pairs obbject categories with similar part dis-
tributions (see Fig. 9). Note, however, that the unshared malels use many more parts (see Fig. 7),
and hence require additional computation. For all categores exhibiting signicant di erences, we
nd that models incorporating feature positions have signicantly higher recognition accuracy.
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Figure 11: Performance of xed{order object appearance models with varying numbers of partK .
Part association priors are either biased towards uniform distributions - Dir( K ) (left block, as in
eg. (16)), or sparse distributions -  Dir( o) (right block, as in eq. (17)). We compare detection and
recognition performance given 4 (top row) or 15 (bottom row) training images per category.

5.3 Comparison to Fixed{Order Object Appearance Models

We now compare the HDP object model to the parametric, xed{order model of Sec. 3.2. Images
illustrating the parts learned by the xed{order model, whi ch we exclude here due to space con-
straints, are available in Sec. 5.4 of [57]. Qualitatively,the xed{order parts are similar to the HDP
parts depicted in Fig. 8, except that there is more sharing anong dissimilar object categories. This
in turn leads to more overlap among part distributions, and inferred object relationships which are
semantically less sensible than those found with the HDP (\sualized in Fig. 9).

Previous results have shown that LDA can be sensitive to the lsosen number of topics [6, 16,
23, 61]. To further explore this issue, we examined xed{orcer object appearance models with
between two and thirty parts per category (32{480 shared pats versus 16 unshared 2{30 part
models). For each model order, we ran a collapsed Gibbs sangsl(see App. B.2) for 200 iterations,
and categorized test images via probabilities based on sixgsterior samples. We rst considered
part association probabilities - learned using a symmetric Dirichlet prior:

(~1;:::; k) Dir(;::i; )=Dir( K) (16)
Our experiments set =5, inducing a small bias towards distributions which assigh some weight to
each of theK parts. Fig. 11 shows the average detection and recognitiongrformance, as measured
by the area under the ROC curve, for varying model orders. Eva with 15 training images of each

category, shared models with more than 4{6 parts per categor (64{96 total parts) overt and
exhibit reduced accuracy. Similar issues arise when leamg nite mixture models, where priors as
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in eg. (16) may produce inconsistent parameter estimates iK is not selected with care [28].

In some applications of the LDA model, the number of topicsK is determined via cross{
validation [6, 16, 23]. This approach is also possible withhe xed{order object appearance model,
but in practice requires extensive computational e ort. Al ternatively, model complexity can be
regulated by the following modi ed part association prior:

% =Dir( o) 17)

For a xed precision g, this prior becomes biased towards sparse part distributios - asK grows
large [57]. Fig. 11 illustrates its behavior for ¢ = 10. In contrast with the earlier over tting,
eg. (17) produces stable recognition results across a wideange of model ordersK .

AsK !'1 , predictions based on Dirichlet priors scaled as in eq. (17) gproach a corresponding
Dirichlet process [28, 61]. However, if we apply this limit drectly to the model of Fig. 3, objects
asymptotically associate features withdisjoint sets of parts, and the bene ts of sharing are lost.
We see the beginnings of this trend in Fig. 11, which shows a@lv decline in detection performance
asK increases. The HDP elegantly resolves this problem via theidcrete global measuresg, which
explicitly couples the parts in di erent categories. Comparing Figs. 10 and 11, the HDP's detection
and recognition performance is comparable to thebest xed{order model. Via a nonparametric
viewpoint, however, the HDP leads to e cient learning metho ds which avoid model selection.

6 Contextual Models for Fixed Sets of Objects

The preceding results demonstrate the potential bene ts oftransferring information among object
categories when learning from few examples. However, becseithe HDP model of Fig. 5 describes
each image via a single reference transformation, it is limiéd to scenes which depict a single, dom-
inant foreground object. In the following sections, we addess this issue via a series of increasingly
sophisticated models forvisual scenescontaining multiple objects.

6.1 Fixed{Order Models for Multiple Object Scenes

We begin by generalizing the xed{order object appearance nodel of Sec. 3.2 to describe multiple
object scenes [58]. Retaining its parametric form, we assuenthat the scenes; depicted in image]
contains a xed, known set of object categories. For example, a simple o ce scene rght contain
one computer screen, one keyboard, and one mouse. Later sicts consider more exible scene
models, in which the number of object instances is also unctin.

As summarized in Fig. 12, the scene transformation ; provides a reference frame for each of
L objects. For simplicity, we focus on scale{normalized dataets, so that ; is a A {dimensional
vector specifying each object's image coordinates. Scenategories then have di erent Gaussian
transformation distributions ; N g ; 5 , with normal{inverse{Wishart priors ( s; s) R.
Because these Gaussians have fullLZdimensional covariance matrices, we learn contextual, sene{
speci ¢ correlations in the locations at which objects are dserved.

Visual scenes are also associated with discrete distribuins ¢ specifying the proportion of
observed features generated by each object. Features arerggated by sampling an object category
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Figure 12: A parametric model for visual scenes containing xed sets of objects. Thg™ image
depicts visual scenes;, which combinesL object categories at locations determined by the vector ; of
reference transformations. Each object category is in turn de ned by a distribution - over a common
set of K shared parts. The appearancew; and position v; of visual features, relative to the position
of associated objecto; , are then determined by assignmentsz;; o; 1o latent parts. The cartoon
example de nesL = 3 color{coded object categories, which employ one (blue), two (green), and four
(red) of the shared Gaussian parts, respectively. Dashed ellipses indicate margil transformation priors
for each object, but the model also captures higher{order correlations in their relatve spatial positions.

Gji 5 and then a corresponding partz;; o; - Conditioned on these assignments, the discrete
appearancew;; of each feature is independently sampled as in Sec. 3.2. Feme position vj; is
determined by shifting parts relative to the chosen objects reference transformation:

Wiji Zji Vji N Zji + i Zji Gi = ) (18)

Here, j isthe subvector of j corresponding to the reference transformation for object. Marginal-
izing unobserved assignments;; of features to parts, we nd that each object's appearance is
de ned by a di erent nite mixture model:

p(Wji;Vji j jioi =)= X K« k(Wi )N (Vi k+ 75 k) (19)
k=1
For scenes containing a single object, this model is equivaht to the xed{order model of Sec. 3.2.
More generally, however, eq. (19) faithfully describes imges containing several objects, which
di er in their observed locations and underlying part{based decompositions. The graph of Fig. 12
generalizes the author{topic model [50] by incorporating eference transformations, and by not
constraining objects (authors) to generate equal proportons of image features (words).

6.2 Gibbs Sampling for Fixed{Order Visual Scenes

Learning and inference in the scene{object{part hierarchyof Fig. 12 is possible via Monte Carlo
methods similar to those developed for the HDP in Sec. 4.3. Asummarized in Alg. 3, our Gibbs
sampler alternatively samples assignments d; ; z;j ) of features to objects and parts, and corre-
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sponding reference transformations j. This method, whose derivation is discussed in App. B.2,
generalizes a Gibbs sampler developed for the author{topienodel [50]. We have found sampling
reference transformations to be faster than our earlier us®f incremental EM updates [57, 58].

Given a training image containing N features, a Gibbs sampling update of every object and
part assignment requiresO(NLK ) operations. Importantly, our use of Gaussian transformaion
distributions also allows us to jointly resample the positions ofL objects in O(L?®) operations. We
evaluate the performance of this contextual scene model inex. 9.1.

7 Transformed Dirichlet Processes

To model scenes containing an uncertain number of objecinstances we again employ Dirichlet
processes. Sec. 4 adapted the HDP to allow uncertainty in theaumber of parts underlying a set
of object categories. We now develop @ransformed Dirichlet process (TDP) which generalizes the
HDP by applying a random set of transformations to each global cluster [60]. Sec. 8 thenses the
TDP to develop robust nonparametric models for structured multiple object scenes.

7.1 Sharing Transformations via Stick{Breaking Processes

To simplify our presentation of the TDP, we revisit the hierarchical clustering framework underlying
the HDP [61]. Let 2 parameterize a cluster or topic distribution F( ), and H be a prior measure
on . To more exibly share these clusters among related groups, we consider a family of parameter
transformations ( ; ), indexed by 2} asin Sec. 3.1. The TDP then employdistributions over
transformations Q(' ), with densities g( j' ) indexed by ' 2 . For example, if is a vector
de ning a translation as in eq. (3), ' could parameterize a zero{mean Gaussian familyN ( ;0;" ).
Finally, let R denote a prior measure (for example, an inverse{Wishart digibution) on .

We begin by extending the Dirichlet process' stick{breaking construction, as in eq. (9), to de ne
a global measure relating cluster parameters to transformations

R N GEM( )
Go(; )= a7 , (20)
=1 - Hy' - R
Note that each global cluster - has a di erent, continuous transformation distribution Q(' -). As
in the HDP, we then independently draw G;  DP( ;G o) for each of J groups of data. Because

samples from DPs are discrete with probability one, the joirt measure for groupj equals
R e GEM( )
G(: )= & (8) G i) o (21)
t=1 (Gts jt)  Go

Eachlocal cluster in groupj has parametersS; , and corresponding transformation j;, derived from
some global cluster. Anticipating our later identi cation of global clusters with object categories,
we let ojt indicate this correspondence, so that§; = o, . As summarized in Fig. 13, each
observation v;j; is independently sampled from thetransformed parameters of some local cluster:

Ciis i) G Vi Foogis i (22)

As with standard mixtures, eq. (22) can be equivalently expessed via a discrete variableji g
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Given a previous reference transformation J-(t

features in an image depicting scene; = s:

Y, and object and part assignments ¢{' ;z" ) for the N;

1. Set (0j;z) =( oj(t l);zj(t 1)), and sample a random permutation () of the integersf1;:::;N;g. For

(a) Remove feature (v; ;v; ) from the cached statistics for its current part and object:

Me Mo 1 ‘= o

N« Ny 1 k= gz

Cuw Ciw W = Wj
(GRS T PP B j(‘t V)

(b) For each of the L K pairs of objects and parts, determine the predictive likelihood
Ciw + =W

prw ©~ 770
wo CkWO +

(c) Sample new object and part assignments from the followind- K {dim. multinomial distribution:

fac (Wi = wivji) = N OGN

(9i:zi)
=1 k=1

X X D| =
(Mg + =L) K+ =K

o Neo + Frc(wii s vi ) (04 57) (2 k)

(d) Add feature (w; ;v;i ) to the cached statistics for its new object and part:

Mg Mg +1 T =
Nk Ny +1 k= Zji
Ckw Ckw +1 w = Wji
M) Gt Wi &)
2. Fix (o";2") = (0;7), and sample a new reference transformation (") as follows:
a) Remove " ¥ from cached transformation statistics for scenes:
i
(/\S_ /\S) (/\S_ /\S) (t 1)
1 ’ ]
(b) Sample j(t) N ( j; j). aposterior distribution determined via eq. (52) from the prior

N( ;"% "s), cached part statistics f ~; “xgk_, , and feature positionsy; .
(c) Add J-(t) to cached transformation statistics for scenes:

s (st P
3. For eachi 2 1;:::;N; g, update cached statistics for partk = z; as follows:
(GPER T CUERAS B (B ) “Z oo
(GUFA IR GO B (7 j(‘t)) o

Algorithm 3:  Rao{Blackwellized Gibbs sampler for the xed{order visual scene model of Fig. 12.We
illustrate the sequential resampling of all object and part assignments ¢; ; z; ) in the j™ training image,
as well as that image's coordinate frame j . A full iteration of the Gibbs sampler applies these updates to
all images in random order. For e ciency, we cache and recursively update statistcs f e Asg§:1 of each
scene's reference transformations, countsl s, N+ of the features assigned to each object and part, and
statistics f Cyw ; "k; Akng=1 of those features' appearance and position. The and operators update
cached mean and covariance statistics as features are added or removed from paftee App. B.1).
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Figure 13: Directed graphical representations of a transformed Dirichlet process (TDP) mxture model.
Left: Each group is assigned an in nite discrete distribution G;  DP( ; G o), which is sampled from a
global distribution Ggo( ; ) over transformations of cluster parameters . Observationsv; are then
sampled from transformed parameters  j; ;i . Center: lllustration using 2D spatial data. Gg is
composed of 2D Gaussian distributions (green covariance ellipses), and corresmling Gaussian priors
(blue dashed ellipses) on translations. The observations; in each of three groups are generated by
transformed Gaussian mixturesG;. Right: Chinese restaurant franchise representation of the TDP.
Each groupj has in nitely many local clusters (tables) t, which are associated with a transformation
it  Q( o ) of some global cluster (dish)oy . Observations (customers)v;; are assigned to a table
tji €, and share that table's transformed (seasoned) global cluster , ; jt; , wherez; = o, .

0 @@

indicating the transformed cluster associated with obseration v F €, ; 1, . Fig. 13 also
shows an alternative graphical representation of the TDP, tased on these explicit assignments of
observations to local clusters, and local clusters to tranformations of global clusters.

As discussed in Sec. 4.2, the HDP models groups by reusing aaentical set of global clusters
in di erent proportions. In contrast, the TDP modies the sh ared, global clusters via a set of
group{speci c stochastic transformations. As we later denonstrate, this allows us to model richer
datasets in which only a subset of the global clusters' propeies are naturally shared.

7.2 Gibbs Sampling for Transformed Dirichlet Processes

To develop computational methods for learning transformedDirichlet processes, we generalize the
HDP's Chinese restaurant franchise representation [61]. Ain Sec. 4.2, customers (observations);
sit at tables tj; according to the clustering bias of eq. (13), and new tables abose dishes via their
popularity across the franchise (eg. (14)). As shown in Fig.13, however, the dish (parameter) o,
at table t is now seasoned (transformed) according toj;  Q(' o, ). Each time a dish is ordered,
the recipe is seasoned di erently, and each dish- has di erent typical seasoningsQ(' -).

While the HDP Gibbs sampler of Sec. 4.3 associated a single fexence transformation with
each image, the TDP instead describes groups via set of randomly transformed clusters. We thus
employ three sets of state variables: assignments of observations to tables (transformed clusters),
assignmentso of tables to global clusters, and the transformations associated with each occupied

25



& "éﬁ«é{’:.}.'é@
LOF ¥ T M

at s A g = i AL

Figure 14: Learning HDP and TDP models from toy 2D spatial data. Left: Eight of fty training
\images" containing diagonally oriented bars and round blobs. Upper right: Global distribution Ggo( ; )
over Gaussian clusters (solid) and translations (dashed) learned by the TDP Gibbsampler. Lower right:
Global distribution Gg( ) over the much larger number of Gaussian clusters (intensity proportional
probability ) learned by the HDP Gibbs sampler.

table. As summarized in Alg. 4, the cluster weights , g are then analytically marginalized.

In the TDP, each global cluster © combines transformations with di erent likelihood parame-
ters -. Thus, to adequately explain the same data with a di erent cluster ot , a complementary
change of j; is typically required. For this reason, Alg. 4 achievesmuch more rapid convergence
via a blocked Gibbs sampler which simultaneously updatesd ; j:). See App. B.3 for discussion
of the Gaussian integrals which make this tractable. Finally, note that the TDP's concentration
parameters have intuitive interpretations:  controls the expected number of global clusters, while

determines the average number of transformed clusters in €A group. As in the HDP sampler,
Alg. 4 uses auxiliary variable methods [14, 61] to learn thes statistics from training data.

7.3 A Toy World: Bars and Blobs

To provide intuition for the TDP, we consider a toy world in wh ich \images" depict a collection of
two{dimensional points. As illustrated in Fig. 14, the trai ning images we consider typically depict
one or more diagonally oriented \bars" in the upper right, and round \blobs" in the lower left. As
in more realistic datasets, the exact locations of these \ofects" vary from image to image. We
compare models learned by the TDP Gibbs sampler of Alg. 4 and @orresponding HDP sampler.
Both models use Gaussian clusters- = ( -; ) with vague normal{inverse{Wishart priors H. For
the TDP, transformations then de ne translations of global cluster means, as in Sec..3, and R
is taken to be an inverse{Wishart prior on zero{mean Gaussias. For both models, we run the
Gibbs sampler for 100 iterations, and resample concentratin parameters at each iteration.

As shown in Fig. 14, the TDP sampler learns a global distribuion Ggo( ; ) which parsimoniously
describes these images via translations of two bar and blolshaped global clusters. In contrast,
because the HDP models absolute feature positions, it de ne a large set of global clusters which
discretize the range of observed object positions. Becausesmaller number of features are used to
estimate the shape of each cluster, they less closely apprioxate the true shapes of bars and blobs.
More importantly, the HDP model cannot predict the appearance of these objects in new image
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Given previous table aSS|gnmentsI D for the N; observations in groupj, and transformations j(t b

global cluster aSS|gnmentso ) for that group's T; tables:

and

1 osettj=t{' Y, 0=0f' Y, ;= Y and sample a random permutation () of f1;:::;N;g. For

J
eachi 2f (1);:::; (Nj)g, sequentlally resample data assignment;; as follows:
(@) DecrementNj;, , and removev;; from the cached statistics for its current cluster ™ = oy :
(A‘;A\) (A‘;A\) (Vji jtii )
(b) For each of the T; instantiated tables, determine the predictive likelihood
fevi)= N s ™) T = 0o
(c) For each of the L instantiated global clusters, determine the marginal likelihood
_ A AN N
gvi)= N(yi; ™+ 7+ )
Also determine the marginal likelihood g (v;i ) of a potential new global cluster .
(d) Sample a new table assignment;; from the following (T; + 1)-dim. multinomi#?l distribution:
Xi X
tj Nje fe(vii) (tist) + ﬁ M-g(vi)+ g-(vi) (ti;t)
t=1 =1
(e) If t; = t, create a new table, incrementT;, and sample

X
Ot M-g (Vi) (o) + 9-(vi) (9¢:7)
o1
If o =, create a new global cluster and increment..
(f) If t; =t, also sample ;; N it» jt » a posterior distribution determined via eq. (57) from the
prior N j;™; ™ and likelihood N (vji ;~ + ;; "), where " = o;.

(@) Increment Ny, , and add v;; to the cached statistics for its new cluster” = g :
(TR TR G T (R
2. Fix t-(t) = tj. If any tables are empty (Nj; = 0), remove them and decrementT; .
3. Sample a permutation () of f1;:::;T;jg. Foreacht 2f (1);:::; (Tj)g, jointly resample (gt ; jt ):

ji !

(@) DecrementM,, , and remove all data at tablet from the cached statistics for cluster’ = o :
[GFRARS I CE R B (VAR foreachv2 v, fvj jt; = tg
(b) For each of the L instantiated global clusters and a potential new cluster”, determine the
marginal likelihood g (v;) via the Gaussian computations of eq. (58).
(c) Sample a new cluster assignmenb;; from the following (L + 1)-dim. multinomial distribution:

bS
Ojt M-g(v) (o; )+ g-(w) (o)
-
If oy =, create a new global cluster and increment..
(d) Sample a new transformatlon it N (jt; jt)a posterlor d|str|but|on determined via eq. (57)
from the prior N ( jt ; Ny ™) and likelihood N (v; * + it: ), where = o andv 2 v;.

(e) Increment My, , and add all data at table t to the cached statistics for cluster” = o :
GO I G B (A | for eachv 2 v;

4. Fix oj(t) = 0j, j(t) = . If any global clusters are unused ¥- = 0), remove them and decrementL.

5. Given gamma priors, resample concentration parameters and using auxiliary variables [14, 61].

Algorithm 4:  Gibbs sampler for the TDP mixture model of Fig. 13. For e ciency, we cache and

recursively update statistics f~-; ;™ ™ g-., of each global cluster's associated data and reference

transformations, and counts of the number of tablesM- assigned to each cluster, and observationhl
to each table. The and operators update cached mean and covariance statistics (see App. B.1).
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positions. We thus see that the TDP's use of transformationsis needed to adequately transfer
information among di erent object instances, and generalze to novel spatial scenes.

7.4 Characterizing Transformed Distributions

Recall that the global measureGg underlying the TDP (see eq. (20)) de nes a discrete distribition
over cluster parameters -. In contrast, the distributions Q(' -) associated with transformations of
these clusters are continuous. Each group will thus create many copies§; of global cluster -,

but associate each with adi erent transformation j;. Aggregating the probabilities assigned to
these copies, we can directly expres§; in terms of the distinct global cluster parameters:
" #
R ps X
Gi(; )= PG s (Gogs) = 9t (23)
‘=1 s=1 thjt ="

In this expression, we have grouped the in nite set of transbrmations which group j associates
with each global cluster ":

fisis=1;2:m09=f jtjor =09 (24)
The weights ! » = (!j1;!j 2;:::) then equal the proportion of the total cluster probability
contributed by each transformed cluster g; satisfying oy = *. The following proposition provides

a direct probabilistic characterization of the transformed measures arising in the TDP.

Proposition.  Let Go(; ) be a global measure as in eq20), and Gj(; ) DP(;G o(; )) be
expressed as in eq(23). The marginal distributions of G; with respect to parameters and transfor-
mations then also follow Dirichlet processes:

3
Gi() DP(;Go()) Go( ) = ~(5) (25)
=1
ps
Gj() DP(;Go()) Go( )= Q(") (26)
=1
Alternatively, given any discrete parameter - from the global measure, we have

G(j =) DPC 5Q(") (27)
The weights assigned to transformations of - thus follow a stick{breaking procesd ; GEM( ).
Proof. See Sec. 6.2.2 of the doctoral thesis [57]. O

Examining eq. (25), we see that the TDP induces discrete margal distributions on parameters
exactly like those arising in the HDP [61]. The HDP can thus beseen as a limiting case of the
TDP in which transformations are insigni cant or degenerate.

As the concentration parameter becomes a large, a Dirichlet process DP(H ) approaches
the base measureH by distributing small weights among a large number of discrée samples (see
Sec. 4.1). The result in eq. (27) thus shows that parameters- with small weight - will also have
greater variability in their transformation distribution s, because (on average) they are allocated
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fewer samples. Intuitively, the concentration parametersf ‘gxlzl associated with transformations
of all global clusters sum to , the overall concentration of G; about Go.

7.5 Dependent Dirichlet Processes

The HDP is a special case of a very generalependent Dirichlet process(DDP) [39] framework for
introducing dependency among multiple DPs. DDPs have been ggviously used to model spatial
data, by using a single \global" stick{breaking process to mix an in nite set of Gaussian pro-
cesses [21] or linear (ANOVA) models [12]. However, applietb the spatial data considered in this
paper, these approaches would learn feature models which gend on absolute image coordinates.
As discussed in Sec. 3.1, such approaches are poorly matchedthe structure of visual scenes.

Viewing cluster parameters and transformations as one augented parameter vector, TDPs
are also a special case of the DDP framework. However, this pgpective obscures the interplay
between the discrete and continuous portions of the TDP baseneasure, and the manner in which
transformations modify parameters to achieve a very rich chss of dependencies.

8 Modeling Scenes with Unknown Numbers of Objects

The transformed Dirichlet process developed in Sec. 7 de ne global clusters via a parametric,
exponential family F( ). As suggested by the toy example of Fig. 14, this approach add be
directly used to construct simple, weakly structured modek of object geometry [60]. However,
realistic objects have complex internal structure, and sigiicant local appearance variations. We
thus extend the basic TDP of Fig. 13 to learn richer, part{based models for object categories.

8.1 Transformed DP Models for Objects and Parts

As in the single{object HDP of Sec. 4.2, each part -« = ( «; k; ‘k) of object category * has a
Gaussian position distribution N ( x; k), and a multinomial appearance distribution . Letting
H = Hy, H, denote a prior measure on part parametersk- DP( ;H ) is then an in nite discrete
measure representing the potentially in nite set of parts underlying the “ visual category:

3 "o GEM( )
F()= "« (5 %) (28)
k=1 (w; k; k)= « H

The Gaussian parameters ('x; k) associated with each part model feature positions in an olgct{
centered coordinate frame. In the visual scenes considerdny Sec. 9, we expect there to be little
direct overlap in the appearance of di erent categories. Fo simplicity, eq. (28) thus describes
categories using independent parts, rather than hierarchially sharing parts as in Sec. 4.2.

The TDP model of Sec. 7.1 employed a global measur&; modeling transformations of an
in nite set of cluster parameters. Generalizing this constuction, we allow in nitely many potential

visual categorieso, and characterize transformations of these part{based modls as follows:
3 N GEM( )
Go(0; ) = (05 )al ) R (29)
‘:1 N

In this distribution, the random variable o indicates the part{based model, as in eq. (28), cor-
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Figure 15: TDP model for 2D visual scenes (left), and cartoon illustration of the generatve process
(right). Global mixture Gg describes the expected frequency and image position of visual categories,
whose internal structure is represented by part{based appearance model-g'., . Each image distri-
bution G; instantiates a randomly chosen set of objects at transformed locations. Image features with
appearancew;; and position vj; are then sampled from transformed parameters ;i ; ;; corresponding
to di erent parts of object ¢ . The cartoon example de nes three color{coded object categories, which
are composed of one (blue), two (green), and four (red) Gaussian parts, respectily. Dashed ellipses
indicate transformation priors for each category.

responding to some category. The appearance of thg" image is then determined by a set of
randomly transformed objectsG;  DP( ;G o), so that
€ GEM( )

3
Gj(o; )= o; N 30
j(0; ) . gt (0;0t) (5 jt) (O 1) Go (30)

In this expression, t indexes the set of objectinstances in image j, which are associated with
visual categoriesg;. Each of the N; features in imagej is independently sampled from some
object instance tj; g . This can be equivalently expressed asqjj; ji) G;j, where g; is the
global category corresponding to an object instance situad at transformed location ;. Finally,
parameters corresponding to one of this object's parts gemate the observed feature:

Ciis gis )= ji Fo Wi i Vi Nt i i (31)
In later sections, we letk;  "q; indicate the part underlying the i feature. Focusing on scale{
normalized datasets, we again associate transformationsithh image{based translations.
The hierarchical, TDP scene model of Fig. 15 employs three derent stick{breaking processes,
allowing uncertainty in the number of visual categories (GBM( )), parts composing each category
(GEM( )), and object instances depicted in each image (GEM()). It thus generalizes the para-

metric model of Fig. 12, which assumed xed, known sets of pas and objects. As ! 0, each
category uses a single part, and we recover a variant of the mipler TDP model of Sec. 7.1. Inter-

30



estingly, if ! 0 and transformations are neglected, we recover a single{géct model related to
the recently (and independently) developednested Dirichlet process[49].

8.2 Gibbs Sampling for TDP Models of Visual Scenes

To learn the parameters of the visual scene model depicted ifrig. 15, we generalize the TDP
Gibbs sampler of Alg. 4. We maintain a dynamic list of the instantiated object instancest in each
image j, representing each instance by a transformation j; of global visual category g;;. Each
feature (w;; ;v;i ) is then assigned to a partk;i of some instancetji . Via blocked Gibbs resampling
of these four sets of variablesq; ;t;k), we then simultaneously segment and recognize objects.
Appendix B.4 describes the form of this sampler in more detdi In the rst stage, we x the
object instances ©;; ;) in each image and jointly resample the part and instance ;i ; tji ) assigned
to each feature. The resulting updates combine aspects of owarlier TDP (Alg. 4, steps 1{2) and
xed{order scene (Alg. 3, step 1) Gibbs samplers. In the secod stage, we X assignmentst; of
features to object instances, e ectively segmenting imagg into independent objects. We may then
jointly resample the location j¢, visual categoryojt, and part assignmentsf k;; j tjj = tg associated
with each table by adapting the single{object HDP sampler of Algs. 1{2. Note that this second
stage approximates the in nite set of potential parts for category * (see eq. (28)) by theK- parts
to which at least one feature is currently assigned. This carbe seen as a dynamic version of the
stick{breaking truncations underlying certain other DP sampling algorithms [27, 49].

9 Street and O ce Scenes

To evaluate our hierarchical models for multiple object scees, we use the two datasets depicted
in Fig. 4. The rst set contains 613 street scenes depicting dur \objects": buildings, cars (side
views), roads, and trees. To align with the assumptions unddying our 2D scene models, images
were normalized so that cars appear at comparable scales. Ahown in Fig. 4, some of these street
scenes have labels for all four categories, while others awmnly partially segmented. The second
dataset includes 315 pictures of o ce scenes containing fouobjects: computer screens (frontal
views), keyboards, mice, and background clutter. In this c@e, images were normalized so that
computer screens appeared at comparable scales, and all @} instances were labeled.

For both datasets, we represent training and test images by lte three types of interest regions
described in Sec. 2.1. We estimated a separate appearanceftibnary for each dataset, which after
expansion to encode region shape (see Sec. 2.2) containéti= 1;600 visual words.

9.1 Fixed{Order Scene Models

We begin by examining the xed{order visual scene model of Fg. 12, and learn parameters via
the Gibbs sampler of Alg. 3. For training, we used 400 street senes and 250 o ce scenes; the
remaining images then provide a segmented test set. To estiate model parameters, we rst

ran the Gibbs sampler for 500 iterations using only the trairning images. We incorporate manual
segmentations by xing the object category assignmentsg; of labeled features. For unlabeled
features, object assignments are left unconstrained, andasnpled as in Alg. 3. Each scene model
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Figure 16: Learned contextual, xed{order models for street scenes (left) and o ce scenes (right),

each containing four objects. Top: Gaussian distributions over the positions of other objects given the

location of the car (left) or computer screen (right). Bottom: Parts (solid) generating at least 5% of

each category's features, with intensity proportional to probability. Parts are tranlated by that object's
mean position, while the dashed ellipses indicate each object's marginal transfmation covariance.

used thirty shared parts, and Dirichlet precision parametas set as = 4, = 15 via cross{
validation. The position prior H, weakly favored parts covering 10% of the image range, whilehe
appearance prior Dir(W=10) was biased towards sparse distributions.

9.1.1 Visualization of Learned Parts

Fig. 16 illustrates learned, part{based models for street ad o ce scenes. Although objects share
a common set of parts within each scene model, we can approxately count the number of parts
used by each object by thresholding the posterior part distibutions -. For street scenes, cars are
allocated roughly four parts, while buildings and roads usdarge numbers of parts to uniformly tile
regions corresponding to their typical size. Several partare shared between the tree and building
categories, presumably due to the many training images in with buildings are only partially
occluded by foliage. The oce scene model describes computescreens with ten parts, which
primarily align with edge and corner features. Due to their analler size, keyboards are described
by ve parts, and mice by two. The background clutter category then uses several parts, which
move little from scene to scene, to distribute features acrss the image. Most parts are unshared,
although the screen and keyboard categories reuse a few parto describe edge{like features.

Fig. 16 also illustrates the contextual relationships leaned by both scene models. Intuitively,
street scenes have a vertically layered structure, while ino ce scenes the keyboard is typically
located beneath the monitor, and the mouse to the keyboard'sight.
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Figure 17: Feature segmentations produced by a contextual, xed{order model of street scenes con-
taining cars (red), buildings (magenta), roads (blue), and trees (green). For ve tes images (second
row), we compare segmentations which assign features to the most probabléect category for the con-
textual model (third row) and a baseline bag of features model ( rst row). We also show model parts
translated according to each image's reference transformation (fourth row)and color{coded assignments
of features to the di erent parts associated with cars ( fth row).

9.1.2 Segmentation of Novel Visual Scenes

To analyze test images, we x the part and object assignmentscorresponding to the nal Gibbs
sampling iteration on the training set. To avoid local optima, we then run the test image Gibbs
sampler for 20 iterations from each of ten di erent random initializations. Given reference trans-
formations sampled in this fashion, we use eq. (50) to estinta the posterior probability that test
features were generated by each candidate object categonAveraging these probabilities provides
a con dence{weighted segmentation, which we illustrate byfading uncertain features to gray.
Figure 17 shows segmentations for several typical test stet scenes, and transformed parts from
the highest likelihood sampling iteration. Segmentationsof building and road features are typically
very accurate, as the contextual model learns the vertical dyering inherent in street scenes. Note
that a number of test images violate our parametric model's &sumption that scenes depict a single
instance of each object. To partially correct for this, the model learns horizontally elongated car
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Figure 18: Feature segmentations produced by a contextual, xed{order model of o ce scenes con-
taining computer screens (red), keyboards (green), mice (blue), and background clutter (gty). For six
test images (second row), we compare segmentations which assign featuresth@ most probable object
category for the contextual model (third row) and a baseline bag of features model (st row). We
also show model parts translated according to each image's reference transfortian (fourth row), and
color{coded assignments of features to the di erent parts associated with compudr screens ( fth row).

parts which extend beyond an average car. Although this beter segments adjacent cars, nearby
background clutter is often mislabeled. In images contaimg widely separated cars, one car is
usually missed entirely. The assumption that every image cotains one tree is also problematic,
since some features are typically classi ed as foliage evaemhen no trees are present.

Figure 18 shows similar segmentation results for o ce sceng. Because most test images do
indeed contain a single computer screen, the model's use of &ed{order transformation causes
fewer errors for o ce scenes. Contextual information is esgcially important for detecting computer
mice (see Fig. 18). Very few features are detected in the regn corresponding to the mouse, and
they are often not distinctive. However, as screens can be liably located, this provides a strong
constraint on the expected location of the mouse. In fact, fo test images in which no mouse is
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Figure 19: ROC curves summarizing segmentation performance for the features composing set
scenes (left) and o ce scenes (right). We compare the full TDP scene model of Fig. 1550lid, colored)
to a simpli ed, single{part TDP model (dashed, colored), a xed{order contextual scene model (dash{
dotted, black) as in Fig. 12, and a baseline bag of features model (dotted, black).

present the system often hallucinates one in other appropetely positioned clutter.

For comparison, Figs. 17 and 18 also show segmentation ressifor a bag of features model [55],
derived from the full contextual model of Fig. 12 by ignoring feature positions, and thus reference
transformations. As con rmed by the ROC curves of Fig. 19, the appearance{only model is sig-
ni cantly less accurate for all categories except trees. Fo street scenes, the full, position{based
model recognizes car features reasonably well despite emoging a single reference position, and
roads are very accurately segmented. For o ce scenes, it eXpits contextual relationships to detect
mice and keyboards with accuracy comparable to the more distctive computer screens. These
improvements highlight the importance of spatial structure in visual scene understanding.

9.2 Transformed Dirichlet Process Scene Models

We now examine our TDP scene models via the training and testmages used to evaluate the
xed{order model. To estimate model parameters, we rst ran the Gibbs sampler of Sec. 8.2 for
500 training iterations using only those features with mantally speci ed object category labels. For
street scenes, we then ran another 100 Gibbs sampling iteratns using all features. Empirically, this
sequential training converges faster because it initializs visual categories with cleanly segmented
objects. For each dataset, we compare the full TDP scene modief Fig. 15 to a simpli ed model
which constrains each category to a single part [60]. This sigle{part TDP is similar to the model
in Fig. 13, except that visual categories also have multinorial appearance distributions.

During training, we distinguish the manually labeled object categoriesfrom the visual categories
composing the TDP's global distribution Go. We restrict the Gibbs sampler from assigning dif-
ferent objects to the same visual category, but multiple visial categories may be used to describe
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di erent forms of a particular object. When learning TDP sce ne models, we also distinguislrigid
objects (e.g., computer screens, keyboards, mice, and cars) fromextural objects such as buildings,
roads, trees, and o ce clutter. For rigid objects, we restrict all features composing each labeled
training instance to be associated with thesametransformed global cluster. This constraint, which
is enforced by xing the table assignmentst;; for features of rigid objects, ensures that the TDP
learns descriptions of complete objects rather than objecipieces. For textural categories, we al-
low the sampler to partition labeled training regions into transformed object instances, and thus
automatically discover smaller regions with consistent, pedictable structure.

One of the strengths of the TDP is that the learning process isreasonably insensitive to the
particular values of the hyperparameters. The prior distribution H characterizing object parts
was set as in Sec. 9.1, while the inverse{Wishart transform@on prior R weakly favored zero{
mean Gaussians covering the full image range. The concentian parameters de ning the numbers
of visual categories Gamma(L:0; 0:1) and parts per category Gamma(L0; 0:1) were then
assigned vague gamma priors, and resampled during the leanmg process. To encourage the learning
of larger global clusters for textural categories, the conentration parameter controlling the number
of object instances was more tightly constrained as  Gamma(1.0; 1.0).

9.2.1 Visualization of Learned Parts

Figure 20 illustrates the global, visual categories that wee learned from the dataset of street scenes.
The single{part TDP uses compact global categories, and mayn transformed object instances,
to more uniformly spread features across the image. Buildigs, roads, and trees are each split
into several visual categories, which describe di erent claracteristic structural features. The full
TDP scene model creates a more detailed, 9{part car appearare model. It also learns extended,
multiple{part models of the large building and road regions which appear in many training images.
The full part{based model thus captures some of the coarse{sale structure of street scenes, while
the simpler single{part TDP is limited to modeling local feature dependencies.

As shown in Fig. 21, the single{part TDP model of o ce scenes is qualitatively similar to the
street scene model: images are described by large humbersafmpact transformed clusters. The
multiple{part TDP, however, reveals interesting di erenc es in the global structure of these scene
categories. Due to their internal regularities, computer €£reens and keyboards are each described
by detailed visual categories with many parts. To model backiround clutter, the TDP learns
several small clusters of parts which uniformly distribute features within image regions. Because
the TDP currently lacks an explicit occlusion model, it also de nes a frame{like visual category
which captures the background features often found at imagdoundaries.

9.2.2 Segmentation of Novel Visual Scenes

To analyze test images, we x the part and object assignmentsfrom the nal training Gibbs
sampling iteration, and then run the test image Gibbs sample for 50 iterations from each of ten
initializations. Given the transformed object instances aeated at each test iteration, we use eq. (59)
to estimate the posterior probability that test features were generated by each category, and average
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Figure 20: Learned TDP models for street scenes containing cars (red), buildings (magenta), rat

(blue), and trees (green). Top: Simpli ed, single{part TDP in which the shape of each visual category is
described by a single Gaussian (solid ellipses). We show the 11 most commuisual categories at their
mean positions, and also plot their transformation covariances (dashed effises). Bottom: Multiple{part

TDP in which the number of parts (solid ellipses, intensity proportional t o probability) underlying each
category is learned automatically. We again show the 11 most probable categes, and their Gaussian

transformation distributions (dashed ellipses).
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Figure 21:

1
Single Part TDP

Learned TDP models for o ce scenes containing computer screens (red), keyboards (green),
mice (blue), and background clutter (black). Left: Simplied, single{part TDP in which the shape of
each visual category is described by a single Gaussian (solid ellipses). Whow the 7 most common vi-
sual categories at their mean positions, and also plot their transformatio covariances (dashed ellipses).
Right: Multiple{part TDP in which the number of parts (solid ellipses, intensity pro portional to prob-
ability) underlying each category is learned automatically. We show the 10 mosprobable categories,

Multiple Part TDP

and their Gaussian transformation distributions (dashed ellipses).

the probabilities from di erent samples to produce segmenations.

Figure 22 illustrates feature segmentations for several tgical test street scenes, and transformed
object instances corresponding to one iteration of the Gibls sampler. In contrast with the xed{
order model of Sec. 6, TDPs allow each object category to occat multiple locations within a single
image. This allows the TDP to correctly nd multiple cars in s everal scenes where the xed{order
model only detects a single car. Conversely, because the TD&8oes not model object relationships,
it sometimes incorrectly detects cars in textured regions 6 buildings. The xed{order model's
contextual Gaussian prior suppresses these false alarms grcing cars to lie beneath buildings.
We show similar segmentation results for o ce scenes in Fig23. Computer screens are typically
reliably detected, particularly by the multiple{part TDP m odel. Perhaps surprisingly, mice are also
detected with reasonable accuracy, although there are moréalse alarms than with the contextual
model. In addition to accurately segmenting screen featurs, the part{based TDP model correctly
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Figure 22: Feature segmentations produced by TDP models of street scenes containing cars (red),
buildings (magenta), roads (blue), and trees (green). We compare a simplied TDP malel which
describes object shape via a single Gaussian cluster (top rows) to the full, aitiple{part TDP model
(bottom rows) of Fig. 15. Row 4: Five test images. Rows 3 & 5: Segmentations for each model, in
which features are assigned to the object category with the highest posterior mbability. Rows 2 & 6:
Parts corresponding to the objects instantiated at a single Gibbs sampling ieration. Rows 1 & 7:
Color{coded assignments of features to di erent parts and instances of the car catewy.
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Figure 23: Feature segmentations produced by TDP models of oce scenes containing computer
screens (red), keyboards (green), mice (blue), and background clutter (gray). We compa a simpli ed
TDP model which describes object shape via a single Gaussian cluster (top royso the full, multiple{
part TDP model (bottom rows) of Fig. 15. Row 4: Six test images. Rows 3 & 5: Segmentations for each
model, in which features are assigned to the object category with the highest poarior probability. Rows
2 & 6: Parts corresponding to the objects instantiated at a single Gibbs sampling ieration (background
clutter not shown). Rows 1 & 7: Color{coded assignments of features to di erent parts and instances
of the screen category.
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associates a single transformed object cluster with most seen instances. In contrast, the weaker
appearance model of the single{part TDP causes it to createeveral transformed clusters for many
computer screens, and thereby incorrectly label adjacent ackground features.

As con rmed by the ROC curves of Fig. 19, both TDP models improve signi cantly on the bag of
features model. For large, rigid objects like computer screns and keyboards, including parts further
increases recognition performance. The two TDP models peofm similarly when segmenting cars,
perhaps due to their lower typical resolution. However, thestreet scene interpretations illustrated
in Fig. 22 show that the part{based TDP does a better job of counting the true number of car
instances depicted in each image. While including parts leds to more intuitive global models of
textural categories, for these simple datasets it does notmprove segmentation accuracy.

Comparing the TDP's performance to the xed{order scene mockl (see Fig. 19), we nd that
their complementary strengths are useful in dierent situations. For example, the xed{order
model's very strong spatial prior leads to improved building and road detection, but worse perfor-
mance for the less structured features composing trees. THEDP more cleanly segments individual
cars from the background, but also makes additional false @rms in contextually implausible re-
gions of buildings; the overall performance of the two moded is comparable. Mouse detection
performance is also similar, because the rigid contextual fior cannot nd mice which are not to
the right of a computer screen. For computer screens, howevethe TDP's allowance for multiple
instances, and creation of additional parts to form a stronger appearance model, leads to signi -
cant performance improvements. Finally, we emphasize thathe TDP also estimates the number
of objects composing each scene, a task which is beyond theope of the xed{order model.

10 Discussion

The hierarchical models developed in this paper are desigdeto capture the complex structure of
multiple object scenes. We provide a framework for integraing spatial relationships with \bag of
features" models, and show that this leads to signi cant gans in recognition performance. In addi-
tion, by coupling transformations with nonparametric prio r distributions, the transformed Dirichlet
process (TDP) allows us to reason consistently about the nurner of objects depicted in a given
image. By addressing these issues in a generative framewgnke retain an easily extendable, mod-
ular structure, and exploit partially labeled datasets. Furthermore, our nonparametric approach
leads to expressive part{based models whose complexity gns as more images are observed.

Interestingly, the pair of scene models analyzed by this papr have complementary strengths.
The xed{order model learns contextual relationships among object categories and uses parts to
describe objects' internal structure, but assumes that thenumber of parts and objects is known. In
contrast, the TDP models unknown numbers of visual categoms, object instances, and parts, but
ignores contextual relationships. Our experimental resuls suggest that a model which balances the
TDP's exibility with additional global structure would pr ove even more e ective.

More generally, the TDP framework can accomodate far richerclasses of transformations. Nat-
ural candidates include spatial rotation and scaling, and dso appearance transformations, which
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could be used to account for lighting or texture variations. In recent work building on this paper, we
developed a variant of the TDP which infers three{dimensioral scene structure from the predictable
geometry of known objects [59]. Nonparametric methods may lao play an important role in the

design of models which share more expressive, multi{layertsictures among object categories.

A Learning with Conjugate Priors

Let f (xj ) denote a family of probability densities, parameterized ty ,andh( j ) a correspond-
ing prior for the generative process. This prior is itself a nember of some family with hyperparam-
eters . Such priors areconjugate to f (x j ) if, for any N independent observationsf xigl\, and
hyperparameters , the posterior distribution remains in the same family:

W
p( jxyiinxn; )/ hCj ) fxij )/ h (32)

i=1
The posterior distribution is then compactly described by an updated set of hyperparameters .
Conjugate priors exist for any regular exponential family f (x j ) of probability distributions [22,

57], and lead to e cient learning algorithms based on su cient statistics of observed data.
A.1 Dirichlet Analysis of Multinomial Observations

Let x be a discrete random variable taking one oK categorical values, and ¢, Pr[x = k]. A set
of N independent samplesfxigi'\‘=1 then follow the multinomial distribution:

TR X
=Q = K Co.  (xiik) (33)
kK g i=1
Counts Cy of the frequency of each category provide su cient statistics for maximum likelihood
(ML) parameter estimates ~ = Cx=N. However, such unregularized estimates may be inaccurate

unlessN K. The Dirichlet distribution [22] is the multinomial's conjugate prior:

P
K
Dir( ; )= ék—k) ot k>0 (34)

k O K)oy

POX1;iinsXN ] 15its; K)

The Dirichlets meanisE [ x]= = o,wWhere g, P « k. Itsvariance is inversely proportional to
this precision parameter . We sometimes use Dir( o) to denote a Dirichlet prior with symmetric
parameters = =K. When K = 2, the Dirichlet is equivalent to the beta distribution [22].
Given N observations from a multinomial distribution with Dirichl et prior Dir( ), the
parameters' posterior distribution is Dir( 1+ Cs1;:::; k + Ck), whereCy are counts as in eq. (33).
In the Monte Carlo algorithms developed in this paper, thepredictive likelihood of a new observation
x f(xj )is used to reassign visual features to objects or parts:
‘ _ G+«
= NT
This prediction smooths the raw frequencies underlying theML estimate by the pseudo{counts
contributed by the Dirichlet prior. More generally, the pre dictive likelihood of multiple categorical
observations can be expressed as a ratio of gamma function®, 23].

p(x = kjX1;:ii XNy )= f(xj )p( jxg;::0;Xn; ) d (35)
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A.2  Normal{Inverse{Wishart Analysis of Gaussian Observat ions

Consider a continuous{valued random variable x taking values in RY. A Gaussian or normal
distribution [22] with mean  and positive de nite covariance matrix equals

GyEEeP p )T M) (36)
The sums of observations and their outer products, or equiviently the sample mean and covariance,
provide su cient statistics of Gaussian data. The conjugate prior for the covariance of a zero{
mean Gaussian is theinverse{Wishart W( ; ), a multivariate extension of the scaled inverse{ 2
density [22]. Its strength is determined by the degrees of #fedom > d , interpreted as the size of a
pseudo{dataset with covariance . If a Gaussian's mean is also uncertain, we take W (; )
and N (#; =). Here, # is the expected mean, for which we have pseudo{observations on
the scale of observationsx N (; ). The resulting normal{inverse{Wishart prior [22] equals

N(x;; )=

NW( ) G e Ju( Y mTow @

5
Note that the mean and variance parameters ( ) are dependent, so that means which dier
signi cantly from # typically have larger associated variance [22, 57].

Given N observationsx; N (; ) from a Gaussian with prior ( ; ) NW (;#; ; ), the
posterior distribution is also normal{inverse{Wishart, w ith updated hyperparameters (; #; ; ):

#=# + Xi = +N (38)

=+ Xixi + ## T ##l = +N (39)
i=1

To robustly determine these posterior parameters, we cachée observations' sum (eq. (38)), and
the Cholesky decomposition of the sum of observation outer ioducts (eq. (39)). Marginalizing over
posterior uncertainty in the true Gaussian parameters, thepredictive likelihood of a new observation
x N (; )is multivariate Student{ t with ( d + 1) degrees of freedom [22]. Assuming d,
this density is well approximated by a moment{matched Gaussan [57]:

(+1)

( d 1)
The predictive likelihood thus depends onregularized estimates of the sample mean and covariance.

PIX X1t X s s ) N X # (40)

B Posterior Inference via Gibbs Sampling

This appendix provides partial derivations for the Gibbs samplers used in earlier sections of this
paper. Our algorithms combine and generalize previous Mo Carlo methods for Gaussian hier-
archical models [22], variants of LDA [23, 50], DP mixtures L4, 47], and the HDP [61].
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B.1 Hierarchical Dirichlet Process Object Appearance Mode I

We rst examine the HDP object appearance model of Sec. 4.2,rad use the HDP's Chinese restau-
rant franchise representation [61] to derive Algs. 1{2. To aoid cumbersome notation, letzj = Kq¢;
denote the global part associated with feature {v; ;v;i ). Note that z; is uniquely determined by
that feature's table assignmentt; = t, and the corresponding table's part assignmenk-.

Table Assignment Resampling Consider the table assignmentt;; for feature (w;i ;vji ), given
all other variables. Letting t,;j denote all table assignments excluding;i , Fig. 5 implies that

P(tji J tojiskswivior )/ p(ti jtei ;o) (Wi Jt Ko waji) p(V;i J 5K Vejis ) (41)
Because samples from the Dirichlet process are exchangeal48], we evaluate the rst term by
thinking of tj; as thelast in a sequence o observations, so that it follows the Chinese restaurant
franchise predictive rule of eq. (13). The second and third érms of eq. (41) are the predictive
likelihood of the it" feature's appearancew;; and position vj; . For existing tables t, the appearance
likelihood is determined via counts Cy,, of the number of times each visual wordw is currently

assigned to global partk = k¢ (see App. A.1). The position likelihood instead depends ontstistics
of the relative displacements of imagg features from the current referenceansformations:

Y
P(Vi | zji = K toji K Vs )= Hv( «; «) N Vvjoo, Kk, ks jo dxd g
77 j°i°i$qo=k
/ Hv( «; &) N ~vjoo; jo; «; k dxd k(42
joiojzjqo=k

Here, the data transformation of eq. (2) allows us to descrile all observations of partk in a common
coordinate frame. BecauseH, is normal{inverse{Wishart, the predictive likelihood of eq. (42)
is multivariate Student{ t. We approximate this via a GaussianN (V;; ; "k; ™), with parameters
determined via regularized moment{matching oftransformed observations «v;i; j) as in eq. (40).
For compactness, we de ne (%; ") vji to be an operator which updates a normal{inverse{Wishart
posterior based on a new feature;; (see egs. (38, 39)). Similarly, (%; ) vji removesy;; from the
posterior statistics of part k. Alg. 1 uses these operators to recursively update likelihod statistics
as table assignments and transformations change.

When computing the likelihood of new tables, Alg. 1 marginalzes over potential global part
assignments [61]. If a new table is instantiated {j = t), we also choose a corresponding global
part k-;. Exchangeability again implies that this assignment is bissed by the number of other tables
My assigned to each global part, as in the Chinese restaurant dinchise of eq. (14).

Reference Transformation Resampling Fixing all assignments (;k), each feature is asso-
ciated with a unique global part. While marginalization of part parameters ( x; k) improves

e ciency when resampling feature assignments, it complicaes transformation resampling. We

thus employ an auxiliary variable method [47], and sample a single position parameter from the
posterior of each part associated with at least one observatn:

") Pk kifi )iz = ko) k=1;::5;K (43)
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Sampling from these normal{inverse{Wishart distribution s (see App. A.2) is straightforward [22].
To determine the current transformation prior for object category o = °, we similarly sample
('\; ™) given xed transformations f joj o= "g for all other images of object".

Given these auxiliary part parameters, and assuming transfrmations are chosen to translate
image features as in eq. (3), the posterior distribution fortransformation ; factors as follows:

¥ v
p(jio = S tkvitrg Mg M M N () N 5% %) @4
k=1 ijz; =k
Reference transformations for other images induce a Gaussi prior on ;, while feature assignments
in image j e ectively provide Gaussian observations. The posterior tansformation distribution is

thus also Gaussian, with mean j and covariance j expressed in information form [22]:
X X X X

="t e (L= "V M) (45)
k=1 ijz; =k k=1 ijz; =k
Note that ; * adds one multiple of " ! for each feature assigned to partk. After resampling
i N (j; j) the auxiliary part and transformation parameters are discarded. Because our
datasets have many training images, these auxiliary variakes are well approximated by modes of
their corresponding normal{inverse{Wishart posteriors. For simplicity, Alg. 1 thus directly uses

the Gaussian parameters implied by cached statistics whenasampling transformations.

Global Part Assignment Resampling We now consider the assignmentg-; of tables to global
parts, given xed associationst between features and tables. Although each categoryhas in nitely
many tables, we only explicitly sample assignments for thel- tables occupied by at least one feature
(N > 0). Becausek; determines the part for all features assigned to tablé, its posterior distribu-
tion depends on their joint likelihood [61]. Let wy = fwji jtj = t;0; = "g denote the appearance
features for tablet, and w, all other features. De ning v and v,y similarly, we have

p(kt j Koestswivs ) 1op(kee j Kot) p(We j K wee) p(ve J K Ve ) (46)

Via exchangeability, the rst term follows from the Chinese restaurant franchise of eq. (14). The

joint likelihood of w is determingd by those features assigned to the same part:
Y

pwe j ke = Kt Keeswet) I p k] Wjgo] Zjgo= Kitjoo 6 t pwji j k) dk (47)
ijti =t
As discussed in App. A.1, this likelihood has a closed form foconjugate Dirichlet priors. The
likelihood of v+ has a similar form, except that part statistics are determined by transformed feature
positions as in eq. (42). Evaluating these likelihoods for ach of the K currently instantiated parts,

as well as a potential new global partk, we may then resamplek; as summarized in Alg. 2.

Concentration Parameter Resampling The preceding sampling equations assumed xed
values for the concentration parameters and de ning the HDP's stick{breaking priors (see

egs. (9, 10)). In practice, these parameters noticeably imact the number of global and local parts
learned by the Gibbs sampler. As with standard Dirichlet process mixtures [14], it is thus preferable
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to choose weakly informative gamma priors for these conceration parameters. Auxiliary variable
methods may then be used to resample and following each Gibbs iteration [61].

Likelihoods for Object Detection and Recognition To use our HDP object model for recog-
nition tasks, we compute the likelihood that a test image|j is generated by each candidate object
category o;. Because images are independently sampled from a common aneter set, we have

z

p(wi;vijo;3)= pwi;vijo; 5 ;" )p(; ;" jl)yddd
In this expression,J denotes the set of training images, = f «; «; «Gi-; the part position and
appearance parameters, and = f -; \g\Lzl the reference transformation parameters. The Gibbs

samplers of Algs. 1 and 2 provide samplest{?;k(®; () approximately distributed according to
p(t;k; jJ). Given A such samples, we approximate the test image likelihood as

(Wi ;v j05d) iXL\ p(w ;v jop; @ @ (@) (48)
a=1
Here, ( @; (. () denote parameters sampled from the posterior distributims induced by
(t@;k@: (@) which have simple forms [27, 57, 61].

In practice, we approximate the in nite stick{breaking pro cess of eq. (7) by only sampling
parameters for the K (3 global parts to which (t(®: k(@) assigns at least one feature. Ignoring
reference transformations, image features are then conddanally independent:

Yi K@
p(wi;vpjo = @ @)= A MW )N (i 5 2 ) (49)

i=1 k=1
Here, @ = fA;n; oKy, and A indicates the total weight assigned to global partk by
the tables of object ", as in eq. (11). This expression calculates the likelihood foN; features in
O(N;K (3)) operations. To account for reference transformations, weun the Gibbs sampler of Alg. 1

on the test image, and then average the feature likelihoodsmiplied by sampled transformations.
B.2 Fixed{Order Models for Objects and Scenes

In this section, we extend methods developed for the authorfopic model [50] to derive a Gibbs
sampler for the xed{order visual scene model of Sec. 6.1. Ajpecial case of this sampler, as
summarized in Alg. 3, is also used for learning in the xed{orer, single object model of Sec. 3.2.
To improve convergence, we develop a blocked Gibbs samplethich jointly resamples the object
gi and part z; associated with each feature. Fixing transformations ;, Fig. 12 implies that
P(Gji ; Zji ] Onji 5 Zoji ;W V5S; ) [ P(Gji | Onji 5Sj) P(Zji ] Zaji 5 Gji ) P(Wji ] Z5Woji ) P(Vji ] Z5Vaji ;05 )
(50)
Because ¢ Dir( ) is assigned a Dirichlet prior, eq. (35) shows that the rst term depends on
the number Mg of features that o,j; assigns to object™ in images of scenes. Similarly, because
Dir( ), the second term depends on the numbeN-, of features simultaneously assigned to
object © and part k. Finally, the appearance and position likelihoods are idetical to those in the
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HDP object model (see App. B.1), except that each object’ has its own reference location j .
Note that features associated with di erent objects contribute to a common set ofK shared parts.

We resample reference transformations j via an extension of the auxiliary variable method
of App. B.1. Given sampled parameters for partsf "y; AkgE:1 and the 2L{dim. reference prior
distribution ( i "s), the posterior distribution of j factors as follows:

¥ v
. N NN NN N
P(jisi=50Z;v N ke s ") IN (s ) N Vi o™k (51)
k=1 ijz; =k
Each featurevj; provides a Gaussian observation of thesubvectorof ; corresponding to its assigned
object g; . Transformations thus have a Gaussian posterior, with mean j and covariance j:

1A _ ( XX L XX 1)
j ©= g *blkdiag Ko K (52)
k=1 ijz; =k k=1 ijz; =k
0j; =1 0ji = L
n #
1 A LA X X, 1 X, 1 !
i i T s s + K (le K) il Kk (le k)
k=1 ijz; =k k=1 ijzi =k
oji =1 0jj =L
By caching statistics of features, we may then sample a new ference transformation ; N ( j; ;)

in O(L%) operations. As in App. B.1, Alg. 3 approximates the auxiliary variables underlying this
update by modes of the Gaussian parameters' normal{inversgVishart posteriors.

B.3 Transformed Dirichlet Process Mixtures

We now generalize the HDP Gibbs sampler of App. B.1 to learn peameters for the TDP mixture
model of Sec. 7.1. As summarized in Alg. 4, we rst x assignmets o;; of tables to global clusters,
and corresponding transformations j; . From the graphical TDP representation of Fig. 13, we have

P(tji j tajisosvs )/ p(tji Jtei) P(Vji Jt505Vai; ) (53)
As in the HDP Gibbs sampler of App. B.1, the Chinese restaurah process (eq. (13)) expresses the
rst term via the number Nj; of other observations currently assigned to each table. Foexisting
tables, the likelihood term may then be evaluated by using tte data transformation ~(vji; jt; )
to describe observations in a common coordinate frame. Thispproach is analogous to eq. (42),
except that the TDP indexes reference transformations by télest rather than imagesj .

For new tablest, we improve sampling e ciency by integrating over potentia | assignmentso
to global clusters [61]. As in App. B.1 and B.2, we assume xedransformation parameters'~ and
observation parameters™ for each of theL instantiated global clusters; these may either be sampled
as auxiliary variables [47], or approximated by corresponidhg posterior modes. Marginalizing over

transformations it the overall likelihood of a new table equals
Z

X N .
i jti = tosBib) /1 poy="jo : F(~(vi; )i )al j™)d (54)

The prior probability of each global cluster follows from the Chinese restaurant franchise prediction
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rule (eq. (14)). The integral of eq. (54) is tractable when N o= (» ;") parameterizes a Gaussian
distribution, and AZ = (™;™) a Gaussian prior on translations (see Sec. 3.1). We then hav

NN

N 3TN N d = N+ S ) (59)
}

For more complex transformations, numerical or Monte Carloapproximations may be needed.
A related approach is used to jointly resample assignmentsy; of tables to global clusters, and
corresponding transformations j;, given xed associationst between observations and tables:

Y N
POt =" jt]Ont; njt?t;b;'b I p(or = "jose)a( jt j ™) f(~(vji; t)i™) (56)

ijtji =t

Suppose again that™ = (N, N = (’\; ".) parameterize Gaussian distributions. Condition-

ing on this table's assignment to some global clustero; = °, the posterior distribution of the
transformation j; is Gaussian as in App. B.1, with mean j; and covariance j; equaling
X X
N
jtlz A\ 1+ A\ 1 jtl jt = A\ n + A\ l(Vji A‘) (57)

ijtji =t ijtji =t
Using standard manipulations of Gaussian random variableswe may then marginalize j; to de-
termine the overall likelihood that o = °

PO ="J yt:0b
M= §
J ot 1 X

N 1/\/\ N 1
TR P U R SR T T
ji =

9

Note that we evaluate this expression with adierent ( jt; jt), computed as in eq. (57), for each
candidate global cluster™. Step 3 of Alg. 4 rst uses this marginalized likelihood to chooseg;; , and
then samples a corresponding transformation j; from the Gaussian of eq. (57).

B.4 Transformed DP Models for Objects and Scenes

This section generalizes the TDP Gibbs sampler of App. B.3 tdearn parameters for the full TDP
scene model of Sec. 8.1. Because visual categories are delrigy di erent sets of parts, blocked
resampling of instance and part assignmentst(; ; k;; ) is necessary. Fig. 15 implies that

P(tji ; Kji J taji s Kejiswivio; )
I p(tji J tagi) P(Kji J Koji st;0) p(w;i Jt;k; 05w ) p(v;i j tiK;0;vai; ) (59)
The rst term encourages assignments to object instanced associated with many other features

Njt, as in eq. (13). Similarly, the second term is derived from tle stick{breaking prior "~ GEM( )
on the probabilities associated with each visual categorg parts:

%\
P(Kji Jtji = t;0jt = 7 Kaji s taji ; Onjt ) / B (kji;k)+  (Kji; k) (60)

k=1
Here, Bk denotes the number ofother features currently assigned to each of theK - instantiated
parts of object *, and k a potential new part. The appearance likelihood is as in App.B.1, except
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that we maintain counts C-,, of the number of times appearance descriptoiv is assigned to each
instantiated category ~ and part k. Finally, our position likelihood computation extends the scheme
of Alg. 4 to cache statistics (“x; ") of the transformed features for each category and part. To
sample from eq. (59), we evaluate these likelihoods for ewgrexisting part, and a potential new

part, of each object instance. We also determine the likelibod of creating a new object instance
by marginalizing potential category assignments and trangormations as in egs. (54, 55).

The second phase of our Gibbs sampler xes object assignmesit, and considers potential rein-
terpretations of each instancet using a new global object categoryoj; . Because parts and transfor-
mations are de ned di erently for each category, blocked resampling of (0;t; jt;fkji jtji = tg) is
necessary. As in App. B.3, we resample transformations by stantiating auxiliary parameters for
parts (“i: M k) and category{speci c transformation priors ( ;™). Suppose rst that Ot =
is xed. Due to the exponentially large number of joint assignments of this instance's features to
parts, the marginal distribution of j; is intractable. However, given j, part assignmentsk;; have
conditionally independent posteriors as in eq. (41). Altenatively, given xed part assignments for
all features, j; follows the Gaussian posterior of eq. (44), which arose in t& single{object HDP
sampler. Intuitively, xing t e ectively segments the scene's features into independertbjects.

For each candidate visual categoryo;; , we rst perform a small number of auxiliary Gibbs itera-
tions which alternatively sample part assignmentsfkj; j tjj = tgand the transformation ;. Fixing
the nal j, part assignments are then marginalized to compute the likehood of g . Typically,
the posterior distribution of j; is tightly concentrated given xed t, and 3{5 auxiliary iterations
provide an accurate approximation. Combining this likelihood with the global DP clustering bias
of eq. (14), we resampleo;; , and then conditionally choose (ji;fkji jtj = tg).
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