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1. Revieu. 

1.1 Theories o f  Color Perception. 

There has always been great interest i n  hou ue perceive co lo rs  and 

numerous explanations have been forwarded {Newton 1704, Goethe 1810, 

Young 1828, Maxwell 1856, Helmholtz 1867, Hering 18751. The human 

perceptual  apparatus i s  remarkably succesful i n  coping u i t h  large 

v a r i a t i o n s  in the i l luminat ion. The colors we perceive are c l o s e l y  

c o r r e l a t e d  u i t h  the surface colours of the objects viewed, despi te  l a rge  

temporal and spat ia l  dif ferences i n  color and i n tens i t y  o f  the i nc iden t  

l i g h t .  This i s  surpr is ing since we cannot sense ref lectance d i r e c t l g ,  

The l i g h t  i n tens i t y  a t  a  point  i n  the image i s  the product o f  t he  

r e f l e c t a n c e  a t  the corresponding object point  and the i n t e n s i t y  of  

i l l u m i n a t i o n  a t  that  po in t  - aside from a  constant factor  tha t  depends 

on the  o p t i c a l  arrangment. There must then be some d i f fe rence betueen 

these tuo components o f  image in tensi ty  uh 

e f f e c t  o f  one. The tuo components d i f f e r  

Incident l i g h t  i n tens i t y  w i l l  usually vary 

i ch  al lows us t o  dlscount t he  

i n  the i r  spa t ia l  d i s t r i b u t i o n .  

smoothly, u i t h  no 

d i s c o n t i n u i t i e s ,  u h i l e  r e f  

edges where objects  ad jo in  

betueen such edges. 

lectance u i i l  have sharp d i s c o n t i n u i t i e s  a t  

. The reflectance being r e l a t i v e l y  constant 
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1.1.1 Tri-Stimulus Theory. 

Some fac ts  about how we see color are f a i r l y  well  established. I t  

appears tha t  we have three kinds of sensors operating i n  b r i g h t  

i l l um ina t i on ,  u i t h  peak s e n s i t i v i t i e s  i n  d i f f e ren t  pa r t s  o f  the v i s i b l e  

spectrum. This i s  why i t  takes exactly three co lors i n  a d d i t i v e  

m ix tu re  t o  match an unknown color. While i t  i s  a b i t  t r i c k y  t o  measure 

the  s e n s i t i v i t y  curves o f  the three sensors d i rec t l y ,  a l inear  t ransform 

o f  these curves has been known accurately for some time U3rindley 19601. 

These curves, c a l l e d  the standard observer curves, are s u f f i c i e n t  t o  

a l l o w  one t o  p red i c t  co lor  matches made by subjects w i th  normal co lour  

v i s i on {Hardy 1936) . 
The simplest theory of  color perception then amounts t o  l o c a l l g  

COmpar i ng the outputs of  three such sensors and assigning co l  our on thi 8 

b a s i s  {Young 1820, Helmholtz 18671. This however t o t a l l y  f a i l s  t o  

e x p l a i n  the observed color  contancy. Perceived color  does not  depend 

d i r e c t l y  on the r e l a t i v e  amounts of  l i g h t  measured by the three sensors 

{Land 1959, L e t t v i n  13671. 

1.1.2 Color Conversion. 

A number o f  attempts have been made t o  patch up t h i s  theory under 

the  r u b r i c s  o f  "discounting of the i l luminantn, "contrast e f f e c t  

adjustment' ' and "adaptation". The more complicated theories are based 

on models u i t h  large numbers of  parameters uhtch are adjusted according 
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t o  empi r i ca l  data IHelson 1938 8 1940, Judd 1948 & 1952, Richards 1971). 

These theor ies  are a t  least p a r t i a l l y  e f f ec t i ve  i n  p red i c t i ng  human. 

c o l o r  percept ion when appl ied to  simple arrangements o f  s t i m u l i  s i m i l a r  

t o  those used i n  determining the parameters. 

The parameters depend strongly on the data and e l i g h t  experimental 

v a r i a t i o n s  u i l l  produce large f luctuat ions i n  them. This i s  a phenomena 

f a m i l i a r  t o  numerical analysts f i t t i n g  curves t o  data when the number o f  

parameters i s  large. These theories are lacking i n  parsimony and 

conv inc ing  phys io log ica l  counter-parts. L e t t v i n  has demonstrated the 

hopelessness o f  t r y i n g  t o  f i n d  f ixed transformations from l o c a l l y  

compared output  o f  sensors t o  perceived color L e t t v i n  1967). 

1.2 Land's Retinex Theory. 

Another theory o f  co lor  perception i s  embodied i n  Land's r e t i n e x  

model {Land 1959, 1964 8 13711. Land proposes that  the three se ts  o f  

sensors a re  no t  connected local ly ,  but instead are t reated ae i f  theg 

represent  p o i n t s  on three separate images. Processing i s  performed on 

each such image separately t o  remove the component o f  i n t e n s i t y  due t o  

i l l u m i n a t i o n  gradient. Such processing i s  not merely an added fr i l l  b u t  

i s  ind iepens ib le  t o  co lor  perception i n  the face o f  the v a r i a b i l i t y  of 

t h e  i l l um ina t i on .  



1.2.1 L ightness Judging. 

I n  essence a judge o f  l ightness processes each image. L i gh tne  

t h e  perceptua l  quan t i t y  c lose ly  correlated w i t h  surface reflectance, 

Only  a f t e r  t h i s  process can the three images be compared t o  r e l i  

determine c o l o r s  loca l l y .  I t  remains t o  mechanize t h i s  process. 

I t  would appeal t o  i n t u i t i o n  i f  t h i s  process could  be c a r r i e  

i n  a p a r a l l e l  fashion tha t  does not depend on previous knowledge o f  the 

scene viewed. Th is  i s  because co lors  are so immediate, and seldom 

depend on one's i n te rp re ta t i on  of the scene. Colors w i l l  be seen w e n  

when the  p i c t u r e  makes no sense i n  terms o f  previous experience. 

c o l o r  i s  seen a t  every po in t  i n  an image. 

1.2.2 Mini -wor Id o f  flondrians. 

I n  developing and explain ing h i s  theory Land needed t o  postpone 

d e a l i n g  w i t h  the f u l l  complexity o f  a r b i t r a r g  scenes. He se lec ted  e 

p a r t i c u l a r  c l ass  o f  ob jects  as inputs, modelled a f t e r  the p a i n t i n g 8  o f  

t h e  turn-of-the-century Dutch a r t i s t  P ie te r  Corne l is  Nondrian. f ks  

scenes a re  f l a t  areas d iv ided i n t o  sub-regions o f  uni form matte cslsr.  

Problems such as those occasioned by shadows and specular r e f l e c t i o n  

avo ided i n  t h i s  way. One a lso avoids shading; tha t  is ,  the v a r i a t i o n  i n  

r e f l e c t a n c e  w i t h  the o r i en ta t i on  o f  the surface 

and t he  l ight-source.  For flondrians, l ightness 

f u n c t i o n  o f  re f lec tance.  

i n  respect t o  the sensor 

i s  considered t o  be a 
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f londr ians a re  usua l l y  made o f  polygonal region8 w i t h  s t r a i g h t  s i d e s  

- f o r  t he  development here houever the edges may be curved. I n  the  

w o r l d  o f  f londrians one f i nds  tha t  the re f lec tance has sharp 

d i s c o n t i n u i t i e s  wherever regions meet, being constant i ns i de  each 

reg ion .  The i l l umina t ion ,  on the other hand, va r ies  smoothly over t h e  

i mage. 

1.3 Why Study the One-dimensional Case? 

Images a re  two-dlmenslonal and usual ly  sampled a t  d i e c r e t e  po in t s .  

F o r  h i s t o r i c  reason8 and i n t u i t i v e  s i m p l i c i t y  the r e s u l t s  ui l l  f i r s t  be 

developed in  one dimension, tha t  i s  w i th  funct ions o f  one var iab le .  

Similarly, cont inous funct ions u i l l  be used a t  f i r s t  s ince they a l l o w  a 

c l eane r  separat ion o f  the two components o f  image i n t e n e i t y  and 

i l  l u s t r a t e  more c l e a r l y  the concepts involved. 

Use w i l l  be made o f  analogies betueen the one-dimensional and tUo- 

d imensional  cases as u e l l  as the continous and d i sc re te  ones. The f i n a l  

p rocess  discussed f o r  processing image i n t e n s i t i e s  i s  two-dlmeneional 

and d i  screte.  A number o f  phyeica 

suggested. 

The process u i l l  be looked a t  

I implementations f o r  th 

from a number o f  po in t8  

i s  echeme a r e  

o f  v i e u t  

p a r t i a l  d i f f e r e n t i a l  equations, l i near  systems, f o u r l e r  t ransforms and 

convo lu t ions ,  d i f f e rence  equations, i t e r a t i v e  solut ions,  feed-back 

schemes and phys ica l  models, 



1.3.1 Notation. 

The fo l low ing  notat ion w i l l  be used: 

s' I n t e n s i t y  o f  incident i l luminat ion a t  a point  on the object.  

r ' Reflectance a t  a point  of  the object. 

p' I n t e n s i t y  a t  an image point. Product of  8' and r'. 

8, r ,  P: Logarithms o f  s*, r' and p' respectively. 

d Resul t  o f  app 

t Resul t  o f  app 

I Resul t  o f  app 

l y ing  forward or di f ferencing operator t o  p. 

l y i ng  threshold operator t o  d. 

l y i ng  inverse or summing operator t o  t. 

0 Simple de r i va t i ve  operator i n  one dimension. 

T Continous threshold operator, discards f i n i t e  part. 

1 Simple in tegra t ion  operator i n  one dimension. 

L Laplac ian operator - sum of second p a r t i a l  der ivat ives. 

G' Inverse o f  the Laplacian, convolution w i th  (1/2 T 1 l o g s ( l / r ) .  

Oat, T%t, It?, LI? and G w  Discrete analogues o f  D, T, I, L and C. 

The output I, u i l l  not be ca l led lightness since there i s  probablg 

n o t  y e t  a genera l ly  acceptable d e f i n i t i o n  of t h i s  term. I t  i s  however 

intended t o  be monotonically re la ted t o  lightness. Note tha t  I i s  
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r e l a t e d  t o  the logar i thm o f  ref lectance, whi le  the perceptual  q u a n t i t g  

i s  perhaps more c l o s e l y  r e l a t e d  t o  the square-root o f  re f lec tance .  

1.4 One-Dimensional nethod - Continous Case. 

Land invented a simple method f o r  separating the image components 

i n  one dimension. F i r s t  one takes logarithms t o  convert the p roduc t  

i n t o  a sum. Th is  i s  f o l  loued by d i f f e r e n t i a t i o n .  The d e r i v a t i v e  u l l l  

b e  t he  sum o f  the de r i va t i ves  o f  the two componente. The edges w i l l  

produce sharp pu lses o f  area proport ional  t o  the in tens it^ etepe betueen 

r e g i o n 8  - w h i l e  the  s p a t i a l  v a r i a t i o n  o f  illumination w i l l  produce onlg 

f i n i t e  va lues  everywhere. Nou i f  one discards a l l  f i n i t e  values, one i s  

l e f t  u i th  the pu lses and hence the de r i va t i ve  o f  l ightness.  F i n a l l g  one 

undoes the  d i f f e r e n t i a t i o n  by simple integrat ion.  

1.4.1 One-Dimensional Continous Method: Oetai Is. 

We have the f o l l ou ing r  Le t  r * ( x )  be the re f lec tance  o f  the  o b j e c t  

a t  t he  p o i n t  corresponding t o  the image po in t  x. L e t  s * ( x )  be the  

i n t e n s i t y  a t  t h i s  ob jec t  po in t .  Le t  p * ( x )  be t h e i r  product, t h a t  is. 

t h e  i n t e n s i t y  recorded in  the image a t  po in t  x. Note t h a t  s * ( x )  and 

r' (XI a r e  pos i  t ive. 



FIGURE 1:  Processing steps in the one-dimensional continous case. 
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Now l e t  p  (x) be the I ogar i thm o f  p' (X I  and so on8 

Note  t h a t  s (x)  i s  continous and that  r ( x )  has some f i n i t e  

d i s c o n t i n u i t i e s .  L e t  D represent d i f f e r e n t i a t i o n  with respect  t o  x. 

Now, D (s ( x ) )  w i l l  be f i n i t e  everywhere, u h i l e  D(r (x1)  u i l l  be zero a s i d e  

f rom a  number o f  pulses - uhich car ry  a l l  the information. Each p u l s e  

u i l l  correspond t o  an edge betueen regions and have area p r o p o r t i o n a l  t o  
,-- 

t h e  i n t e n s i t y  step. I f  nou one "thresholds" and diecards a l l  f i n i t e  

p a r t s ,  one gets: 

To o b t a i n  r ( x )  one on ly  has t o  inver t  the d i f f e r e n t i a t i o n ,  t h a t  i a ,  

i n t e g r a t e .  L e t  1  r e p r e ~ e n t  i n t e p r a t i o n u i t h r e s p e c t  t o  x, then (I)-' - 
0 and: 

One can g i v e  a convolut ional  i n t e rp re ta t i on  t o  the above, a i nce  

d i f f e r e n t i a t i o n  corresponds t o  con*~c lu t i on  u i t h  a pulse-pair ,  one 
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n e g a t i v e  and one 

t o  c o n v o l u t i o n  u 

pos i t i ve ,  

i th the un 

each o f  u n i t  area. I n t e g r a t i o n  corresponds 

i t  step function, 

1.4.2 Normal i za t ion .  

The r e s u l t  i s  no t  unique because o f  the constant in t roduced by t h e  

i n t e g r a t i o n .  The zero (spa t ia l )  frequency term has been l o s t  i n  t he  

d i f f e r e n t i a t i o n ,  so cannot be reconstructed. This i s  r e l a t e d  t o  t he  

f a c t  t h a t  one does no t  know the overa l l  level  o f  i l l u m i n a t i o n  and hence 

cannot t e l l  whether an ob ject  appears dark because i t  i s  grey o r  because 

t h e  l e v e l  o f  i l l u m i n a t i o n  i s  low. 

One can normal ize the r e s u l t  i f  one aesumes tha t  there a r e  no l i g h t  

aoyrces in  the f i e l d  o f  view and no f lourescent co lo r s  o r  apecular 

r e f l e c t i o n s ,  Th is  i s  c e r t a i n l y  the case f o r  the Hondrians. Perhaps 

t h e  bes t  way o f  normal ls ing the r e s u l t  I s  t o  simply assume t h a t  t he  

h i g h e s t  va lue  o f  l igh tness corresponds t o  white, o r  t o t a l  r e f l e c t a n c e  in  

the Lambert ian sense. This normal izat ion w i l l  lead one as t ray  i f  t he  

image does no t  con ta in  a reg ion  corresponding t o  a whi te  pa tch  i n  t h e  

scene, b u t  t h  

m igh t  i nvo l ve  

l onger amount 

i s  i s  the best  one can do. Other norma 

ad jus t i ng  weighted local averages, bu t  

t o  recons t ruc t ion  o f  ref lectance. 

l i z a t i o n  techniques 

t h i s  would then no 



ON LIGHTNESS 13 

1.5 One-Dimensional Method - Discrete  Caee. 

So f a r  we have assumed tha t  the image i n t e n s i t g  uas a  con t inous  

f u n c t i o n .  I n  r e t i n a s  found i n  animals or a r t i f i c i a l  ones cons t ruc ted  

o u t  o f  d i s c r e t e  components, images are only sampled a t  d i s c r e t e  p o i n t &  

So one has t o  f i n d  d i sc re te  analogues f o r  the operat ions we have been 

us ing.  Perhaps the simplest are f i r s t  d i f fe rences and 

analogues o f  d i f f e r e n t i a t i o n  and in tegra t ion  respect ive 

t o  say t h a t  o ther  approximations could not  be used equa 

summa t 

ly. Th 

I l y  we1 

To use the neu operators one goes through e s s e n t i a l l y  the 

a r e  f i n i t e .  Th is  

for  t h e  thresh0 l d 

produce f i n  i t e  va 

due t o  the  edges 

i o n  as 

i s  i s  n o t  

i . 
same 

process  as before, except tha t  now a l l  values i n  the d i f f e renced  image 

has the e f f e c t  o f  fo rc ing  one t o  choose a  t h resho ld  

i ng  funct ion.  Both components o f  image i n t e n s i t y  

lues a f t e r  the d i f fe renc ing  operation. The component 

i n  the re f lec tance i s  hopefu l ly  q u i t e  la rge  compared t o  

t h a t  due t o  i l l u m i n a t i o n  gradient. One has t o  f i n d  a  leve l  t h a t  w i l l  

suppress the i l l u m i n a t i o n  gradient ins ide regions, wh i le  p e r m i t t i n g  t h e  

e f f e c t s  due t o  edges t o  remain. 

1.5.1 One-Dimensional D iscre te  Method: De ta i l s .  

L e t  r f  be the re f lec tance  o f  the object  a t  the p o i n t  cor responding 

t o  t he  image p o i n t  i. Le t  s t  be the inc ident  l i g h t  i n t e n s i t y  a t  t h i s  

o b j e c t  p o i n t .  L e t  pgl be t h e i r  product, that  i s  the i n t e n s i t y  in  the 

image a t  p o i n t  i. 
.- 



FIGURE 2: Processing steps i n the one-dimensional discrete case.  
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p; - 8; J1 r f  

Nou l e t  pi be the log o f  p; and so on. Let D,? and Ia be the operators 

corresponding t o  tak ing f i r s t  differences and summation respect ive ly .  

Note t h a t  (1t.r) -' = Da. 

ti- d; I f  ld;l < e. else 0 

. I  I 

1.5.2 Se l ec t i ng the Threeho l d, 

Uhat determines the threshold? I t  must be smaller than the 

smal les t  i n t e n s i t y  step betueen regions. I t  must on the other hand he 

la rge r  than values produced bg f i r s t  d i f ferencing the maximum 

i l  luminat ion gradients. Real images are noisy and the threshold should 

be la rge  enough t o  el iminate t h i s  noise inside regions. 

The spacing o f  the sensor c e l l s  must also be taken i n t o  account. 
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As t h i s  spacing becomes smaller, the con t r i bu t i on  due t o  i l  l u m  

g r a d i e n t s  decreases, whi le  the component due t o  the edges rema 

constant .  A l i m i t  i s  reached uhen the component due t o  i l l u m  

i n a t i o w  

i ns  

i n a t  i o n  

g r a d i e n t s  f a l l s  below tha t  due t o  noise or  when the o p t i c a l  p r o p e r t i e s  

o f  t he  imaging system begin t o  have a d e l i t e r i o u s  e f f ec t .  I n  a l l  

imaging systems an edge i s  spread over a f i n i t e  d istance due t o  

d i f f r a c t i o n  and uncorrected abberations. The spacing o f  sensors should  

n o t  be much smal ler  than t h i s  distance t o  avoid reducing the component 

due t o  edges i n  the d i f ferenced image, 

L e t  u be the rad ius  o f  the point-spread-funct i on  o f  the op t  

g' be the sma 

Then d e f i n e  

system and h the spacing o f  the seneor ce l l s .  Le t  

s t e p  i n  the logar i thm o f  re f lec tance i n  the scene. 

e f f e c t i v e  m i n i m u m  step ass 

i ca  l 

l l e s t  

t he  

L e t  a be the la rges t  slope due t o  i l l um ina t i on  grad ient  and a the  r o o t -  

mean-square noise-amplitude. The noise u i l l  exceed a value 3 a o n l u  .3% 

o f  t h e  t i  me. Choose the thresho 1 d e as f o  l lows: 
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1.5.3 Accuracy o f  the Reconstructlon, 

I n  the continous case one can exactly reconstruct the ref lectance,  

as ide  from a constant. We are not so fortunate here, even i f  we s e l e c t  

a th reeho ld  according t o  the above c r i t e r i a ,  Thie i e  because the va lue r  

a t  the  edges conta in small contr ibut ions due t o  i l l um ina t i on  grad ien t  

and noise. A s l i g h t  inaccuracy i n  the reconstruct ion u i l l  r esu l t .  T h i s  

e r r o r  i s  mlnimlzed by making the sensor c e l l  spacing very f ine,  

o p t i m a l l y  o f  a s i ze  commensurate w i th  the op t ica l  resolution o f  the 

device. The e f f e c t  o f  noise can also be minimized by i n t e g r a t i n g  over 

time. 

edges, s ince i t  

many edges the 

Note tha t  the reconstruct ion i s  more accurate uhen there are  few 

i s  a t  the edges that the error  e f fec ts  appear. With 

i l luminat ion  gradient begins t o  "show through". 

1.5.4 General i z a t  ions. 

So f a r  we have deal t  w i th  constant aenaor epacing. C l e a r l y  as long 

a8 the game epacing i s  used fo r  both the d i f ferencing and the rumming, 

t he  c e l l  spacing can be a rb i t ra ry  and has l i t t l e  e f f e c t  on the 

recons t ruc t i on  since i t  does not enter i n to  the equations.. 

S i m i l a r l g  ue have chosen f i r s t  differences as the d i sc re te  analogue 

f o r  d i f f e r e n t i a t i o n .  We could have chosen some other ueighted 

d i f f e r e n c e  end developed r eultablo Invrroe fo r  It, f h i a  Invermr o f  

coureo would no longrr be aummetion but can b r  rrrdl l y  o b t r l n r d  ue lng  
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uea developed for  dealing wi th  di f ference equatlone {Richtmeyer 

bed i en 19643 . 

1.5. ys ica l  flodele of  the One-0 

One e m  invent a number of  phgs 

imensional Discrete Process. 

i ca l  models o f  the above operations. 

A simple r e s i s t i v e  network w i l l  do for  the summation process f o r  

example, Land has implemented a small c i r cu la r  " re t ina"  with about 16 

sensore- This model employs electronic components t o  perform the 

o f  tak ing logarithms, d;fferencing, threeholding and summing. 

as t r i e d  t o  extend h l s  one-dimensional method t o  images, by 

e image w i th  paths produced by a random walk procedure and 

thods l i k e  the above to  each of these paths. While t h i s  

su l ts ,  i t  seems unsatisfectorg from the po in t  o f  view of  

poss ib le neuro-physiological structures: ne i ther  does i t  

lend i t s e l f  t o  e f f i c i e n t  implementation. 

Methods depending on non-linear processing o f  the gradient along 

he image f a i l  t o  smoothly generalize t o  two dimensions, and 

cannot p r e d i c t  the appearance of images i n  which d i f f e r e n t  paths r e e u l t  

i n  d i f f e r e n t  l ightnesses. 
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2:Lightness in Tuo Dimensional Images. 

2.1 Tuo-D i mens i ona l Method - Con t i nous Case. 

We need t o  extend our ideas to  tuo dimensions in order t o  deal w i t h  

ac tua l  images. There are a number of ways o f  a r r i v i n g  a t  the process t o  

be descr i bed here, we sha l l fo I low the simplest (Horn 19681 . We need t o  

f i n d  tuo-dimensional analogues t o  d i f f e r e n t i a t i o n  and in tegrat ion.  The 

f i r s t  p a r t i a l  der iva t ives  are d i rect ional  and thue uneuitable s ince they 

w i l l  f o r  example completely el iminate evidence of edges running in  a 

pPYLI 
d i r e c t i o n  p a r a l l e l  t o  the i r  d i rec t ion  of d i f f e ren t i a t i on .  Exp lor ing  the  

p a r t i a l  de r i va t i ves  and the i r  l inear combinations one f i nds  tha t  the, 

Lap lac ian  operator i s  the louest order combination that  i s  i so t rop i c ,  o r  

r o t a t i o n a l l y  symmetric. The Laplaeian operator i s  o f  course the sum o f  

t h e  second p a r t i a l  derivatives. 

2.1.1 Appluing the Laplaclan to  a Mondrian. 

Before inves t iga t ing  the i n v e r t i b i l i t g  of  t h i s  operator, l e t  us aee 

what happens uhen one appliea i t  to  the image of a Mondrian, fna lde any 

r e g i o n  one u t l l  obta in a f i n i t e  value due to  the v a r i a t i o n  in 

l l l u m l n a t l o n  in tenei ty .  A t  each edge one u i l l  get a pules pa i r ,  one 

p o s i t i v e  and one negative. The area of each pulse w i l l  be equal t o  t h e  

i n t e n s i  t g  step. 



FIGURE 3: Applying t he  l a p l a c i a n  o p e r a t o r  t o  t h e  image o f  a  
Mondri an f i g u r e .  



ON LIGHTNESS 2 1 
.--. 

Th i s  can best be seen by considering the f i r s t  de r i va t i ve  o f  a 

step, namely a s ing le  pulse. I f  t h i s  i s  d i f f e ren t i a ted  again one 

o b t a i n s  a doubled pulse as described. Since t h i s  pulse w i l l  extend 

a long the  edge, one may think of  i t  as a pulse-uall. So each edge 

separa t ing  regions w i l l  produce a doubled pulse u a l l .  I t  i s  c l e a r  t h a t  

one can once again separate the component due t o  re f lec tance and 

i l l u m i n a t i o n  simply by discarding a l l  f i n i t e  parts, 

2.1.2 Inverse o f  the Laplacian Operator. 

To complete the task a t  hand one then has t o  f i n d  a process f o r  

undoing the e f f e c t  o f  applying the Laplacian. Again there are  a number 

o f  approaches t o  t h i s  problem, we u i l l  use the shortest {Horn 1968). In 

essence one has t o  solve fo r  p(x,y) i n  a p a r t i a l  d i f f e r e n t i a l  equat ion 

o f  the form: 

This i s  Poisaon9s equation and i t  i s  usual ly solved ins lde a bounded 

r e g  i on us i ng Green' s func t i on {Garabed i en 19641 : 
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The form o f  Green's funct ion G, depend6 on the shape o f  the reg ion  

boundary. Nou i f  the r e t i n a  i s  i n f i n i t e  a l l  po ints  are t reated 

s i  m i  l a r  l u  and Green's funct ion depends on1 y on two parameters, (I  - x) 

and (r) - y) .  This posi t ional  independence Implies that  the above 

i n t e g r a l  simply becomes a convolution. I t  can be shown tha t  Green's 

func t i on  f o r  t h i s  case is: 

Where 

Thus the inverse o f  the Laplacian operatore i s  slmply convolut ion w i t h  

(1/2 x 1 I og 1 . To be prec i se one has: 
E 

T h i s  i e  the two-dimensional analogue of:  
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2,1.3 Why one can use the Convolutional Inverse. 

I f  the r e t i n a  i s  considered 

a simple convolution. I f  the r e t  

i n f i n i t e  one can axprees the inverse as 

ina i s f i n i  t e  on the other hand one has 

t o  use the more complicated Green's function formulation. 

Now consider a scene on a uniform background whoee image i s  t o t a l l g  

conta ined on the ret ina.  The resu l t  of  applying the forward t ransform 

and threahold ing w i l l  be zero 

The convolut ional  inveree w i l l  

ou ts ide  the re t ina ,  As a resu 

t h e  inverse prov 

the  r e t i n a .  

ided the image 

i n  the area of the uniform background. 

therefore receive no con t r i bu t i on  from 

I t  one can use the convolut ional  form o f  

of  the scene i s  t o t a l l y  contained w i t h i n  

2.1.4 Normalization. 

Once again one f inds  that the reconetructed ref lectance l a  n o t  

unique. That is,  any non-singular s o l u t i o n o f  L(p(x,y)) - 8 c a n  be 

added t o  the input without a f fec t ing  the resul t .  On the i n f i n i t e  p lane 

such so lu t i ons  have the form p(x ,y )  = (aftx + bsy + c). I f  the scene 

o n l y  occupies a f i n i t e  region of space i t  can be fur ther  shown t h a t  t he  

s o l u t i o n  w i l l  be unique up to  a constant and that one does not  have t o  
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u o r r y  about poss ib l e  slopes. To be spec i f ic :  the background around t h e  

scene w i l l  be constant I n  the reconstruct ion. So one has here e x a c t l g  

t h e  same norma l i za t ion  problem as i n  the one-dimensional case. 

Assigning u h l t e  t o  the reg ion  u i t h  highest numerical value in t he  

recons t ruc ted  output  appears t o  be e reasonable method. 

2.1.5 Two-Dimensional Continous Method: Deta i ls .  

L e t  r *  (x,y) be the re f lec tance o f  the ob ject  a t  the p o i n t  

cor responding t o  the image po in t  (x,y). Le t  s* (x,y) be the source 

i n t e n s i t y  a t  t ha t  ob jec t  point .  Let  p * (x ,y l  be t h e i r  product, t h a t  i s  

t h e  i n t e n s i t y  a t  the image po in t  (x,y). Note tha t  rS (x , y )  and s9 (x,y) 

a r e  p o s i t i v e .  

L e t  p(x .1~1 be the logar i thm o f  p' (x,y) and so on. 

Nou assume 

a  reasonab 

t h e  o b j e c t  

t h a t  s(x,y) and i t s  f i r s t  p a r t i a l  de r i va t i ves  

l e  assumption t o  make f o r  the d i s t r i b u t i o n  o f  

. L e t  L be the Laplacian operator. 

a re  con t inous  - 
i l l u m i n a t i o n  on  
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except a t  

p u l s e  ua l  

each edge 

I as descr 

separating regions, where 

ibed. Now discard a l l  f i n  

Nou L(s(x,y) )  u i l l  be f i n i t e  everyuhere, u h i l e  L(r (x ,y) )  w i l l  be zero 

one w i l l  f i n d  a double 

i t e  par ts t  

L e t  G be the operator correspondind to  convolution by ( i /2  % 1 l og  , ( l / r ) .  

Note t h a t  (GI-' = L. 

2.2 Tuo-Dimensional Method - Discrete Case. 

Once again ue tu rn  from a continous image t o  one sampled a t  

F i r s t  we uIII have to  decide on a tesse la t ion  o f  t he  d i s c r e t e  points.  

image plane. 

2.2.1 Tesse l a t l o n  o f  the Image Plane. 

For regu lar  tesselat ions the choice i s  between t r iangular ,  square 

and hexagonal u n i t  ce l l s .  I n  much past work on image processing, square 

tesse la t i ons  have been used fo r  the obvious reasons. This p a r t i c u l a r  

t e s s e l a t i o n  o f  the image has a number of disadvantages. Each c e l l  has 



two k inds  o f  neighbors. four adjoining the sides, four on the corners. 

This r e s u l t s  i n  a number of  aeymmetries. I t  makes i t  d i f f i c u l t  t o  f i n d  

convenient d i f ference schemes approximating the Laplacian operator w i t h  

IOU e r r o r  term. 

Tr iangular  u n i t  c e l l s  are even worse i n  that theg have three k inde 

of  neighbors, compounded these drawbacks. Note also tha t  near -c i rcu la r  

o b j e c t s  pack t i gh tes t  i n  a pattern wtth hexagonal ce l l s .  For these 

reasons we w i l l  use a hexagonal u n i t  ce l l .  I t  should be kept i n  mind 

however tha t  i t  i a  eaay t o  develop equivalent r r e u l t r  uafng d i f f e r e n t  

tesse la t ions .  

2.2.2 D iscre te  Analogue of the Laplacian. 

Having decided on the tesselation we need now t o  f l n d  a d i s c r e t e  

analogue o f  the Laplacian operator. Convolution with a cent ra l  p o s i t i v e  

va lue  and a ro ta t i ona l  l y  symmetric negative surround o f  equal weight i s  

one p o s s i b i l i t y .  Aside from a negative scale factor, t h i s  w i l l  approach 

a p p l i c a t i o n  o f  the Laplacian i n  the l i m i t  as the c e l l  s ize  tends t o  

zero. 

I f  one were t o  use complieeted surrounds, the trade-off 

accuracy and reso lu t i on  would suggest using a negatlve surround tha t  

decreases r a p i d l y  outward, For tha sake of s imp l i c i t y  ue w i  l choose 

convo lu t i on  with a centra l  c e l l  o f  ueight 1, surrounded by e l #  c e l l s  o f  

weight -1/6. This funct ion l e  convenient, eymmetrlc and haa a emall 

e r r o r  term, I t  l a  equal t o  - ( h/4 L + h/64 L% I plum s l n t h  and h lgher  



FIGURE 4a: A d i s c r e t e  analogue of 

the l a p l a c i a n  opera to r .  

Figure 4b: D e l t a  f u n c t i o n  minus 

t h i s  d i  s c r e t e  analogue. 
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o rde r  d e r i v a t i v e s  {Richtmeyer 19571. I t  should again be po in ted  ou t  

t h a t  s i m i l a r  r e s u l t s  can be developed f o r  d i f f e r e n t  funct ions.  

2.2.3 Inverse  o f  the Di  screte Operator. 

The foruard d i f f e renc ing  operator has the formt 

d.. = p.. -x 
'J ' 'k-i , \ -j  '' pk\ 

Where p,j i s  the logar i thm o f  image in tens i t y ,  Uij are ueights.  which in  

ou r  case a re  1/6, and the sum i s  taken over the s i x  immediate neighbors.  

We nou have t o  determine the inverse operat ion t ha t  recovers  pij 

from d i j .  One approach i s  t o  t r y  and solve the d i f f e rence  equa t ion  o f  

t h e  formt 

O r  i n  m a t r i x  form: W 8 -  d. Note that  W i s  @pare@, having 1'. on t he  
N 

diagonal  and -1/6's ecat tered around. For a f i n i t e  r e t i n a  with n sensor 

c e l l s  one has t o  introduce boundary condi t ione t o  ensure t h a t  one has a s  

many equat ions as there are  unknouns. One then simply i n v e r t s  t he  
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matrix W and gets: p = W - I  d. 
N CU 

This is entirely analogous to the solution in the continous case 

for a f i ni te re t i na. lJ -' corresponds to the Green's function. Much as 

Green's function has a large "support", that is, is non-zero over a 

large area. so W-' is not sparse. This implies that a lot of 

computation is needed to perform the inverse operation. 

2.2.4 Computational Effort and Simplification. 

Solving the difference equations for a given image by simple Gauss- 

3 
Jordan elimination requires of the order of n /2 arithmetic operations. 

Another approach is to invert W once and for all for a given retina. 

For each image then one needs only about n2 arithmetic operations. Note 

that the other operations, such as forward differencing, require only 

about 6 m  ar i thme t i c opera t i ons. 

What in effect is happening is that each point in the output 

depends on each point in the differenced image. Both have n points, so 

n2 operat ions are involved. Not only does one have to do a lot of 

computation, but must also store up the matrix Wd'of size n'.. This is 

quite prohibitive for even a small retina. 

This latter problem can be avoided if one remembers the 

simplification attendant to the use of an infinite retina in the 

continous case. There we found that the integral uith Green's function 

simplified into a convolution. Similarly, if one assumes an infinite 

retina here, one finds that W and its inverse become very regular. The 
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rows  i n  W a r e  then a l l  the same and the same i s  t r u e  o f  W-'. Each v a l u e  

i n  t h e  o u t p u t  then depends i n  the same way on the ne ighbor ing  p o i n t s  i n  

t h e  d i f f e r e n c e d  image. One need on ly  s to re  up the dependence o f  one 

p o i n t  on i t s  ne ighbors  f o r  t h i s  simple convo lu t iona l  ope ra t i on .  

The o n l y  remain ing  d i f f i c u l t y  i s  t ha t  W i s  now i n f i n i t e  and one c a n  

n o  longer  i n v e r t  i t  numer i ca l l y  - one has t o  f i n d  an a n a l y t i c a l  

e x p r e s s i o n  f o r  t he  inverse. I have not  been ab le  t o  f i n d  t h i s  i n v e r s e  

e x a c t l y .  A good f i r s t  approximation i s  log6(r , / r )  - except  f o r  r = 0 ,  

when one uses 1 + logg(r,). Here r i s  the d i s tance  from t h e  o r i g i n  and 

r, i s  a r b i t r a r y .  The remainder l e f t  over when one a p p l i e s  t h e  f o r w a r d  

d i f f e r e n c e  scheme t o  t h  i s  approxi mat i on l i es be tween l og &(l + r -6  1 and 

6 l o g h ( l  - r ' b~ .  Th is  e r r o r  term i s  o f  the order  o f  r -  . 
I n  p r a c t i c e  one does no t  have an i n f i n i t e  r e t i n a ,  b u t  as has been 

e x p l a i n e d  f o r  t he  cont inous  case one can use the c o n v o l u t i o n a l  method 

d e s c r i b e d  above f o r  a  f i n i t e  r e t i n a ,  prov ided t h a t  the  image o f  the 

scene i s  w h o l l y  conta ined i n s i d e  the boundaries o f  the  r e t i n a .  I t  i s  

p o s s i b l e  t o  f i n d  an accurate inverse o f  t h i s  k i n d  v a l i d  f o r  a l i m i t e d  

r e t  i na  l s i z e  b y  numer ica l  means. 

2.2.5 Two-Dimensional D i s c r e t e  Method: D e t a i l s .  

L e t  rc be the  r e f l e c t a n c e  a t  the ob jec t  p o i n t  cor respond ing  t o  t h e  

image p o i n t  ( i , j ) .  L e t  s!. be the i n t e n s i t y  o f  the i n c i d e n t  l i g h t  a t  
'1 

t h i s  o b j e c t  p o i n t .  L e t  p[ j  be the i n t e n s i t y  i n  the  image a t  p o i n t  

( i ,  j ) .  
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L e t  p;j be the  logar i thm o f  p' and so on. Le t  Lrr be the operator  t h a t  
'j 

corresponds t o  convolu t ion u i t h  the analogue of  the Laplaclan. Let cat 

be  i t s  inverse. 

The welgthe w . .  are  1/6 i n  t h i s  case, and the sum i s  taken over the s i x  
LJ 

immediate neighbore. 

'j t i j  ' d '  
i f  d.. > e, e lse 0 I !,I 

Here t he  sum extends over the uhole r e t i n a  and v- .  i 8 the convo lu t i ona l  
!I 

inve rse  found numer ica l ly  as explained above. 
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2.2.6 Simpl i c i  t y  o f  the Inverse. 

The forward transform, invo lv ing onlg a slmple sub t rac t i on  o f  

immediate neighbors, i s  c l e a r l y  a rapid, local  operation. The inverse  

on  t he  o ther  hand l a  global, since each po in t  i n  the output depends on 

each p o i n t  i n  the d i f ferenced image. Computationally t h i s  makes the  

i nve rse  slow. The Inverse i s  simple i n  one sense however: The 

d i f f e r e n c e  equations being solved by the inverse have the same form as 

t h e  equat ions used f o r  the foruard transform and are thus loca l .  The 

problem i s  t h a t  the output here feeds back i n t o  the system and e f f e c t s  

can propagate across the re t ina.  The apparent g lobal  nature o f  t he  

i nve rse  i s  thus o f  a ra ther  special k i nd  and, as ue u i l l  see l a t e r ,  

g i b e s  r i s e  t o  very simple implementations involving on ly  loca l  

connect i ons. 

2.2.7 I t e r a t i v e  Methods o f  Solution. 

There a re  of counse other methods fo r  so lv ing large se ts  o f  

equat ions.  The f a c t  tha t  W i s  sparse and has large diagonal elements, 

suggests t r y i n g  something l i k e  Gauss-Seidei i t e ra t i on .  Each i t e r a t i o n  

takes about 6 m  ar i thmet ic  operations. For e f f e c t s  t o  prapagate ac ross  

t h e  r e t i n a  one requ i res  a t  least d ( 4 r m a  - 1113 i t e ra t i ons .  Th i s  i s  

because a hexagonal r e t i n a  o f  width m has (3nm2 + 1) /4 ce l  l s. The above 

euggests t h a t  one might be able to  get auag u i t h  less than nZ a r i t h m e t i c  

operat ions.  I n  p rac t i ce  i t  i s  found that  e f f e c t s  propagate very  s i c w l y  
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and many more i t e r a t i o n s  are  needed t o  s t a b i l i z e  the so lu t ion .  One does 

n o t  have t o  s t o r e  W, since i t  i s  eas i l y  generated as one goes along. 

I t e r a t i v e  schemes correspond t o  adding a t ime-der ivat ive  t o  t he  

Po isson  equat ion and so turn ing i t  i n t o  a heat-equation. As one 

con t i nues  t o  i t e r a t e  the steady-state so lu t i on  i s  approached. This 

i n t u i t i v e  model g ives  some ins igh t  i n t o  hou the process u i l l  converge. 

2.2.8 Convergence o f  I t e r a t i v e  and Feed-back Schemes. 

I t  i s  n o t  immediately c lea r  that  i t e r a t i v e  schemes o f  fsolving t h e  

d i f f e r e n c e  equat ions u i l l  converge. I f  they do, they w i l l  converge t o  

t h e  c o r r e c t  so lu t ion .  Le t  6 be the d e l t a  function, t ha t  is ,  one a t  t h e  

o r i g i n ,  ze ro  elsewhere. I t  can be shown tha t  i f  the fo ruard  

c o n v o l u t i o n a l  operator  i s  u, the convergence o f  i t e r a t i v e  schemes 

w ) "  , as n becomes 

in teger  pouer i s  

depends on the behavi our o f  the e r ro r  term, ( 6 - 
large.  Ra i s i ng  aconvo lu t i ona l  operator t o  an 

in tended  t o  e i g n i f y  convolut ion u i t h  i t s e l f .  

I n  our case, u i s  one a t  the o r ig in ,  u i t h  s i x  values o f  -1/6 around 

it. So ( 6  - U) ui l l be zero a t  the o r i g i n  ui t h  s i x  values o f  1/6 around 

n 
it. Now u h i l e  ( 6 -  u) u i l l  always have a t o t a l  area o f  one, i t  does 

spread ou t  and i t s  value tends t o  zero a t  every p o i n t  as n tends t o  

i n f i n i t y .  So t h i s  i t e r a t i v e  scheme converges: s i m i l a r  r e s u l t s  c o u l d  be 

de r  i ved f o r  o ther  negat i ve surrounds. 
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2.2.9 S e t t i n g  the Threshold. 

I n  the  d i s c r e t e  case a f i n i t e  threshold must be selected. As 

before,  l e t  g' be the smallest step i n  the logari thm o f  r e f l e c t a n c e  in  

t h e  scene, h the sensor spacing and u the rad ius  o f  the po in t -spread 

f u n c t i o n  o f  the o p t i c a l  system. Then we def ine the e f f e c t i v e  m i n i m u m  

s t e p  as: 

There a r e  some minor d i f ferences 1n what fo l lows depending en whether 

one cons iders  the sensor outputs t o  be i n t e n s i t g  samples a t  c e l  I - cen te r s  

o r  averages over the c e l l  area, The emalleet output due t o  an edge w l l l  

b e  about g/6. Th is  i s  produced when the edge i s  o r ien ted  t o  cover j u s t  

one c e l l  o f  the neighborhood o f  six. Let  fl  be the maximum o f  the  

i n t e n s i t y  g rad ien t  - tha t  i e  the Laplacian o f  i n t e n s i t y  i n  t h l e  case. 

Choose the  thresh01 d e as f o  l l ous: 
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2.2.18 Some Notes on This Method. 

No t i ce  tha t  an i l luminat ion  gradient that var ies as some pouer o f  

d i s tance  across the image becomes a l inear slope a f t e r  tak ing  logar i thms 

and thus produces no component a f te r  the d i f ferencing operations. Such 

s imple gradients are suppressed even without the thresholding operat ion. 

I n  p r a c t i c e  the parameters used i n  choosing the threshold may n o t  

be known o r  may be variable. I n  t h i s  case one can look a t  a histogram 

o f  the  d i f fe renced image, I t  u 

negat ive  corresponding t o  edges 

c l u s t e r e d  around zero due to  i l  

i l l  contain vaiues both p o s i t i v e  and 

and also a large number o f  values 

lumination gradiente, noise and so on. 

The th resho ld  can be conveniently choosen to  contaln t h i s  cen t ra l  blob. 

Noise and i l luminat ion  gradients have an e f fec t  s im i l a r  t o ' t h a t  i n  

the  one-dimensional case. With f i n i t e  c e l l  spacing one cannot p r e c i s e l g  

separate the two components of  the image in tens i ty  and a t  each edge the  

in fo rmat ion  w i l l  be corrupted s l i g h t l y  by noise and i l l u m i n a t i o n  

gradient .  As the density of  edge6 per c e l l  area goes up the e f f e c t  of  

t h i s  becomes more apparent. I n  h igh ly  textured scenes the i l l u m i n a t i o n  

g rad ien t  i s  hard t o  eliminate. 

Once again one ha8 t o  decide on a normalization scheme. The best 

method probably i s  t o  l e t  the highest numerical value in the 

recons t ruc ted  output correspond to  uhite. 
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2.2.11 Dynamic Range Reduction. 

App ly ing  the r e t i n e x  operat ion t o  an image considerable reduces t h e  

range o f  values. Th is  i s  because the output, being r e l a t e d  t o  

r e f l e c t a n c e ,  ui l l on ly  have'a range o f  one t o  two orders o f  magnitude, 

w h i l e  the  inpu t  u i l l  a l so  have i l l um ina t i on  gradients, Th is  u i l l  make 

such procese ing use fu l  f o r  p i c t u re  recording and t ransmission (Horn 

1968) . 

2.2.12 A Frequency Domain In terpreta t ion.  

I t  may be o f  i n t e res t  t o  look a t  t h i e  method from ye t  another po in t  

o f  view. What one does i s  t o  exentuate the high-frequency components, 

t h r e s h o l d  and then at tenuate the high-frequency campanenta, To see 

t h i s ,  consider f i r s t  the forward operation. The f o u r i e r  t ransform o f  

t h e  convo lu t iona l  operator corresponding t o  d i f f e r e n t i a t i o n  i a  i w .  

S i m i l a r l y  the two-dimensional fou r ie r  traneform o f  the convo lu t iona l  

ope ra to r  corresponding t o  the Laplacian i s  - p". Here p i s  the r a d i u s  

i n  a p o l a r  coord inate  system o f  the two-dimensional f ~equsncg  epace. I n  

e i t h e r  case one i s  mu l t i p l y i ng  the f ou r i e r  transform by some f u n c t i o n  

t h a t  increases w i t h  frequency. Now consider the reverse operat ion.  The 

f o u r i e r  t ransform o f  the convolut ional operat ion corresponding t o  

i n t e g r a t i o n  i s  l / i w .  S i m i l a r l y  the f ou r i e r  traneform o f  (11'2% 1 log,  

( l/r) i s  - l / p 2 .  SO i n  the inverse step one undoes exac t l y  the emphasis 

g i v e n  t o  h i g h  frequency components i n  the foruard operation. 
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Am" 

I n  both  the one-dimensional and the two-dimensional case one loses 

the  zero frequency component. This i s  why the r e s u l t  ha8 t o  be 

normalized. 

2.3 Phys i ca l Mode l s. 

There are numerous cont inous physical model s t o  i l l u s t r a t e  the 

inverse  transformation. Anything that s a t i s f i e s  Poisson's equat ion w i l l  

do. Such physical  models help one v isual ize what the inverse of a g i v e n  

f u n c t i o n  might be. Examples i n  two dimensions are: per fec t  f l u i d - f l o u ,  

steady d i f f us ion ,  steady heat-flow, deformation o f  an e l a s t i c  membrane, 

e l e c t r o - s t a t i c s  and current flow i n  a r e s i s t i v e  sheet. I n  the l a s t  

model f o r  example, the input i s  the d ie t r i bu t i on  o f  current f low ing  inta 

t he  r e s i s t i v e  sheet normal t o  i t s  surface, the output i s  the 

d i s t r i b u t i o n  of e l e c t r i c a l  potent ia l  over the surface. 

mode 

c u t t  

I n  a d d i t i o n  t o  helping one vieua 

I s  a l so  suggest d iscrete models. 

i ng up the two-dimensional space 

in te rconnect ion  o f  neighboring cel ls.  

l i z e  eolutions, these con t~noue  

These can be a r r i ved  a t  s i m p l ~  bg 

i n  a pat tern corresponding t o  the  

That is, the remaining p a r t s  form 

a p a t t e r n  dual t o  that  o f  the sensor c e l l  pattern. We w i l l  diecuee o n l g  

one such d i sc re te  model. 
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2.3.1 A D i s c r e t e  Physical Model. 

Consider the r e s i s t i v e  sheet described, cu t  up in  the dual p a t t e r n  

o f  t he  hexagonal u n i t  c e l l  pattern. What w i l l  be l e f t  i s  an 

i n te r connec t i on  o f  r e s i s t o r s  i n  a t r i angu la r  pat tern.  The i npu t s  t o  

t h i s  system w i l l  be cur rents  in jec ted a t  the nodes, the p o t e n t i a l  a t  t h e  

nodes be ing  the output. This then provides a very simple analog 

implementat ion o f  the tedious inverse computation. 

I t  i s  perhaps a t  f i r s t  surpr is ing t o  see tha t  each c e l l  i s  n o t  

connected t o  every other i n  a d i r e c t  fashion. One would expect t h i s  

f rom the  form o f  the computational inverse. Each c e l l  i n  the ou tpu t  

does o f  course have a connection v i a  the other c e l l s  t o  each o f  the  

inpu ts .  Paths a re  shared however i n  a way tha t  makes the r e s u l t  b o t h  

s imp le  and planar.  

Congider f o r  the moment jus t  one node. The p o t e n t i a l  a t  the  node 

i s  t he  average o f  the po ten t i a l  o f  the s i x  nodes connected t o  i t  p l u s  

t h e  c u r r e n t  i n j e c t e d  times R/6, where R i s  the res is tance  o f  each 

r e s i s t o r .  The economy o f  connection i e  due t o  the f a c t  t h a t  the  

o u t p u t s  o f  t h i s  system are fed back i n t o  it. I t  a l so  i l l u e t r a t e s  t h a t  

t h i e  model l o c a l l y  solves exact lu  the same d i f fe rence  equst ton as t h a t  

used in  the forward transform, only now i n  reverse. 

Th i s  immediately suggests an important proper ty  o f  t h i s  model: By 

s imp l y  changing the interconnections one can make an inverse f o r  o t h e r  

f o r u a r d  transforme. Simplest o f  a l l  are other image plane t esse la t i ons ,  

b o t h  r e g u l a r  and i r regu la r .  One simply connects the r e s i s t o r s  i n  t he  



FIGURE 5: Resistive model of the inverse computation. 
The inputs are the currents injected a t  the nodes. 
The outputs are the potentials a t  the nodes. 
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same p a t t e r n  as a re  the c e l l s  i n  the input. 

More compl icated weighted surrounds can be handled by u s i n g  

r e s i s t o r s  w i t h  res is tances inversely proport ional  t o  the weights. The 

network  o f  r e s i s t o r s  u i l l  then no longer be planar. 

2.3.2 A Feed-back Scheme fo r  the Inverse. 

Bo th  the comment about outputs feeding back i n t o  the r e s i s t i v e  

model and the e a r l i e r  notes about i t e r a t i v e  schemes suggest ye t  another  

i n t e r e s  t i ng mode l f o r  the i nverse us i ng l i near summ i ng dev i ces. 

Opera t iona l  a m p l i f i e r s  can serve t h i s  purpose. One s imply connects t h e  

summing element so t ha t  they solve the d i f fe rence  equat ion imp l i ed  by 

t h e  forward transform. Once again i t  i s  c lea r  tha t  such a scheme can be  

gene ra l i zed  t o  a r b i t r a r y  tesselat ions and ueighted negat ive surrounds 

s imp l y  by changing the interconnections and at tenuat ions on each input .  

Some quest ions o f  s t a b i l i t y  a r i se  w i th  eso te r i c  interconnect ions.  Fo r  

t h e  s imp le  ones s t a b i l i t y  i s  assured. 

A l i t t l e  thought w i l l  show that  the r e s i s t i v e  model descr ibed 

e a r l i e r  i s  i n  f a c t  a more ec~nomical  implementation o f  j u s t  t h i s  scheme 

u i t h  the  d i f f e r e n c e  tha t  there the inputs are cu r ren ts*  wh i l e  here  Pheg 

a r e  p o t e n t i a l s .  
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2.4 L i m i t a t i o n s  o f  the Simple Scheme Presented. 

The method presented here w i l l  not c o r r e c t l y  c a l c u l a t e  r e f l e c t a n c e  

i f  used unmodif ied on general scenes. I t  may however c a l c u l a t e  

l i g h t n e s s  f a i r l y  wel l .  As the method stands nou f o r  example, a sharp 

shadow edge w i l l  no t  be dist inguished from a rea l  edge in  the scene and 

t h e  two reg ions  so formed w i l l  produce d i f f e r e n t  outputs, w h i l e  t h e i r  

r e f l e c t a n c e s  a re  the same. I t  may be that  t h i s  i e  reasonable 

never the less,  s ince we perceive a d i f ference i n  apparent l ightness.  
I 

Smooth gradat ions o f  re f lec tance on a surface due e i t h e r  t o  shading 

ions i n  surface re f lec tance w i l l  be e l iminated by the 

as they a f f e c t  the i n t e n s i t y  a t  

imply tha t  we need add i t f ona l  

lement the ones c a r r y i n g  the 

l i z e  shading as a depth-cue. 

The s imple normal izat ion scheme described w i l l  a l so  be s e n s i t i v e  t o  

o r  v a r i a t  

th resh0  l d i n g  operat ions except as f a r  

t h e  borders  o f  the region. This may 

channels  i n  our v i sua l  sgstem t o  camp 

r e t i n e x e d  in fo rmat ion  s ince we do u t i  

specu la r  r e f l e c t i o n s ,  f lourescent pa in ts  and l ight-sources i n  the f i e l d  

o f  view. Large depth-d iscont inu i t ies  present another problem. One 

cannot assume tha t  the i l l um ina t i on  i s  equal on both  s ides o f  the 

obscu r i ng  edge. I n  Phis case the i l l um ina t i ng  component does n o t  vary 

smoothlg over the re t i na ,  having instead some sharp edgse. 
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2.5 Computer S imula t ion o f  the Discre te  Method. 

A computer program uas used t o  simulate the r e t i n e x  process 

desc r i bed  on a small r e t i n a  w i t h  both a r t i f i c i a l  and r e a l  images seen 

th rough  an image d issector  camera. The hexagonal unit c e l l  i s  used in  

t h i s  program and the r e t i n a  i t s e l f  i s  a lso hexagonal. The r e t i n a  

c o n t a i n s  1027 c e l l s  in  a pa t t e rn  36 c e l l s  across. Th is  i s  a compromise 

d i c t a t e d  by the need t o  l i m i t  the number 04  a r i thmet i c  operat ione i n  t h e  

i nve rse  transform. I n  t h i s  case one needs about a m i l l i o n  and t h i s  

takes  about a minute o f  cen t ra l  processor time on our POP-18. 

8 0 t h  the a r t i f i c i a l ' a n d  the rea l  Hondriane coneis t  o f  r eg ions  

bounded by curved o u t l i n e s  t o  emphasize tha t  t h i s  method does n o t  

r e q u i r e  s t r a i g h t - l i n e  edges or  bound 

Va r i ous  d i s t r i b u t i o n s  o f  inc ident  i l  

a r t i f i c i a l  scenes. I n  each case the 

t h e  g rad ien t .  

ary ex t rac t i on  and descr ip t ion .  

lumination can be se lected f o r  t he  

processing s a t i s f a c t o r i l y  removes 

Fo r  the r e a l  scenes i t  i s  hard t o  produce re all^ la rge  i l l u m i n a t i o n  

g r a d i e n t s  by p o s i t i o n i n g  the light-sources, The recons t ruc t i on  does 

e l i m i n a t e  the grad ient  wel l ,  but  o f t en  minor f laws w i l l  appear i n  t he  

o u t p u t  due t o  no ise i n  the input and a number o f  problems w i t h  t h i s  k i n d  

o f  i n p u t  dev ice such as a very considerable scat ter ,  I t  i s  n o t  easy t o  

p r e d i c t  uhat  e f f e c t s  such imaging device defects w i l l  have. 

The output  i s  d isplayed on a DEC 348 d isp lay  which has a mere e i g h t  

g rey - leve ls .  I t  would be i n te res t i ng  t o  experiment with la rger  r e t i n a e  

and b e t t e r  image input-  and output-devices. 
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2.5.1 Form o f  I nve rse  used i n  the Computer Simulat ion.  

once, g i v e n  a p u l s e  as input ,  

a l l o u s  one t o  i d e n t i f y  syrnmetr 

needed t o  be  found f o r  a convo 

The symmetry o f  

laced ce 

i nver se 

i c a l l y  p 

I u t i o n a l  

The c o n v o l u t i o n a l  form o f  the inverse uas used f o r  speed and low 

s t o r a g e  requi rement .  Th i s  necces i ta ted  s o l v i n g  the d i f f e r e n c e  e q u a t i o n s  

the hexagona l p a t  t e r n  

11s and o n l y  324 unknouns 

s u f f i c i e n t  f o r  t h e  s i z e  

o f  r e t i n a  descr ibed.  As mentioned before, t h i s  f u n c t i o n  i s  c l o s e l y  

app rox ima ted  b y  logg(r, /r)  f o r  la rge  r. This  can be used t o  e s t a b l i s h  

boundary  c o n d i t i o n s .  



FIGURE 8: The method a p p l i e d  t o  an 

a r t i f i c i a l  image. 

FIGURE 9: The method a p p l i e d  t o  a  

r e a l  image 

FIGURE 10: The method a p p l i e d  t o  

C r a i k ' s  f i g u r e .  

FIGURE 11: Apparent l i g h t n e s s  p r e d i c t e d  

f o r  incomplete  f i g u r e .  

The sub f i gu res  i n  t he  above have t h e  f o l l o w i n g  i n t e r p r e t a t i o n :  

A  I n p u t  - l o g a r i t h m  o f  image i n t e n s i t y  pi 

B D i f f e r e n c e d  image di j 

C Thres ho l  ded d i  f f e r e n c e  t i j 

D Output  - computed l i g h t n e s s  ' i j  

E I l l u m i n a t i o n  d i s t r - i b u t i o n  (pi j-1. . )  sij 
1J  
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3. I m p l i c a t  ions and Conclusions. 

3.1 P a r a l l e l  Image Processing Harduare. 

The methods described here for  foruard transform ing, threeho l d i n g  

and inverse transforming immediately tempt one t o  th ink  in terms o f  

e l e c t r o n i c  component8 arranged i n  para l le l  layere, Enough ha$ been said 

about d i f f e r e n t  models t o  make i t  clear how one might connect ~ u c h  

components. Large scale integrated c i r c u i t  technology may be usefu l ,  

p rov ided the s ignals  are e i ther  converted from analog t o  d i g i t a l  form o r  

b e t t e r  a t i l l ,  good l inear  c i r c u i t s  are avai lable in t h i s  form. 

Construct ion o f  such devices would be premature u n t i l  f u r the r  

a ~ p e r i m e n t a t i o n  i s  performed t o  decide on optimal tesselations, opt imal  

negat ive  surrounds, thresholding operations and normal izat ion schemes. 

These decis ions are best guided by computer simulation. 

3.2 Cogn i t i ve  Psychology, 

One o f  the a r t i f i c i a l  scenes uas created t o  i l l u s t r a t e  Cra ik 'e  

i l l u s i o n  {Br ind ley 1368, Cornsueet 19701, Here a sharp edge i s  bordered 

bg second-order gradients. As one might expect the smooth grad ien ts  a r e  

l o s t  in  the threeholding and reconstruction produces tuo regions each o f  

un i fo rm brightness. The di f ference i n  brightness h t u e e n  the region8 I6 

eqbal t o  the o r i g i n a l  in tene i ty  atep a t  the edge. 

The fac t  tha t  the process presented here f a l l s  prey t o  t h i s  
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i l l u s i o n  i s  o f  course no proof that  humans use the same mechanism. I t  

i s  i n t e r e s t i n g  t ha t  t h i s  technique al lows one t o  p red i c t  f o r  example t h e  

appearance o f  p i c tu res  containing incompletely closed curves w i t h  

second-order grad ients  on e i t he r  side. 

The method described here fo r  obtain ing l ightness from image 

i n t e n s i t g  suggests funct ions fo r  a number o f  s t ruc tu res  in  the p r ima te  

r e t i n a .  The hor i zon ta l  c e l l s  appear t o  be involved in  the fo ruard  

t ransformat ion,  u h i l e  some o f  the amacrines may be involved i n  the  

i nve rse  transformation. For d e t a i l s  see the paper by David Harr  {Harr 

13741, i n  which he uses t h i s  hypothesis t o  exp la in  an as ton ish ing  number 

at f a c t s  about the re t ina .  

3.4 Conclusion. 

A s imple layered, p a r a l l e l  technique f o r  computing l i gh tness  from 

image i n t e n s i t y  has been presented. The method does no t  invo lve  an 

a b i l i t y  Po descr ibe o r  understand the scene, r e l y i n g  instead on the  

s p a t i a l  d i f f e rences  i n  the d i s t r i b u t i o n  o f  

The forward s tep involves accentuating the 

o u t p u t  o f  t h i s  step i 8  then thresholded t o  

and no i se. The l nver ae step mere l y undoes 

edges. 

re f lec tance and i l l u m i n a t i o n ,  

edges between regions.  The 

remove i l l u m i n a t i o n  g r a d i e n t e  

the accentuation o f  the  
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Physical  models have been given uhich can perform t h i s  computation 

e f f i c i e n t l y  i n  p a r a l l e l  layers of  simple networks. The method has been 

s imulated and appl ied t o  a number of  images. The method grew out o f  an 

at tempt  t o  extend Land's method to  tuo dimensions and f i l l s  the need f o r  

a l i gh tness  judging process i n  h i s  ret inex theory o f  co lo r  perception. 

The p o s s i b i l i t y  o f  processing an image i n  such a p a r a l l e l ,  s imple 

fash ion  without higher-level understanding of the ecene re in fo rces  my 

b e l i e f  t h a t  such low-level processing i s  o f  importance i n  dea l ing  w i t h  a 

number o f  features o f  images. Amongst these are shading, stereo 

d i s p a r i t g ,  focus, edge detection, acene segmentation and motion 

para  l lax. Some o f  t h i  8 k ind  of processing may actuai  l y tiappen in  the  

pr imate  r e t i n a  and visual  cortex. The impl icat ions fo r  image ana lys i s  

a r e  t h a t  i t may we1 l be that a number of  such pre-processing operat i on8 

should be performed automatical ly for  the uhole image t o  accentuate o r  

e x t r a c t  c e r t a i n  a t t r i b u t e s  before one brings t o  bear the more powerful, 

b u t  ted ious and slow sequential goal-directed methods. 
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