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ABSTRACT. Compl i c a t e d  systems wi t h  non-1 i n e a r  t ime -va ry i  ng behav io r  a r e  
d i f f i c u l t  t o  c o n t r o l  us i ng  c l a s s i c a l  1  i n e a r  feedback methods appl  fed  
sepa ra te l y  t o  i n d i v i d u a l  degrees o f  freedom. A t  t h e  present ,  mechanical 
man ipu la to rs ,  f o r  example, a r e  l i m i t e d  i n  t h e i r  r a t e  o f  movement by t h e  
i n a b i  1  i ty o f  t r a d i t i o n a l  feedback systems t o  deal  w i t h  t ime -va ry i ng  
i n e r t i a ,  t o rque  coup1 i n g  e f f e c t s  between 1 i n k s  and C o r i o l  i s  forces.  
Ana lys is  of t h e  dynamics o f  such systems, however, p rov ides  t he  bas i c  
i n fo rma t i on  needed t o  ach ieve adequate c o n t r o l .  

Implementat ion o f  a  c o n t r o l  system based on such a n a l y s i s  i s  
n o t  s t r a i gh t f o rwa rd ,  however, s i nce  i m p r a c t i c a l  amounts of  computat ion 
o r  memory may be c a l l e d  f o r .  We propose a new method t h a t  balances t h e  
t r a d e - o f f  between computat ional  and s to rage  cos ts .  The a c t u a t o r  torques 
r e q u i r e d  t o  move a  man ipu la to r  a long  a  t r a j e c t o r y  a r e  c a l c u l a t e d  us ing  
c o e f f i c i e n t s  found i n  a  look-up t a b l e  indexed by t h e  c o n f i g u r a t i o n  of 
t h e  man ipu la to r .  Feedback p l ays  o n l y  an i n d i r e c t  r o l e  i n  c o r r e c t i n q  f o r  
smal l  d i f f e r e n c e s  between t h e  s t a t e  o f  t h e  a c t u a l  dev i ce  and t h a t  o f  a  
dynamic model. 

Th i s  r e p o r t  descr ibes  research  done a t  t h e  A r t i f i c i a l  I n t e l l i g e n c e  Labora to ry  
o f  t h e  Massachusetts I n s t i t u t e  o f  Techno1 oqy. Support  f o r  t h e  1  abo ra to r y  ' s 
a r t i f i c i a l  i n t e l l i g e n c e  research  i s  p rov ided  i n  p a r t  by t h e  Of f ice o f  Naval 
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MOTIVATION. 

The appl ication of industrial manipulators to  parts transfer i s  s t i  11 

limited by the i r  high cost. A useful figure of merit for such a device i s  

the r a t io  of the number of operations i t  can perform per unit  time to  i t s  

cost. The more cycles the manipulator performs per unit time, the 

more rapidly i t  will pay back the investment. There i s ,  we believe, a 

threshold fo r  th is  figure of merit above which the application of 

machine manipulation to  a wide variety of tasks becomes economically 

feasible.  If the figure of merit were to  r i s e  above th i s  threshold, the 

increase in feasibi l  i ty would make mass production of manipulators 

possible, resulting in further drops in unit  cost and yet wider application. 

I t  i s  unlikely tha t  th i s  revolutionary sequence of events will be 

triggered by a reduction in the cost of manipulators, since the technology 

for  building re1 iable devices in the numbers now used appears f a i r l y  s table .  

I t  i s  possible, however, to  decrease task cycle times w i t h  equally dramatic 

resu l t s .  Decreasing cycle time means increasing the ra te  of manipulation -- 
the speed the arm moves during transfer and during manipulation. 

Presently, many mechanical- manipulators are  1 imi ted by the i r  control lers .  

Such systems typically employ simple, fixed analog servo loops closed 

separately around each degree of freedom. Though sui table  for  control of 

a se t  of independent second-order systems w i t h  fixed iner t ias  and damping, 

such control i s  not appropriate fo r  devices with non-linear, time-varying 

behavior. Performance i s  adequate a t  low speeds provided the actuators a re  

strong enough and the properties of the devices do not change too dramatically 

with configuration. A t  higher speeds, however, problems are  caused by: 



(1 ) Varying e f fec t ive  moments of i n e r t i a ,  

( 2 )  Torque coupling between degrees of freedom, and 

(3) Coriol i s  forces proportional t o  vel oci ty product terms. 

Naturally, other fac to rs ,  such as the  mechanical s t rength  of the device 

and the power avai lable  from the ac tua to rs ,  a l so  l i m i t  ul timate performance. 

For many manipulators, however, these a r e  not t he  l imi t ing f ac to r s .  



BACKGROUND. 

Mechanical manipulators used fo r  p a r t s  t r a n s f e r  t y p i c a l l y  cons i s t  o f  

r i g i d  components, c a l l e d  l i n k s ,  at tached t o  each o ther  a t  j o i n t s ,  each j o i n t  

being powered by an ac tua to r  (see fo r  example f i g u r e  1  ) . Measurements o f  

j o i n t  p o s i t i o n  and v e l o c i t y  a r e  a v a i l a b l e  t o  the  c o n t r o l  system t h a t  

suppl i e s  commands t o  the actuators.  Most commonly, manipulators a re  at tached 

t o  a  f i x e d  base a t  one end and c a r r y  a  te rmina l  device o r  t o o l  a t  the  o ther .  

The t ime-vary ing ac tua to r  commands a r e  in tended t o  cause t h i s  te rmina l  device 

t o  fo l low a  g iven t r a j e c t o r y  through space. 

Many arrangements of l i n k s  and j o i n t s  a re  possib le;  i n  t h i s  paper, we 

concentrate on a  kinematic cha in  arranged i n  a  popular s e r i a l  o r  cascaded 

s t r u c t u r e  us ing r o t a r y  j o i n t s .  This  choice a l lows us t o  be concrete and 

t o  avo id  repeated use o f  phrases such as " j o i n t - a n g l e  o r  j o in t -ex tens ion "  

and "ac tua to r  torque o r  a c t u a t o r  force". S i m i l a r  methods apply t o  devices 

w i t h  l i n e a r  motions and t o  those w i t h  p a r a l l e l  degrees o f  freedom. 

The p a r t i c u l a r  device shown i n  f i g u r e  1  was designed and b u i l t  by 

V i c t o r  Scheinman f o r  the  A r t i f i c i a l  I n t e l l i g e n c e  Laboratory [I]. It has 

s i x  degrees of freedom, the minimum necessary t o  reach p o i n t s  i n  the  work 

space w i t h  a r b i t r a r y  o r i e n t a t i o n  o f  t he  terminal  device. This manipulator  

i s  d r i v e n  by s i x  d i r e c t  c u r r e n t  torque motors, and has potent iometers f o r  

j o i n t - a n g l e  measurement and tachometers f o r  j o in t -ang le - ra tes  o r  angular  

v e l o c i t i e s .  The suppor t ing  e l e c t r o n i c s  permi t  d i r e c t  c o n t r o l  o f  motor cur ren ts  

and, consequently, ac tua to r  torques. 



We designate ei  the angle of the i th  jo in t ,  and ii the angular velocity 
. . 

of th is  joint.  Similarly, B i  i s  the angular acceleration and Ti the torque 

applied by the i  t h  actuator. Frequently i t  i s  helpful t o  group values for  

a1 1 degrees of freedom using vector notation. Thus for  a  system with n 

degrees of freedom, we call  9 the configuration, where: - 

Similarly, we refer to the combination of 8 and 8 as the s t a t e ,  where: 
.% * 

The torque vector is similarly defined as 

With th i s  notation we see that  the function of the control system i s  to 

produce appropriate actuator torques T ( t ) ,  so that  the actual jo in t  - 
angles, e a ( t ) ,  - follow a given trajectory of desired jo in t  angles, e d ( t )  - 
(see figure 2 ) .  We will see l a t e r  that  this  task may a t  times be simplified 

i f  the control system also has access to both actual angular veloci t ies ,  
' a ' d 
8 ( t )  , as we1 1 as desired angular veloci t ies ,  8 ( t )  . 
..' .w 



A SYSTEM WITH ONE D E G R E E  OF FREEDOM. 

To introduce some of the notions used l a t e r  on, l e t  us consider a very 

simple system i l lus t ra ted  in figure 3 -- a one degree-of-freedom 

"manipulator". Here a motor produces a torque, T, which drives a shaft .  The shaft  

carr iesarodofmassmand length R. The angular departure from vert ical ,  8 ,  

i s  measured by a potentiometer, while a tachometer measures the angular 

velocity, 6 .  Clearly the system i s  governed by an equation of the form 

where I = m g L / 3 ,  g i s  the acceleration due to gravity and k = (me/Z)g. 

A typical control system for  such a second-order system i s  shown i n  f igure 4 .  

Here, 

where the superscripts denote desired and actual values, while a and B 

are parameters yet  t o  be determined. Combining the two equations we find 

d I f  the actual angle, g a y  i s  to  follow the desired angle 6 closely,  a >> k .  

In this  case, the poles of the system are approximately a t  the roots of the 

polynomial 



That i s ,  

- 

The speed of response of the overall system depends on ; so, for 
rapid response, a sqould be large. 

To obtain good damping of t ransient  osci l la t ions,  we choose 6 so that  

B = 2 m. The de ta i l s  of this  are  not very important other than to 

show that  such feedback systems can achieve adequate control of simple 

second-order mechanical systems and that  the parameters of the feedback 

system must be chosen by considering the parameters of the system i t s e l f .  

When system parameters change, - a different  se t  of feedback parameters 

i s  used to provide best performance. 

I f  the parameters of the system vary greatly and the control system 

i s  n o t  a1 tered, unsatisfactory performance can be anticipated. This may 

take the form of sluggish response, excessive overshoot, o r  undamped 

osci l la t ions.  



INVERSE SYSTEMS. 

Analys is  o f  t he  dynamics of a system o f t e n  leads t o  equations t h a t  can 

be used t o  implement an " inverse"  system. The system o r i g i n a l l y  analyzed 

can be viewed as an analog computer f o r  c a l c u l a t i n g  p o s i t i o n  (and i t s  

d e r i v a t i v e s )  g iven ac tua to r  outputs,  w h i l e  the inverse  system computes 

ac tua to r  outputs from p o s i t i o n  (and i t s  d e r i v a t i v e s ) .  A s imple i l l u s t r a t i o n  

w i l l  make t h i s  c lea r .  

A one degree-of-freedom system was shown i n  f i g u r e  3, governed by the  

equat ion 

This sys tem can be viewed as an ana 

T 

l o g  computer so l  v i ng  t h i s  d i f f e r e n t  i a l  

equat ion f o r  9 ( t ) ,  g iven the  i n p u t  T ( t ) .  I f  the  constants i n  the equat ion 

are  known, one can t u r n  t h i s  ana lys i s  around and c a l c u l a t e  the  values o f  

torque, T ( t )  , needed t o  achieve the des i red  j o i  n t -angl  e v a r i a t i o n s  w i  t h  

t ime, ~ ( t ) .  This  inverse  procedure i s  impor tan t  i n  s o l v i n g  the  c o n t r o l  

problem. An open-loop c o n t r o l  system based on t h i s  n o t i o n  i s  shown i n  



f i g u r e  5a. We w i l l  take  up l a t e r  t h e  ques t i on  of  e r r o r s  i n  t r a j e c t o r y  

which r e s u l t  f rom smal l  d i f f e rences  between t h e  ac tua l  system and t h e  

model used i n  d e r i v i n g  the  i n v e r s e  system. For  now, no te  t h a t  i n  v iew 

o f  t h i s  p o s s i b i l i t y  t h e  a c t u a l  s t a t e  o f  t h e  system should be used i n  

t h e  i nve rse  c a l c u l a t i o n  r a t h e r  than t h e  d e s i r e d  s t a t e  (see f i g u r e  5b).  

Wi th  t h i s  m o d i f i c a t i o n ,  the  i nve rse  system takes as i t s  pr ime i n p u t  t he  

angu la r  acce le ra t i on ,  and produces a c t u a t o r  to rque  as i t s  ou tpu t .  

The s t r a i g h t f o r w a r d  k i n d  o f  c o n t r o l  based on an i n v e r s e  system and il- 

l u s t r a t e d  here a p p l i e d  t o  a  l i n e a r ,  t i m e - i n v a r i a n t ,  one degree-of- f reedom 

system, w i l l  now be extended t o  c o n t r o l  o f  more complex systems such as 

man ipu la to rs .  Before we can do t h i s ,  we have t o  understand t h e  dynamics 

of these dev ices.  Considerable work has been done i n  t h i s  area as can be 

seen f rom re fe rences  [ Z ,  3, 4, 5, 6, 7, 81 f o r  example. 



DYNAMICS OF MANIPULATORS. 

The most d i r e c t  rou te  lead ing  t o  a d e t a i l e d  understanding o f  t h e  dynamics ' 

o f  a complex mechanical system §uch as a manipulator  i s  an ana lys i s  based on the  

E u l  er-Lagrange equat ions [8], 

Here the  qi represents genera l i zed coordinates,  Qi genera l i zed fo rces  and L i s  

the Lagrangian, o r  " k i n e t i c  p o t e n t i a l " ,  

where K i s  the  k i n e t i c  energy and P the  p o t e n t i a l  energy o f  t h e  whole system. 

In our case t h e  most convenient general ized coordinates are the  j o in t -ang les ,  

i , and then the  general ized forces become t h e  ac tua to r  torques Ti. Fur ther -  

more, s ince  the  p o t e n t i a l  energy i s  a f u n c t i o n  of j o in t -ang les  on ly ,  i t  i s  con- 

ven ien t  t o  separate the  c a l c u l a t i o n  o f  torques requ i red  t o  compensate f o r  g r a v i -  

t a t i o n a l  forces, 

from the  c a l c u l a t i o n  of torques requ i red  t o  support t h e  mot ion if g r a v i t y  wece 

n o t  present  



Also, since the total  kinetic energy i s  the sum of the kinetic energies of 

each of the l inks,  i t  i s  helpful t o  separate the calculation into components 

of the form, 

where 

the j 

Ti j i s  the torque required of the i th  actuator to  support the notion of 

t h  l ink. The total  torque required a t  each actuator i s  then obtained by 

summation of these terms. 

The derivation of the Euler-Lagrange equations requires di f f icul  t mathe- 

matical arguments; however the use of these equations i s  straightforward. 

Appl ication of these equations to  manipulator control was pioneered by Uicker 

Pieper, Kahn and Paul [5, 6, 7,  81. A practical d i f f icu l ty  i s  the potentially 

explosive growth in a1 gebraic manipulation that  accompanies analysis of 

systems w i t h  several degrees of freedom. A computer system such as MACSYMA 

[9] ,  able to  carry out manipulations of symbolic mathematical expressions i s  

very helpful in these cases. 

Much of the ea r l i e r  work on th is  problem made use of a general representa- 

t ion,  w i t h  a coordinate system erected in each 1 ink and matrices describing 

the transformations between coordinate systems of connected l inks [5, 6,  7 ,  81. 

While perfectly general, t h i s  kind of analysis leads t o  very complicated re- 

su l t s  and the need t o  perform thousands of arithmetic operations in order to  

calculate required joint-torques. All hope of performing these calculations 

in real-time was abandoned as a resu l t .  



ILLUSTRATION USING THE SINGLE DEGREE-OF-FREEDOM SYSTEM. 

1 For the  system shown i n  f i g u r e  3, i t  i s  c l e a r  t h a t  K = - 1 i 2  and P = k cose, 2 

SG t h a t  

Consequently, 

g ives us 

T = I; - k s ine 

as before.  Here, o f  course, l i t t l e  i s  gained by us ing  t h i s  method. I t  i s ,  

however, i nva luab le  f o r  complex devices. 



DYNAMICS OF A THREE-LINK DEVICE. 

Recent work has shown t h a t  some dev ices  can be analyzed e a s i l y  i f  c a l -  

c u l a t i o n s  use j o i n t - a n g l e s  d i r e c t l y  and i f  l i n k s  a r e  model l e d  as t h i n  rods [ l o ,  

11, 12, 131. As an example, we p resen t  t h e  r e s u l t s  f o r  a  t h r e e - l i n k  dev i ce  

w i t h  o f f s e t s  shown i n  f i g u r e  6 .  Th i s  corresponds t o  t h e  f i 1 7 s t  t h r e e  j o i n t s  

of t h e  a m  discussed e a r l i e r ,  shown i n  f i g u r e  1. 



Here el , e2, e3 are the  lengths o f  the th ree  l i n k s .  The u p r i g h t  column i s  

modelled as a  c y l i n d e r  w i t h  i n e r t i a  I1 about i t s  a x i s ,  w h i l e  t he  o the r  two l i n k s  

are modelled as t h i n  rods o f  mass m2 and m3 respec t i ve l y .  An o f f s e t  o f  S 2  

occurs between the  long a x i s  of t he  u p r i g h t  column and the  plane i n  which the  

second l i n k  ro ta tes .  A s i m i l a r  o f f s e t  S~ separates the  plane i n  which l i n k  3  

r o t a t e s  from t h i s  v e r t i c a l  a x i s  (see f i p u r e  6 ) .  
8""9 



A shorthand notation i s  used for  trigonometric terms. That i s ,  

ci = cos(e i )  s i  = sin ( e i )  

and 

. . 
The terms containing X l ,  e 2  or 'e' are iner t ia l  torques (required to  ac- 3 

ce1 erate  the 1 inks) , while terms containing angular vel oci ty products of the 

form 9 . 6 .  are Coriolis force components. The third class of terms contain g ,  
J 

the gravitational constant, and are thus the torques required to  compensate 

for  the gravitational load. 

Roughly a hundred arithmetic operations are  required t o  calculate the re- 
e 

quired joint  torques given joint  angles, 0 ,  and angular r a t e s ,  2 ,  as well as 
," . . 

desired accelerations, 6. Such a  d i rec t  calculation might be used as the 

basis of a  control system. In f a c t ,  i f  6* and 6 3  are zero, several terms 

f a l l  out and the calculation becomes simpler. I f ,  on the other hand, 

we consider a  device with e i ther  more degrees of freedom or links that  have to  

be model led by fu l l  iner t ia  matrices, instead of the diagonal form appropriate 

to thin rods, then these calculations become quite intractable (For an example, 

see appendix A in reference [ 7 ] ) .  



WHY THE STRAIGHTFORWARD CONTROL METHOD FAILS. 

I f  we l o o k  a t  t h e  equat ions f o r  t he  a c t u a t o r  torques we see t h a t  they  

have some c h a r a c t e r i s t i c s  t h a t  make c o n t r o l  more complex than i t  i s  f o r  a  

s imp le  one degree-of- f reedom second-order system. F i r s t  o f  a l l ,  t he  
. . 

c o e f f i c i e n t s  o f  ei i n  the  express ion f o r  Ti a r e  n o t  cons tan t ,  i n d i c a t i n g  

v a r i a b l e  e f f e c t i v e  i n e r t i a .  O r d i n a r i l y ,  as we have seen, the feedback 

c o e f f i c i e n t s  a re  cons tan ts  tuned f o r  p roper  ope ra t i on  a t  some f i x e d  i n e r t i a ,  

so c o n t r o l  w i l l  n o t  be good f o r  i n e r t i a s  very  d i f f e r e n t  from t h i s  des ign  

va lue.  
. . 

Next, one sees t h a t  t h e r e  a r e  terms c o n t a i n i n g  e i n  t h e  express ions 
j 

f o r  Ti, when i f j. Th is  cross-coup1 ing ,  too, may produce problems s i n c e  

a c c e l e r a t i o n s  o f  one j o i n t  r e q u i r e  coord ina ted  torques a t  a l l  j o i n t s .  Loops 

c l osed  sepa ra te l y  around each j o i n t  cannot  eas i  1y dea l  w i t h  t h i s  problem. 

F i n a l l y  one sees numerous C o r i o l i s  f o r c e  terms, m u l t i p l e s  o f  p roduc ts  

o f  j o i n t - a n g l e - r a t e s .  A t  h i g h  speeds, these dominate t he  i n e r t i a l  and 

g r a v i t a t i o n a l  torques, and a c t u a t o r  torques produced by t r a d i t i o n a l  

c o n t r o l  systems may n o t  be a p p r o p r i a t e  f o r  s t a b l e  c o n t r o l .  Such problems 

become most s i g n i f i c a n t  f o r  l ong  movements, when v e l o c i t i e s  can b u i l d  up 

t o  a  p o i n t  where v e l o c i t y  p roduc t  terms exceed a c c e l e r a t i o n  terms. 



FORM OF THE EQUATIONS OF MOTION. 

We now examine the form of the equations for the actuator torques in 

an attempt to  find a reasonable computing scheme for  control of such a 

device. Clearly each torque i s  a function of joint  angles, .. 8, angular . . 
rates - 8 ,  and angular accelerations, 0 .  * One approach then i s  to  calculate 

the required actuator torques direct ly  from the equations; techniques 

used by Paul a re  similar to  this  [8]. I n  most cases, however, t h i s  approach 

involves an inordinate amount of computing time and drast ic  simp1 if icat ions 

have to be introduced to make this  a t  a1 1 feasible [8]. 

The other extreme i s  based on a look-up table indexed on 0 ,  6 and 0 .  
.- .. % .-d 

Each of the dimensions i s  quantized into rn intervals.  No calculation i s  

required, b u t  the look-up table has 3 n dimensions fo r  a device with n 

degrees of freedom and i s  thus quite unmanageable even when each dimen- 

sion i s  quantized coarsely, that  i s ,  when m i s  small. If  we use the 

convention that  subscripts correspond to variables with discrete  se ts  of 

values, then we nay r eyesen t  th i s  scheme by the equation 

where the values of Fi  are  pre-calculated for  a discrete s e t  of values of 

0 ,  6 and 0 ,  and stored in a table [14]. Albus' manipulation scheme i s  
* - * 

similar t o  this  [16]. 

Fortunately, however, the torques are  l inear  functions of the 

accelerations, as we have seen, and the equation can be rewritten in the 



form 

This leads t o  a second implementation, us ing  one look-up t a b l e  fo r  Ki and one 

f o r  Ii j ,  both indexed on 5 and 6. These tab les  a r e  now o n l y  o f  dimension 2n. 

The computation requ i red  a f t e r  t a b l e  look-up i s  simp1.e. namely n m u l t i p l i c a t i o n s  

and add i t i ons  per  j o i n t .  R a i l ~ e r t ' s  manipulator  c o n t r o l  schemes a re  based on 

a s i m i l a r  f o rmu la t i on  of the problem [16,17]. He der ives  the  t a b l e  e n t r i e s  by 
- 

" lea rn ing "  r a t h e r  than c a l c u l a t i o n  from the  model -- t h a t  i s ,  the  manipulator  

performs t e s t  motions t o  est imate exper imenta l ly  the  m u l t i p l i e r s  Ki and Iij. 

I n  general the  look-up tab les  a re  s t i l l  too l a r g e  t o  be use fu l .  ( I n  the  

equat ion above, the  i n e r t i a l  terms Iij a r e  w r i t t e n  as funct ions o f  both angles 

and angular ra tes  t o  i n d i c a t e  the index ing  of look-up tab les  i n  t h i s  scheme. 

I n  f a c t ,  the i n e r t i a l  terms do n o t  depend on the  angular ra tes ,  something we 

w i l l  e x p l o i t  nex t . )  



CONFIGURATION SPACE CONTROL. 

I t  t u r n s  o u t  t h a t  t h e  equat ions have a  r a t h e r  spec ia l  form [ 8, 101 and can 

be w r i t t e n  as 

n  n  n  
Ti = Gi(" + I i j ( e )  8.  + 1 1 C . .  ( 6 ) i . b  

j = 1  - J j ; l  k ; j  ' J k -  J k  

Th i s  i s  a  consequence of t h e  form o f  t h e  express ions f o r  t h e  Lagrangian. 

Here, Gi i s  t h e  g r a v i t y  compensation, Iij a r e  i n e r t i a l  terms and Cijk a r e  

C o r i o l i s  force c o e f f i c i e n t s .  Each o f  these i s  a  po lynomia l  i n  t h e  s ines  and 

cos ines of t h e  j o i n t - a n g l e s ,  t h e  l i n k  l eng ths  and masses. C l e a r l y  these 

cou ld  be p re -ca l cu la ted  and s t o r e d  i n  lookup  t a b l e s  indexed on $. .# Such tab1 es 

would be o f  dimension n  and thus manageable i n  terms o f  s to rage  space. A 

1  i t t l e  more c a l c u l a t i o n  i s  requ i red ;  namely, n ( n  + 1 ) / 2  + n  m u l t i p l i c a t i o n s  

and n(n+l  ) /2+n a d d i t i o n s  p e r  j o i n t .  We c a l l  t h i s  method c o n f i g u r a t i o n  space c o n t r o l ,  

s i nce  t h e  look-up t a b l e  i s  indexed on 8, t h e  c o n f i g u r a t i o n  o f  t he  man ipu la to r .  
.w 

We should immediate ly  add, t h a t  w h i l e  nomina l l y  t h e r e  a r e  n  dimensions 

i n  c o n f i g u r a t i o n  space, some economy o f  s t o rage  i s  p o s s i b l e  by n o t i n g  t h a t  t he  

Iij and Cijk terms a r e  n o t  f u n c t i o n s  o f  t h e  p o s i t i o n  o f  t h e  f i r s t  j o i n t ;  t h a t  

connec t ing  t h e  man ipu la to r  t o  i t s  base. I f  i n  a d d i t i o n  t h e  a x i s  o f  t h i s  j o i n t  

i s  para1 l e l  t o  t h e  g r a v i t y  v e c t o r  (as i s  o f t e n  t h e  case),  t h e  Gi term i s  a l s o  

independent o f  t h e  p o s i t i o n  o f  t h e  f i r s t  j o i n t .  Furthermore, i f  t h e  impo r tan t  

masses i n  t h e  l a s t ,  o r  h i ghes t  numbered l i n k ,  t he  t e rm ina l  dev ice,  a r e  

symmet r i ca l l y  d i s t r i b u t e d ,  then t he  equat ions o f  mot ion do n o t  depend on t h e  

p o s i t i o n  o f  t he  l a s t  j o i n t  e i t h e r .  I f  bo th  these c o n d i t i o n s  a r e  t r ue ,  t h e  s t o r e d  



tab les  need on l y  be of dimension ( n  - 2), a  considerable saving. Fur ther  

simp1 i f i c a t i o n s  may apply t o  s p e c i f i c  classes o f  manipulators.  

S i m i l a r l y ,  the storage requ i red  per  t a b l e  en t r y  can be economized 

when i t  i s  r e a l i z e d  t h a t  the i n e r t i a  m a t r i x  i s  symmetric, t h a t  on ly  the  

upper h a l f  of  the  Cor io l  i s  f o rce  c o e f f i c i e n t  m a t r i x  i s  needed, and t h a t  

there  e x i s t  r e l a t i o n s h i p s  between the coe f f i c i en ts  Ci jk and Ckji [41. I t  takes a  

1  i t t l e  more work t o  e x p l o i t  the  f a c t  t h a t  f o r  a  g iven manipulator  geometry 

many o f  these c o e f f i c i e n t s  a re  a c t u a l l y  zero, o r  so smal l  as t o  be n e g l i g i b l e ,  

as can be seen from the  equations we presented e a r l i e r  f o r  a  th ree  l i n k  

device (where o n l y  10 o f  a  poss ib le  18 terms -- were non-zero). 

We have now explored a  spectrum o f  methods f o r  computing the requ i red  

j o i n t  torques (see f i g u r e  7 ) .  I t  i s  our  content ion  t h a t  both ends o f  the  

spectrum represent  techniques which a r e  imprac t i ca l  and t h a t  t he  c o n f i g u r a t i o n  

space method provides a  near optimum balance between storage and computational 

costs.  Note f o r  example t h a t  s t a t e  space c o n t r o l  requ i res  more storage capac i ty  
- 

than c o n f i g u r a t i o n  space c o n t r o l  f o r  any system w i t h  n  > 1  and rn > 1. 

The not ions  o f  the  inverse  system and c o n f i g u r a t i o n  space look-up 

can now be brought together  i n  an o v e r a l l  system 1  i ke t h a t  shown i n  f i g u r e  8. 

I f  one does n o t  take advantage o f  the  economies mentioned above, then 

2  about n  (n  + 3) /2  mu1 t i p l i c a t i o n s  and add i t i ons  a re  requ i red  per  c a l c u l a t i o n  

cyc le .  If each dimension i s  quant ized i n t o  m sect ions, then the  look-up 

tab1 e  has a  t o t a l  o f  [n (n+l  ) (n+2) / 2 1  mn numeric e n t r i e s .  These numbers a r e  1  arge, 

bu t  manageable, e s p e c i a l l y  i n  view o f  recent  trends i n  t he  cos t  of computer 

storage. 



MISMATCHES BETWEEN THE DYNAMIC SYSTEM AND THE MODEL. 

Glancing a t  f i g u r e  8, one n o t i c e s  t h a t  t h e  i n p u t  t o  t he  system i s  t h e  

angu la r  acce le ra t i on ,  presumably supp l i ed  by a  t r a j e c t o r y  p lanner .  

I n t u i t i o n  suggests t h a t  such a  system i s  l i k e l y  t o  s u f f e r  from t h e  ill 

e f f e c t s  o f  approximate numerical  d i f f e r e n t i a t i o n  and i n  general  behave 

i n  a  f ash ion  t h a t  has t h e ~ ~ a c t u a l  j o i n t - a n g l e s  d r i f t i n g  away f rom t h e  

d e s i r e d  j o i n t  angles.  The r a t e  o f  accumulat ion o f  e r r o r s  w i l l  depend on 

how accura te  an i n v e r s e  one can b u i l d  t o  t h e  dynamic system. For low 

speed movement i t  appears t h a t  t he  1 i m i  t i n g  f a c t o r  i n  t h i s  r ega rd  w i l l  

be f r i c t i o n ,  which tends t o  be bo th  d i f f i c u l t  t o  p r e d i c t  and n o t  a  

repea tab le  f u n c t i o n  o f  j o i n t  angles and angu la r  v e l o c i t i e s .  Th is  suggests 
- 

t h a t  we have t o  augment the  e l egan t  open-loop system w i t h  sub-systems 

capable of  c o r r e c t i n g  f o r  smal l  depar tures of t he  ac tua l  t r a j e c t o r y  f rom 

the  des i r ed  one. 

Some form o f  nega t i ve  feedback i s  needed. Note, however, t h a t  

feedback p lays  q u i t e  a  d i f f e r e n t  r o l e  here  than i t  d i d  i n  t he  s imp le  

c o n t r o l  system shown e a r l  i e r  f o r  a  second-order dynamical system. I n  

t h a t  s i t u a t i o n ,  feedback produces t h e  a c t u a t o r  fo rces :  e r r o r  s i g n a l  a r e  

i n  some sense t he  pr ime movers. Here feedback i s  added o n l y  t o  c o r r e c t  

f o r  m inor  depar tures o f  t he  dynamical system f rom t h e  model used i n  

d e r i v i n g  the  i n v e r s e  system, w i t h  t he  main component o f  a c t u a t o r  to rque  

coming f rom t h e  open-loop c a l c u l a t i o n .  For t h i s  reason t h e  des ign o f  t h i s  

feedback system i s  much l e s s  c r i t i c a l ,  w i t h  smal l  feedback ga ins accep tab le  
F -- 

and consequent ly t h e r e  need by l i t t l e  concern over  s t a b i l i t y .  



INTRODUCTION OF CORRECTIVE FEEDBACK 

There are a  number of a l t e r n a t e  ways of i n t r o d u c i n g  feedback t o  

c o r r e c t  f o r  the  departures of ac tua l  p o s i t i o n  discussed i n  the  prev ious 

sec t ion .  Perhaps the most obvious has c o r r e c t i o n s  p ropo r t i ona l  t o  t he  

e r r o r s  app l i ed  t o  the  i n p u t s  of t h e  dynamic system (see f i g u r e  9 ) .  That 

i s ,  the  ac tua to r  torque now i s  t he  sum o f  t he  c a l c u l a t e d  open-loop torque 

requ i red  t o  fo l l ow  the  t r a j e c t o r y  and terms p ropo r t i ona l  t o  e r r o r s  i n  

p o s i t i o n  and v e l o c i t y .  Such a  system would d i f f e r  f rom the  t r a d i t i o n a l  

c o n t r o l  system in t h a t  t he  i n p u t  i s  f i r s t  passed through the  inverse  sys- 

tem and t h a t  t he  feedback gains would be much smal ler .  To some ex ten t ,  

t h i s  k ind  o f  system would however s u f f e r  from some o f  the short-comings 

o f  the  t r a d i t i o n a l  system, unless these feedback gains were a t  l e a s t  ad- 

j u s t e d  according t o  the  c u r r e n t  con f i gu ra t i on .  

I f  s u i t a b l e  cos ts  can be associated w i t h  departures from the  c o r r e c t  

t r a j e c t o r y  and i f  cos ts  can be assigned t o  c o n t r o l  i npu ts ,  then opt imal  

t ime-vary ing feedback gains can be determined us ing  the  techniques of modern 

c o n t r o l  theory [ 1 8 1 .  I n  a  system w i t h  more than one degree of freedom, one 

has t o  use a  feed-back ma t r i x .  This  t oo  cou ld  be convent iona l ly  obta ined 

from a  look-up t a b l e  indexed on the  conf igura t ion .  

A d i f f e r e n t  system can be obta ined by app ly ing  the e r r o r  s igna ls  t o  the  

i npu ts  t o  the  inverse  system ins tead  (see f i g u r e  10) .  This  has several  ad- 

vantages. F i r s t ,  t he  i n p u t  t o  the  o v e r a l l  system from t h e  t r a j e c t o r y  p lan-  

ner  i s  now composed o f  the j o i n t  angles and the angular  v e l o c i t i e s  ins tead 

o f  the  angular acce lera t ions .  Secondly, t h i s  system can be analyzed more 

r e a d i l y .  For example, i f  the  inverse  system r e a l l y  i s  an exact i nve rse  f o r  



t h e  dynamic system, then t h e i r  cascade connec t ion  i s  s imp l y  an i d e n t i t y  

system. I n  t h i s  case, t h e  o v e r a l l  system degenerates i n t o  an o r d i n a r y  

l i n e a r ,  t i m e - i n v a r i a n t  second-order system. The des igner  can now f r e e l y  

choose t he  response by p i c k i n g  t h e  ga ins  a and B - t h a t  i s ,  t h e  po les  

can be a r b i t r a r i l y  assigned. 

Noteworthy i s  t h e  l i n e a r i z a t i o n  and decoupl ing o f  degrees o f  f r e e -  

dom ob ta ined  i n  t h i s  f ash ion  [19].  I n  a  system w i t h  more than one degree 

of freedom, feedback can now be a p p l i e d  sepa ra te l y  t o  i n d i v i d u a l  degrees 

of freedom, t h a t  i s ,  a  feedback m a t r i x  i s  - n o t  requ i red .  Furthermore, t h e  

feedback ga ins  do n o t  depend on t h e  c o n f i g u r a t i o n  and can be f i x e d .  A r e -  

main ing a n a l y t i c  d i f f i c u l t y  i s  t h e  de te rm ina t i on  o f  t h e  e f f e c t s  o f  smal l  

- 
di f fe rences  between t h e  ac tua l  dev ice  and t h e  dynamic model used i n  t h e  

d e r i v a t i o n  o f  t he  i n v e r s e  system. 

SUMMARY AND CONCLUSIONS 

S t r a i g h t f o r w a r d  feedback c o n t r o l  i s  unable t o  deal  c o r r e c t l y  w i t h  

va ry i ng  e f f e c t i v e  i n e r t i a s ,  j o i n t  to rque  c o u p l i n g  and C o r i o l i s  forces 

encountered i n  high-speed movements o f  mechanical man ipu la to rs .  The p re -  

c i s i o n  o f  man ipu la t i on  f o r  s lower  movement i s  s i m i l a r l y  l i m i t e d .  Ana l ys i s  

of t h e  dynamics o f  t h e  k inemat ic  c h a i n  leads  t o  equat ions rep resen t i ng  an 

i nve rse  system, ab le  t o  compute r e q u i r e d  j o i n t  torques f rom des i red  j o i n t  

a c c e l e r a t i o n s  g i ven  t h e  s t a t e  o f  t he  dev ice .  U n f o r t u n a t e l y  t h i s  computa- -- 
t i o n  i s  q u i t e  unwie ldy and e s s e n t i a l l y  use less  f o r  r e a l  t ime  c o n t r o l  of 

dev ices w i t h  more than two o r  t h r e e  degrees o f  freedom. On t h e  o t h e r  hand, 



performing the computation completely by look-up in a table indexed on 

the s t a t e  of the device leads to  a requirement for  excessive amounts 

of memory. 

A compromise on th i s  space-time trade-off i s  a method based on 

configuration-space look-up tables.  These precomputed tables are  of 

manageable s ize and the computations performed using the en t r ies  found 

there are relat ively straightforward. Each computational cycle requires 
2 about n ( n  + 3) / 2 arithmetic operations for a device w i t h  n degrees of 

freedom. The total  s ize  of the look-up table for  th is  computation i s  

less  than [n (n + 1 )  ( n  + 2 )  / 21  mn i f  each dimension i s  quantized into 

m segments. 
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1. O u t l i n e  drawing of  t h e  MIT-AI-VICARM e l e c t r i c  man ipu la to r .  Th is  i s  a  

t y p i c a l  computer c o n t r o l l e d  dev ice  w i t h  s i x  degrees o f  freedom, DC 
to rque  motor ac tua to rs ,  po ten t iometers  f o r  p o s i t i o n  readout  and 

tachometers f o r  the  de te rm ina t i on  o f  angu la r  v e l o c i t i e s .  



STICK 

.- -. . 

3. Simple one degree-of-freedom mechanical system used t o  i l l u s t r a t e  

c o n t r o l  schemes. The c o n t r o l  system has access t o  the  angle of r o t a t i o n  

o f  the  s h a f t  as w e l l  as t he  angular  v e l o c i t y  and i n  t u r n  c o n t r o l s  the 

motor to,rque. 
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5a. Block-diagram of open-loop control using an inverse system. 

5b .  Block-diagram of mdif ied  open-loop control using actual s t a t e  ra ther  

than predicted s t a t e  in the calculation of the inverse. 
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Geometry of a three degree-of-freedom manipulator. This 

diagram of the f i r s t  three degrees of freedom of the dev 

figure 1 ,  o r  the drawing f o r  a "leg" on a locornotory dev 

could be a 

ice shown in 

i c e .  



7. Table of features of the four methods for calculating actuator torque. 

The two extremes of the spectrum do not represent viable computational 
techniques because of excessive computation or storage requirement. 

Configuration space control appears to provide the optimal balance. 
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