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Abstract: In this paper, we derive a closed form solution
for recovering the motion of an observer relative to a planar
surface directly from image brightness derivatives. We do
not compute the optical flow as an intermediate step, only
the spatial and temporal intensity gradients at a minimum
of 8 points. We solve a linear matrix equation for the
elements of a 3x3 matrix. The eigenvalue decomposition
of its symmetric part is then used to compute the motion
parameters and the plane orientation.

1. Introduction

The problem of determining rigid body motion and sur-
face structure from image data has been the topic of many
research papers in the area of machine vision {1-22]. Many
approaches based on tracking feature points [5,11,19,20]
or contours |9}, using optical flow |1,3,4,10,12,16,17,21,22],
texture [2], or image intensity gradients [14,15) have been
proposed in the literature.

In the feature point matching schemes, information
about a finite number of well-separated points is used to

recover the motion (general 8-point 2-frame algorithms of

Longuet-Higgins {11], Tsai and Huang {20], Buxton et al.
[5], and the algorithm of Tsai, Huang and Zhu [19] for
planar surfaces). These methods require identifying and
matching feature points in a sequence of images. The min-
imum number of points required depends on the number
of image frames. With 2 frames, in most cases, a minimum
of 5 points results in a unique solution from a set of non-
linear equations. However, using 8 points, as in algorithms
cited above, one only solves linear equations. Here, it is
assumed that the more difficult problem of establishing
point correspondence has already been solved. In general,
this involves determining corners along contours using iter-
ative searches. For images of smooth objects, it is difficult
to find good features or corners.

For the smooth surfaces, Longuet-Higgins and Prazdny
{11! suggested a method that uses the optical flow and its
first and second derivatives at a single point. Later, Wax-
man and Ullman |21] developed this into an algorithm for
recovering the structure and motion parameters from a
set of nonlinear equations. Subbarao and Waxman [17]
recently found a closed form solution to the original for-
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mulation in |21] for planar surfaces. These methods, while
mathematically elegant, are very sensitive to errors in the
optical flow data since second order derivatives of noisy
data are used.

At the expense of more computation, more robust algo-
rithms have been suggested using the optical flow at every
image point (1,3,4]. Longuet-Higgins [12] has presented a
closed form solution for planar surfaces, very similar to
ours, using the coefficients of the second order optical flow
equations. However, it is assumed that both components
of the flow field have already been computed for a mini-
mum of 5 image points.

By representing a planar surface in the form of a closed
contour, Kanatani [9] has shown that the surface and mo-
tion parameters can be computed by measuring “diame-
ters” of the contour using line and surface integrals. Here,
no point correspondence is required. Assuming that the
planar surface has a uniform texture density, Aloimonos
and Chou {2} have presented a procedure for computing
the motion and surface orientation from texture.

In much of the research work in recovering surface struc-
ture and motion from the optical flow field, it is assumed
that a reasonable estimate of the full optical flow field is
available. In general, the computation of the local flow field
exploits a constraint equation between the local intensity
chhnges and the two components of the optical flow. How-
ever, this only gives the component of the flow in the di-
rection of the intensity gradient. To compute the full flow
field, one needs additional constraints such as the heuris-
tic assumption that the flow field is locally smooth [7,8].
This, in many cases, leads to optical flow fields that are
not consistent with the true motion field.

In an earlier paper, we presented an iterative scheme
for recovering the motion of an observer relative to a pla-
nar surface directly from the image brightness derivatives,
without the need to compute the local flow field [14,15].
Further, using a compact vector notation, we showed that,
at most, two interpretations are possible for planar sur-
faces and derived the relationship between them. Here, we
present a closed form solution to the same problem. We
first solve a linear matrix equation for the elements of a
3x3 matrix using intensity derivatives at a minimum of 8
points. The special structure of this matrix allows us to
compute the motion and structure parameters very easily.



2. Preliminaries

We first recall some details about perspective projection,
the motion field, the brightness change constraint equa-
tion, rigid body motion and planar surfaces. This we do
using vector notation in order to keep the resulting equa-
tions as compact as possible.

2.1. Perspective Projection

Let the center of projection be at the origin of a Cartesian
coordinate system. Without loss of generality we assume
that the effective focal length is unity. The image is formed
on the plane z = 1, parallel to the zy-plane, that is, the
optical axis lies along the z-axis. Let R be a point in the
scene. Its projection in the image is r, where

The z-component of r is clearly equal to one, t.e., r-Z = 1.

2.2. Motion Field and Optical Flow

The motion field is the vector field induced in the image
plane by the relative motion of the observer with respect to
the environment. The optical flow is the apparent motion
of brightness patterns. Under favourable circumstances
the optical flow is identical to the motion field {Moving
shadows or uniform objects in motion could create dis-
crepancies between the motion field and the optical flow.
Here, we assume that the motion flow field and the optical
flow are the same). The velocity of the image r of a point
R is given by

w_d 1y

dt dtR-%
For convenience, we introduce the notation r; and R, for
the time derivatives of r and R, respectively. We then have

1 1

R-iR‘h(Ri)

r = S(R. - Z)R,

that can also be written in the compact form

= W(Z x (R; x R)),

since a x (b x ¢) = (¢-a)b — (a-b)c. The vector r, lies
in the image plane, and so (r;- %) = 0. Further, r, = 0, if
R, || R, as expected.
Finally, noting that R = (R - Z)r, we obtain
1

R~i(i x (Ry x 1)).

r, =

2.3. Rigid Body Motion

In the case of the observer moving relative to a rigid envi-
ronment with translational velocity t and rotational veloc-
ity w, we find that the motion of a point in the environment
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relative to the observer is given by
Ri=-wxR-t.
Since R = (R - Z)r, we can write this as
Ri=—-(R-Z)wxr—t.

Substituting for R; in the formula derived above for r;, we
obtain

rgz—(ix(rx(rxw—l%it)))

It is important to remember that there is an inherent am-
biguity here, since the same motion field results when dis-
tance and the translational velocity are multiplied by an
arbitrary constant. This can be seen easily from the above
equation since the same image plane velocity is obtained
if one multiplies both R and t by some constant.

2.4. Brightness Change Equation

The brightness of the image of a particular patch of a sur-
face depends on many factors. It may for example vary
with the orientation of the patch. In many cases, however,
it remains at least approximately constant as the surface
moves in the environment. If we assume that the image
brightness of a patch remains constant, we have

aE_,
dt ’
or
JF dr OF
Er I

where 0E/dr = (E/9z,8E[3y,0)T is the image bright-
ness gradient. It is convenient to use the notation E, for
this quantity and E; for the time derivative of the bright-
ness. Then we can write the brightness change equation in
the simple form

E..ry+ E =0.

Substituting for r, we obtain
Et—E,-(iX(rX(er-ﬁt))) = 0.
Now
Er-(2x(rxt)) =(E x2) (rxt)=((Erxz)xr)-t,
and by similar reasoning
E,~(i>< (rx(rxw)))

50 we have

(((Er X 2) X r) x r) ‘w,

L1
‘W —
R.2
To make this constraint equation more compact, let us
define ¢ = Ey, s = (Ex x %) xr, and v = —s x r; then,
finally,

Eg—(((E,.xi)xr)xr> (Er x2) xr)-t=0.



c+v-w+ s-t=0.

This is the brightness change equatton in the case of rigid
body motion.

2.5. Planar Surface

A particularly impoverished scene is one consisting of a
single planar surface. The equation for such a surface is

R-n=1,

where n/ |n| is a unit normal to the plane, and 1/ |n| is the
perpendicular distance of the plane from the origin. Since
R = (R -Z)r, we can write this as

so the constraint equation becomes
c+v-w+{r-n)s-t) =0.

This is the brightness change equation for a planar sur-
face. Note again the inherent ambiguity in the constraint
equation. It is satisfied equally well by two planes with the
same orientation but at different distances provided that
the translational velocities are in the same proportions.

2.8. Essential Parameters for Planar Surfaces

The brightness change equation can be written as
c+(rxs)-w+(r-n)(s-t)=0.

Using the identity (r x s) -w = r - (s x w), we obtain
c—r-(wxs)+(r-n)(s-t) =0.

We now use the isomorphism between vectors and skew-
symmetric matrices. Let us define

0 —w3  +wsp
1= +ws 0 —w ),
—wy  tw) 0

then, {Is = {w x s), and we conclude that

c—rT0s + (rTn)(tTs) = 0,

or
e+l (- +ntT)s = 0.

If we define

pPr P2 P3 T

P=1|ps ps ps | =—1+nt",

Pr P8 P9

we can finally write
c+rTPs =0.

We will refer to {p;} as the essential parameters (in agree-
ment with Tsai and Huang [20]) since these parameters
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contain all the information about the planar surface an.
motion parameters. The above constraint equation is lin-
ear in the elements of P. Several such equations, for dif-
ferent image points, can be used to solve for these param-
eters. We will show how the special structure of P can be
exploited to recover the motion and plane parameters very
easily.

Note that the essential parameters are not independent.
This is because P is not an arbitary 3x3 matrix. It has
a special structure as a result of the fact that it is the
sum of a skew-symmetric matrix and a dyadic product. It
takes three parameters to specify w (and hence (1), three to
specify n, and another three for t. The matrix P, however,
is unchanged if we replace n by kn and t by (1/k)t for any
nonzero k. Thus, there are actually only eight degrees of
freedom, not nine.

Equivalently, we can say that there is one constraint on
P. Since QT = -2, it follows that

P =P+PT =ntT + tnT.

A dyadic product has rank one, or less. The sum of two
dyadic products has at most rank two. So we conclude
that

det(P + PT) = 0.

This constraint can be expressed in terms of the essential
parameters as

p1{pspo — peps) + palp3ps — papo) + pr(p2ps — paps) = 0.

We can use this equation, for example, to solve for pg given
P1,p2,...,pe. It is difficult to use this equation directly
when one attempts to find P from image brightness mea-
surements.

There is a simple way around this problem, however.
Note that rTs = 0, because s = ((Erx2)xr). SorTIs = 0,
and

c+rT(P+I)s =0,

for arbitrary [. If we let P’ = P + [I, we can write
c+rTP's=0,

and conclude that we cannot recover P from image bright-
ness measurements alone. To find P, we must impose
the constraint det(P + PT) = 0. To avoid dealing di-
rectly with the resulting non-linear relation between the
essential parameters, we first find any P’ that satisfies the
above brightness change constaint equation for all image
points being considered, and then determine ! such that
P = P’ — 1 satisfies

det(P + PT) =0,
Now,
det(P + PT) = det(P' + PT - 2i1) = 0,

so that 2/ must be an eigenvalue of the real symmetric
matrix
P =P +PT



It will become apparent, in the next section, that we ought
to choose the middle one of the three real eigenvalues of
P’ for 2.

In summary, the overall plan is to find any matrix P’
that satisfies the image brightness constraint equation,

c+rPs=0,

at a suitable number of image points and consequently
determine P"*. We can then solve for the middle eigenvalue
of P (which is 2/) so as to construct the singular matrix
P = P’ - [1, and from that we finally determine n and t
as well as £2 (and hence w) using the relationship

P=-0+ntT

3. Recovering Essential Parameters

We are looking for a matrix P’ that satisfies the brightness
change equation,
c+rPls =0,

at a chosen number of image points. Now,
rTP's = Trace{(srT)P'},

or
rTP's = Flat(sr”) . Flat(P'),

where Flat(M) is the vector obtained from the matrix M
by adjoining its rows. So we can write the brightness
change equation in the form
c+alp' =0,
where r
! / ! !
P’ = (P Py Po) s

a = (T181,T15237163,T251,T2'42,T253~T381,Tzs-z-,rss:s)r
We first consider finding p’ from the image brightness
derivatives at the minimum number of points necessary.
Later, we consider instead a least-squares procedure that
takes into account information in a whole image region.

From the derivatives of the brightness at the " image
point considered, we can construct the vector a; such that

T. .1
a;p = -¢.

As discussed above, there are really only eight independent
degrees of freedom. So we can arbitrarily fix one of the
components of the vector p’. This means that we can solve
for the other eight using constraint equations derived from
eight image points.
Let p' = (P}, ph, ...,pg,O)T denote the solution olI)Lained
by setting the last element equal to zero. If we define
~t _ 41 1 T
D' = (Ph, Py Pa)

;
~ ) ) AT
a= (7'151,7182,T1-53’7261,T'zéz-,f'zs:hrzsl-rab?)

then the above constraint equation reduces to

~T~1
a;p = —c.
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Using eight independent points, we can solve the following
linear matrix equation:

Af)l = -C,

where

~

A =(3,,3,,..,3), )T

c=(c1,¢2,.03
The solution of the above equation is
p=-A"lc

Image intensity values are corrupted with sensor noise
and quantization. These inaccuracies are further accentu-
ated by methods used for estimating the brightness gradi-
ent. Thus it is not advisable to base a method on mea-
surements at just a few points. Instead we propose to
minimize the error in the brightness constraint equation
over the whole region I in the image plane. So we choose
the vector p’ that minimizes

//(ETf)' < ¢)tdxdy.
I

The solution, in this case, is given by

oo (ffsren) (ff o),

In either case, we construct p’ by adjoining a zero to the
vector p’. The result immediately gives us the matrix P’
We determine the eigenvalues of P so that we can con-
struct P’ by subtracting the identity matrix times twice
the middle eigenvalue from P"". We can also determine P
by subtracting the identity matrix times the middle eigen-
value from P'. At this point, we are ready to recover t, w,
and n.

Note that we do not have to repeat the eigenvalue-
eigenvector analysis, since P* has the same eigenvectors as
P, and its eigenvalues arc mercly shifted so as to make
the middle one equal to zero. This follows from the fact
that if u and A are an eigenvector-eigenvalue pair of P,
that is,

P'u= Au,

then u and (A — 2!) are an eigenvector-eigenvalue pair of
P, since

P'u=(P" — 2u = (\ - 2/)u.

4. Recovering Motion and Structure

We now show how to compute the parameters of the trans-
lational motion and the plane orientation from the essential
parameters. When we have done this, we will be able to
also find the rotational parameters using

2 =ntT -P.
As we saw before

P =P+PT =tn7 ¢ ntT,



since §} is skew-symmetric. Let us use the notation o =
in]|t|, and 7 = A - t, where

n - t
n=—, and t=—

n| [t]
are unit vectors in the directions of the surface normal and
the translation vector, respectively. Then,

Trace(P') = Trace(P) + Trace(P7) = 2n -t = 207.

It turns out that fi and t can be easily recovered from the
eigenvectors of the matrix P*. In the following lemma, we
show that the eigenvectors of P’ are combinations of the
sought after vectors 11 and i.

Lemma 1;: Let P' = UAUT be the eigenvalue decom-
position of P* = (tn” + nt?). If n is not parallel to t.
Then,

A:Diag<a(7~1) , 0, a(7+1)),
and,
txn

t—n t+n
V20— 7) Vi—712 21|

Proof: Note that

P' = o(in” + atT).

Now (t x 1) is the eigenvector with eigenvalue zero since
P'(ixn) = o(inT +at7)(Ex n) = of [ﬁiﬁ} +oi [iﬁf} = 0.

Since P’ is real symmetric, it has 3 orthogonal eigenvec-
tors. The other two eigenvectors must, therefore, be in the
plane containing t and A. Let u at + B and X de
note an eigenvector-eigenvalue pair for some « and g (to
be determined). Then,

o(inT + tT) (ot + B0) = A(et + 410),

that becomes

ola(t-n)+ B -n)jt +ofa(-) + S(T-10)jA
Since (f - fi) = 7, we can write
a

(" 20 6)=6)

For this pair of homogeneous equations to have a non-
trivial solution for & and §, the determinant of the 2x2
coefficient matrix must be zero, that is,

(o7 — A)? — a®

0,

or

Substituting for A into the earlier equations, we obtain

a= 1.

1161

Note that o(r — 1) < 0and o7 +1) > 0 because |r| < 1, as
it is the cosine of the angle between 1 and t. So one eigen-
value is negative and one is positive (This is why we choose
to make the middle eigenvalue zero when constructing P’
from P’*). We find that eigenvectors corresponding to the
eigenvalues A\) = o7 — 1) and A3 = o(7 + 1) are t — i and
t + N, respectively. If we normalize these, we obtain the
unit vectors

t—n

———— and uz=
2(1 1)

u; = .
! 201+ 1)

Note that we can determine ¢ = [n||t| from

1
g = 5()\3 - )\1)

The equations for u, and uz are linear in € and 1, and
so can be easily solved for these vectors:

R 1 1
b=y, §(l+r)u3— 5(1—r)u1,

i= \/%(1+r)u;;+ \/%(l-r)ul.

The sign of the eigenvectors are arbitrary. If we change
the sign of u;, we obtain instead

n= \/%(1 + 7)ug + \/%(1 - 7)uy,

£:\/%(1+r)u3—\ %(l—r)uj,

where 11 and { are interchanged. This is the dual solution.

The signs of the two eigenvectors can be chosen inde-
pendently. This might suggest that there are a total of four
different solutions for i and . We show next that two of
these solutions can be discarded because they correspond
to viewing the planar surface “from behind”. We assume
that the visible part of the plane is the bounding surface
of some solid object. We chose to define the orientation
of the surface using the inward pointing normal n. The
equation of the planeis R-n = 1, or (r-n)(R - %) = 1,
since

R =(R-2)r.

Now, R -Z = Z is positive for points in front of the viewer,
and so r - n must be positive for points on the visible por-
tion of the plane. The equation r-n = 0 corresponds to a
line in the image. Points on one side of this line, for which
r-n > 0, can be images of points on the plane defined by
the inward pointing normal n. Conversely, points on the
other side of the line, where r - n < 0, can not. They can
be thought of as images of points on a parallel but oppo-
sitely oriented plane corresponding to the vector —n. We
are analyzing brightness gradients for a particular image
region. If r-n > 0 for points in this region, then n is a



possible solution for the surface normal. If r-n < 0 for
points in this region, then —n is a possible solution. If
r-n > 0 for some points and r - n < 0 for others, then we
are not dealing with the image of a single planar surface.

Also, note that we can recover t and n up to a scale
factor. We can let t to be a unit vector without loss of
generality. Then, n can be found as follows:

n = |n/A = n||t|Hh = on,

using the known value of 0.

So far, we have assumed that n and t are not parallel.
In the special case that t || i, we have

P =o(ia” + at’) = 20807

This dyadic product has rank one, that is it only has one
non-zero eigenvalue, This is easy to show since any vector
perpendicular to N is an eigenvector with zero eigenvalue.
Also, 1 is an eigenvector with eigenvalue 20.

So if we find that P"* has two equal eigenvalues (that is
P’ has two zero eigenvalues), then we conclude that fi and
t are paralle] and equal to the eigenvector corresponding
to the remaining eigenvalue.

We then solve for the rotation parameters by substi-
tuting the solutions for n and t into the equation

Q=ntT - P.

Even though we gave a complete and compact proof of
the dual solution in an earlier paper{15], it is intriguing to
confirm those results with our closed form solution. There,
we showed that the two solutions are related by

. . n .
n'=mnjt, t'=—, w =w+nxt,
n|
where we have arbitrarily set |t| = 1. The two solutions

given earlier for n and t already satisfy the duality rela-
tionship given above. The identity

(nt? — tnT)x = x x (n x t),
holds for any vector x. Using this in
w Xx={w+nxt)xx=wxx+(nxt)xx,
we arrive at
w' xx=wxx-mtT - tnT)x,

or
Q'x=(0-ntT+tnT)x.

If this is to be true for all vectors x, we must have
Q' =0-ntT+tnT
So, we finally obtain
~' +n't' = -0 +ntT —tnT + tnT,

or,
0 +n't' =-Q+ntT=P.

We conclude that n*, t*, and w*, as defined above, consti-
tute a second solution since they lead to the same set of
essential parameters.

5. Summary

In this paper, we presented a closed form solution for
recovering the motion of an observer with respect to a pla-
nar surface without having to compute the optical flow as
an intermediate step. We need the image intensity gra-
dients at a minimum of 8 points. However, in general,
it is better to compute gradients in a larger portion of
the image to reduce the noise effects. We first employed
a constraint equation we developed for planar surfaces to
compute 9 intermediate parameters, the elements of a 3x3
matrix. We referred to them as essential parameters. The
special structure of this matrix allows us to compute the
motion and plane parameters easily.
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