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Abstract
A new formula is given for the reconstruction of a function in 3D space from a
family of its ray integrals. The cost of the reconstruction is two-fold integration.

1. The formula

Let E be a three-dimensional Euclidean space and f be a bounded function with compact
support in E. Take a point y, a unit vector v in E and consider the ray R(y, v) with the source
y and the direction v. The ray integral of f is

g(y, v) =
∫ ∞

0
f (y + tv) dt .

The problem of reconstruction of the function f from data of ray integrals with sources on a
curve � ⊂ E is of practical importance; see, for example, [7]. Several methods are known
[1–3, 6, 8]. Grangeat’s method [3] gives the first derivative of the 3D Radon transform of f
by one-fold integration. Combining with the Radon inversion formula yields a reconstruction
by means of three-fold integration. Katsevich [5] has adapted this method for numerical
implementation by means of segmentation of � and local reduction to two-fold integration.
He introduced special weights to cope with multiple intersection of a hyperplane with �.

We state here a global two-fold integral reconstruction formula from data of ray integrals
g(y, v), y ∈ �. The function f can be evaluated on any chord of �. No special weight is
necessary.

Theorem 1. Let � = {y = y(s), 0 � s � 1} be a C1-curve in E. An arbitrary function
f ∈ C2(E) such that supp f � E\� can be recovered in any point x ∈ ]y(0), y(1)[ from its
ray integrals g by

2π2 f (x) = −
∫ 1

0

dγ

r(s)

∫
∂

∂φ
g(y(s), v)

dφ

sin φ

+
∫ 1

0

r ′(s) ds

r2(s)

∫
g(y(s), v)

dφ

sin φ
+

1

r(s)

∫
g(y(s), v)

dφ

sin φ

�s=1

�s=0
. (1.1)
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Here r(s) = |y(s)− x |, dγ is the angle a piece of � is seen from x, v = v(s, φ) is a unit vector
in the plane Ty(s) spanned by y(s)− x and y ′(s) with the polar angle φ which is defined by the
conditions φ(y(s) − x) = 0, sin φ(y ′(s)) � 0.

The integrals with the density dφ/sinφ are taken as principal value integrals over the
interval [0, 2π]. The set of points s, where the vectors y(s) − x and y ′(s) are collinear, is
neglected in the s-integral (it has zero measure). The first inner integral does not depend on
the orientation of � and so the density dγ does. The same is true for the second and the third
terms, since changing the orientation of � multiplies the inner integral by −1.

2. Proof

For an arbitrary point y �= x in E and a plane T that contains x and y we consider the integral

I (y)
.=

∫ 2π

0
g(y, v(φ))

dφ

sin φ

taken over the unit circle in T .

Lemma 2. We have 〈y − x,∇y〉I (y) = 0.

Choose an orientation in T and set v = v(φ), u = v(φ + π/2). We have

〈y − x,∇y〉g(y, v) = −|y − x | sin φ
∂g(y + pu, v)

∂p

∣∣∣∣
p=0

and

〈y − x,∇y〉
∫ 2π

0
g(y, v)

dφ

sin φ
=

∫
〈y − x,∇y〉g(y, v)

dφ

sin φ

= − |y − x |
∫

∂g(y + pu(φ), v)

∂p

∣∣∣∣
p=0

dφ

= |y − x |
∫ ∫ ∞

0

f (y + pu + τv)

∂p

∣∣∣∣
p=0

dτ dφ

= |y − x |
∫ ∫

∂ f (y + τv)

∂φ

dτ

τ
dφ

= |y − x |
∫ ∞

0

dτ

τ

∫ 2π

0

∂

∂φ
f (y + τv(φ)) dφ = 0.

The exterior integral converges at τ = 0 since f vanishes in the neighbourhood of y.
Now we apply a homotopy of � to a curve �(∞) in the infinite sphere. Set y(s, t)

.=
x + t (y(s) − x), t > 0 and consider the derivative

I (s, t)
.= 〈y ′(s),∇y〉

∫ 2π

0
g(y(s, t), v)

dφ

sin φ
.

Taking the t-derivative

d

dt
I (s, t) = 〈y(s) − x,∇y〉〈y ′(s),∇y〉

∫ 2π

0
g(y(s, t), v)

dφ

sin φ
,

we can change order of the operators 〈y ′(s),∇y〉 and 〈y(s) − x,∇y〉. The result vanishes
because of lemma 2. It follows that I (s, 1) = I (s, t) for any s, 0 � s � S, t > 0. Substituting

〈y ′(s),∇〉g(y(s), v(s, φ)) = ∂

∂s
g(y(s), v(s, φ)) − dγ

ds

∂

∂φ
g(y(s), v(s, φ)),
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Figure 1. The curve � and the tangent plane T through x and y; z = y − x , q = R sin φ.

yields∫ S

0
I (s, 1) ds = −

∫
�

dγ

r(s)

∫ 2π

0

∂

∂φ
g(y(s), v)

dφ

sin φ
+

∫
�

1

r(s)

∂

∂s

∫ 2π

0
g(y(s), v)

dφ

sin φ
.

Integrating by parts in the last term, we get the right-hand side of (1.1). The integral
∫

I (s, t) ds
is equal to the right-hand side of (1.1) for the curve �(t) given by the equation y = y(s, t). The
second and third terms tend to zero as t → ∞ since I (y) → 0 as |y| → ∞. The density dγ

is the curve element of projection �(∞) of the curve �(t) to the infinite ‘sky’ sphere S
2. For

large t the support of the function g(y(s, t), v(s, φ)) is contained in the interval |φ| � C/R,
where R = t (y(s) − x) and C does not depend on s. Setting q = R sin φ in the first term
yields (see figure 1)

−
∫ 1

0
dγ

∫
∂

∂q
g

(
x − q

z ′(s)
|z′(s)| , z(s)

)
dq

q
+ O(R−1). (2.1)

Here z = z(s) is a parameterization of the curve �(∞) ⊂ S
2 and z(1) = −z(0). Therefore

the image of �(∞) under the natural projection S
2 → P(E) is a closed curve � that is not

homotopic to a point. By (3.1) the main term of (2.1) is equal to 2π2 f (x), which completes
the proof of theorem 1.

Remark. It is easy to check that the integral I (y) is equal to the Hilbert transform in the
direction (y − x)⊥ of the Radon transform of f in the plane Ty , see [4]. This gives another
proof of lemma 2.

3. Sources at infinity

Take a curve � in the projective plane P(E) and consider data of line integrals g(x, θ) =∫
R

f (x + tθ) ds, θ ∈ � for lines that meet � at infinity. The function f can be reconstructed
as follows.

Theorem 3. Let � ⊂ P(E) be a closed C1-curve that is not homotopic to a point. Let θ = θ(s),
0 � s � 1 be the equation of this curve in the unit sphere. The integral

f (x) = − 1

2π2

∫ 1

0
ds

∫ ∞

−∞
∂

∂q
g

(
x − q

θ ′(s)
|θ ′(s)| , θ(s)

)
dq

q
(3.1)

gives a reconstruction of the function f ∈ C2(E) with compact support.
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This fact was proved in [6], remark 3 under the assumption that |θ ′| = 1. The general
case follows by the coordinate change θ̃ (s) = (

∫ s
0 θ ′(σ ) dσ)−1θ(s).

If � is a projective line, then (3.1) coincides with the inversion formula for the Radon
transform in each plane H such that P(H ) = �.
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