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Fan-Beam Reconstruction Methods 

BERTHOLD K. P. HORN 

Absh-acr-In a prcvious papcr a tcchniquc was devcloped for finding 
rcconstruction algorithms for arbitrary ray-san~pling schemes. The 
resulting algorithms usc a gcncral linear operator, the kernel of which 
depends on the details of thc scanning geometry. Here this method is 
applied to the problcm of reconstructing dcnsity distributions from 
arbitrary fan-beam data. Thc general fan-bcam method is then special- 
izcd to a number of scanning gcometries of practical importance. In- 
cludcd arc two c a m  where the kcrnel of the general linear operator can 
be factorcd and rewrittcn as a function of the difference of coordinates 
only and thc supcrposition intcgal consequently simplifies into a con- 
volution integral. Algorithms for these special cases of the fan-beam 
problcm have bcen developed previously by others. In the gcneral 
cax,  howevcr, Fourier transforms and convolutions d o  not apply, and 
linear space-variant operators must be used. As a demonstration, dctails 
of a fan-beam method for data obtained with uniform ray-sampling ORIGIN 

dcnsity are devcloped. 

Fig. I .  

' N a previous paper [ 1 1, a technique was developed fo r  find- 
ing reconstruction algorithms applicable t o  arbitrary ray- 
sanipling schemes. This general method was applied t o  the  

problem of reconstruction f rom parallel-beam data with un- 
even spacing between rays and uncven spacing between projec- 
tions. The  results werc based on Radon's famous integral [ 2 ]  

where p(1, 0 )  is the  density integral o r  ray sum measured along 
the  ray inclined 0 with respect t o  a vertical axis and  passing 
within a distance I f rom the  center of the  region being scanned 
(scc Fig. I). Further,  f ( r ,  #) is the density a t  the point with 
polar coordinates (r ,  @) in this region, while = I - r cos ( 8  - @) 
is the  perpendicular distance between the  ray and  this point .  

Whcn ray sums in a given projection are spaced evenly in I, 
and projcctions are spaced evenly in 8, a simple reconstruction 
method can be found  directly f rom ( I )  by  approximating bo th  
integrals by sums and approximating the  partial derivative by 
an appropriatc first difference. 

UNIFORM SCANNING COORDINATES 

When spacing is uneven, it is helpful t o  introduce first new 
ray-sampling coordinates t and v, chosen so  that  successive 
rays in a generalized projection correspond t o  evenly spaced 
values of t ,  while successive projections correspond t o  evenly 
spaced values of q. Radon's integral can then be transformed 
to  this new coordinate sys tem using the  Jacobian,  
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and ( I )  becomes 

It is possible t o  show that  this can be  rewritten as 

4n2 
ap 

d,,. ( 4 )  
a t  a,, a,, a t  

It is not  clear whether  this forms a good basis for  a reconstruc- 
tion algorithm in the  general case, since it s e e m  t o  imply that  
computa t ions  must  be  carried o u t  across projections as  well as 
within projections. 

GENERAL PARALLEL-BEAM METHOD 

In the  previous paper [ 1 I ,  t he  emphasis was o n  parallel-ray 
scanning; and,  in this case, I is a function o f t  only,  whilc 0 is 
a function o f  77 only.  T h e  Jacobian then reduces t o  

and  ( 4 )  simplifies as  follows 

Here r = I  - 1'. where I = I(t), while I '  =I($), and  is the  value 
o f  f associated with t he  ray tha t  passes through the  point 
(r ,  @). T h e  above can be conveniently split in to  an ou te r  and 
a n  inner integral 
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If thcse integrals arc approximated by sums. o n e  obta ins  

This straightforward sct  o f  equations is o n e  result o f t h c  analy- 
sis in the previous papcr [ I .  cqs.  (291, (40) l .  1Icre 60; = (0;. I -- 

Oi-l ) /2  is the  angular inlcrval associated with the  j th projcc- 
tion. while lf = (l i  + l i+ ,  )/7 IS the  value o f  I corresponding t o  
the ccntcr of tlic i th beam. T h e  left edgc o f  thc  beam striking 
the i th de tec tor  col-responds t o  1, and  the  right edge t o  l ,+,  
(see 1:ig. 2).  Thc  dcnsity integral oblained from t h e  i th dc- 
tcctor in the j th  projection is pi,. 

Finally. no t e  tha t  g i ( t r )  has t o  bc found by interpolation 
from the discrete set  of values { g i r i ) .  I S  linear interpolation is 
t o  be used, one  can work with the  values gi*; mid g(i*+,),. 
whcre 

By splitting the  second sum and rearrangmg its terms. one  
arrives at  an alternate form [ I ,  cq .  (3811 

That  is, the  sequence {gii) is obtained from the  scqucncc {pij) 
by a general linear operator.  This is similar t o  a convolution 
except tha t  the  weights o r  filtcr cocfficicnls are spatially 
variant. 

O n c  has only t o  fix the  width of the  dctcctors. a t  61 say, l o  
be able t o  relate this result t o  the  well-known convolutional- 
hackprojection method. In this casc 

This arllounts t o  convolution o f  (Pi;) with a Siltcr function Fk. 
whcrc 

l'hi.; happens t o  be the  particular set of filtcr cocff ic~ents  
popularized by Shepp  and Logan 131. 

My previous papcr contains o ther  formulations for  this 
problem as well as a simulation of the  method for  rcconstruc- 

tion f r o n ~  ray sums collcclcd with uncwn  spacing [ I 1 .  l h c  
r ~ ~ a i n  poi111 is tha t  corlvolutions a1.c i ~ i : ~ j ~ l ) r o j ) r i ; ~ ~ ~ *  in l l ~ c  gcn- 
era1 case and must he replaced by spatially varying o p c ~ a t o r s  
o r  superposit ion integrals. 

In the  general casc. equation ( 3 )  docs 1101 s c c n ~  l o  probitlc a 
good starting point for  analysis. Instead it is I~clpl'ul first l o  
remove the  partial derivative fro111 Radon's integral ( 1  ) 11); 
parlial integration. This has t o  hc d o ~ c  carcl'ully sinec Ilic 
inncr inlegral is i n ~ p r o p c r .  'l'lic i ~ ~ t c g r ; ~ n t l  is u ~ ~ h ( ~ u n d c d  in a114 
neighborhood ~nclutl ing 1 = 1'. ('auchy's pr inc~pal  v ~ l u c  ib  

whcre 

In t roduc t~on  o f  the  t r a n s t o r ~ l l a l ~ o ~ i  t o  uniform X C ~ I ~ I I I I I ~  c ' o -  

ordinalcs ([. q )  n o n  Icads t o  

This fornis t he  basis ior  r c c ~ ~ ~ s t r u c t i o ~ i  111ct11ods t'or arhilrary 
raysampl ing schemes. In this papcr the concern will he with 
tcchniqucs for  reconstrucling density d i s t r i bu t io~~s  1'1-0111 1 . a ~  
sums  collcctcd using f'a11 bearns (scc Fig. 3) .  hlotlcrn ap- 
paratus for computcri/.ed tomographic analysis l yp~ca l ly  
produces projection data in this form and there is a practical 
need for accurate and rapid reconstruction 111clhods for a 
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variety o f  diffcrcnt schcliies for sampling the fan heam. Such SOURCE 

iiictlio~is had been found previously Tor t w o  spccial geo~nctr ics  
[-I I - [ 6 1. l lerc tcdiniqucs will he tlcvclopcd that can be used 
for arbitrary ray-surli collection schcn~es .  

Bcforc continuing to  tlic fan-beat11 case, the reader may want 
t o  consult an  altcrnalivc analysis of the same general prohlcm 
171 which could equally well form a starting point for this 
paper. 

SOI:K(T POSI'I'IONS I ~ S T K I  BU'I'EU AKOUNI)  THE; 

~II<C'IIXII~EKI~NC'E 01.' -4 CIRCLE 
ORIGIN 

1 s t  ttrc scwrcc bc located a t  ( I ) .  n/7 + 0 ) .  wllcrc D is the  
radius of thc circle (see Fig. I ). Let a ray hc crliitted in a 
direction that makes an  anglc a with the sourer-to-origin Line. Fig. 4. 

Clearly a 311~1 0 are as good I'or specifying a particular ray as 
I antl 0 arc. Fo r  fan beams. thcsc new paraineters will bc 
niorc directly uscrul, and s o  tlic rclatioiiships hctwcen the  t w o  
sets ol' variahlcs will he nccdetl. Froni Fig. I 

It' t  and ?) arc unil'orni scanning coordinates. then it is natural 
t o  Ict 

whcrc a ; ~ n d  0 ale  ct)ntinuous dil'fcrcntiahlc monotonic fnnc- 
tions of t  ; ~ n d  7. 'I'lien (see ( 0 ) )  

Furthcs. si11c.c 19 = a + 0. antl 

a! aa i ) ~  ag 
J =--- ----- 30 - 1) cos a -- . a. a t  a?) a?) at 

Fig. 5 .  

K cos cur = D + r  sin (fi - 0, 

r cos ( 0  - 4 )  
Now .I is a factor in the  inncr integral ( 1  9). but thc f m t  term tan a' = (181 
of the ahovc product can clearly be hrought o u t  of tlic inner [ D + r s i n ( 0 -  @ ) I  ' 

integral ant1 i ~ t c o r ~ m r a t c d  in to  the outcr  tntcgral ( 18). The  last SOMI< PROI'EKTIES 01: THE FIL'I 'KKING FUNCTION 
term of thc pruiltict will dcpcntl on  the way in which rays in a 
fan arc sarnplcd. This corresponds t o  the placsntent of de- Note lhat if ' 0, 
tcclors in the fan and depends on  the scanning scheme used. I 
Wc will s tudy  several cascs af ter  developing a few rnorc tools Fc(ct) = 7 I:+( t 1. ( 29) 

c- 
that  will he needed. 

' I 'h~s result can he easily chccked hy scparatcly considering the  
THE I'I:KPIINI)ICULAK L ) I S ~ . ~ N C H  FROM A POINT TO A l C l l  < I c r  I 2 E .  F~~~~ this it follows tllat 

KAY FOR FAN BEAMS 
1;roln thC ~11agra111 (Fig.  4 )  wc can develop a useful new way 

of writing t. the distance bctwccn a given ray (cr. 0) and a 
given point f r ,  4) 

1 = K  sin ( o r  or ' )  
and 

(7-5) 

Furthermore if Ih(t)l 2 bo > 0 is continuous and diffcrcntiable 
Ilcrc a' is the  valuc of a: corrcspondilig t o  a ray from the 

with respect t o  t 
source which passes directly through the given point (r, 4). 
Note that  K is simply the  distance from the source t o  the w 

point ( r ,  @) and thus  clearly does  no t  depend o n  or. From the o(t) 
FE[b(t)tla(t) dt = :lo 1- re([) z, dt. 

diagram we can calculate a' as follows (see Fig. 5): 

K sin a' = r  cos (0 - 0) 
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Thcsc rttsi~lts arc uscl'ul in deriving the  gcncral reconstruction 
formula Tor fan-heam scanning schc~ncs .  

K ~ . . ~ ~ N S T R U C I ~ N  AL(;OKITHM FOR ARRITRAKY 
FAN -BEAM C ; E O M ~ , T K I F S  

IJsing the  gcncral rcsult for  rcconstruction ( 181, ( 1'3) hascd 
on Radon's inversion forrnula [ Z ]  and ustng the  cxprcssionb 
for 1 anil J just derived, we have 

According t o  a rcsult just tlcvclopcil ( 3  1 ). the  factor K can he 
extracted I'rorn tlrc argument o f  the  filtcr function F'. Since K 
docs not  depend on a  11 can be further rc~novet l  f rom the lriner 
integral (34) anil placed ~ n t o  the ou te r  ~ntcgra l  ( 3 3 ) .  The  irincr 
integral then n o  longer contains terms which depend cxphcit ly 
on  r  and 4, only tcrnls which arc a funchon o f  a'. So the 
ahovc can be ruwrittcn 

1:rom the fact that  the  inner integral is a function  of'^^'. and 
not r  and 4 explicitly, we conclude tha t  the  rcconstructiorr 
algorlthln can be arranged efficienlly. Tha t  is, for  all fan 
bean1 schcmcs with source positions o n  thc  circunil'crcncc of 
a circle and sarnpling of tlle fan indcpcndcnt ot' source posi- 
tion. one  nccd not explicitly calculate the  contribution of cach 
ray t o  cach point in the  rcconslruction.  

Wc are now rcady t o  develop spccific r c c o n s l r ~ ~ c t i o n  nlelhods 
for a variety o f  fan-sarrlpling sche~ries.  Some special schemes 
will lead t o  simplifications which can be inlerprctcd as prc- 
~nultiplication,  convolution and post-~nultiplication.  In gcn- 
eral. howcvcr, t he  inner illtegral rernains in the  form of a 
general linear opera tor  o r  superposit ion integral. 

Rays are  sarnpled evenly in A (sec Fig. 6). s o  it is natural t o  
let 

aa 
D cos cu (si) = cos3 a, 

Also, 

and 

Further,  if we Ict cu' he the valuc of a  c o r r c ~ p o n d i n ~  l o  llrc ray 
through the  point ( r .  0) and t' the  corresponding valuc ot (. 
then 

sin a' = 
t ' 

d m  
and 

So. 

sin (cu - a') = sin cu cos a' sin a' cos a (4 2 

Ilcnce. 

We can move the  ~nul t ip l icr  o f  (C; C;') oul  ol' thc  filtcr t'unc- 
tion I: t o  get 

Note tha t  from (37) o r  (4 1 ? 

and s o  

(D' + E l 2 )  = Il2 SCC' a'. (47) 

Also, combining this with the  tcrrn ( ] / A " )  in the  outer  in- 
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and so. finally. 

llerc finally we have used the coor i l~natc  natural t o  this partic- 
ular scanning scheme, namely A. the distance f-om the  origin 
a t  which the ray intersects the line drdwn perpcnd~cular  t o  the  
source-two rigin linc. 

It is irnporlant Lo note that  In this caw the  argunicnt of the 
filtcr function I.' contains only the  difrerence of thc two pa- 
ra~nctcrs  and A'. The  above is thus olr~rost hke a convolut~on.  
except that one II;IS t o  prc-multiply the projection data p(A. 0 )  
hy a factor dcpcnrling on  the position of the ray in the  tan. 
Sirn~l;~rly.  the convolvctl data g '" IS used 111 the  outer  ~ntcgra l  
after post-~llultiplicatinn by a factor whlch tlcpcntls on  the posi- 
tion of  thc  point (r .  4 )  in thc  fan currently being processctl. 

Finally. we have t o  approxirnatc thcse integrals by sums bc- 
cause in practice only a finite set o f  ray sums is available: 

I lcre 

I l r  cos ( 0, -- 9 )  
A' = n  tan a'= 

11 + r  sin (pi - 4) 

In the above set of reconstruction equations,  pi, is the it11 
ray sum in the  j th  fan,  while 6A is t he  (fixctl) interval between 
intcrscction of  successive rays with thc linc pcrpentlicular l o  
the source-to-origin linc. The angular intcrval associated with 
a particular fan is 6 6 .  where 

6fij = ( D i + l  - bi-J )I:. ( 5 4 )  

The filtcr factors are 

As mentioned in the  paper on  which this analysis is based, the 
weights ~r'k arc choscn to  providc good nunicrical approxima- 
tions for  the  singular integral. Typical choices are: 

1)  w k  = 3- for k even, wk = 0 for k o d d  

7) ~ ' k  = 4k2/(4k2 - I )  

3 )  " ' k =  I .  

Note that the above operatlo11 can hc vicwcd as a pre- 
~nultipllcation of the ray sums by I ) / [ D 2  + hi2 ] ' IZ ,  followcd 
by a convcdution, with a final post-~nulliplication h y  n2/[n + 
r sin (pi - 1 .  Whilc the  method is not strlctly convolutional, 
it can he convcn~cnt ly  vicwcd in this way. The  above is one 
of two  special cases of the  fan-bean1 prohlcni that had pre- 
viously been solved [ 3 ] ,  [ 5 ] .  An a t t empt  was made here t o  
use similar notation t o  simplify coniparison. 

We ought  t o  specify how gi(X1) is found from gil,. As In 
the  prcvious paper [ I ] .  wc approxirnatc gi(X1) by interpola- 
tion. If we sample I\? rays uniformly along a scg~ncn t  of length 
I. of  the  linc a t  right angles t o  the  source-to-origin Ilnc, then 
6X = L / ( M  - 1 ). and thc  i th ray correspon~ls  t o  

Conscqucntly. g,(X') is found by interpolation from g i f j  and 
g(i,+l), where. 

In practicc, of  course. dclectors would not  he arranged o n  a 
linc passing tirrorrgli the scanned space. The  gconictric trans- 
formations from a niorc distant linear detector array to  posi- 
tlons on the linc passing through the  origin arc fortunately 
trivial (scc 1'1p. 3). Such an array of  equally wide detectors 
positioned behind the object being scanned would have t o  
move in synchrony with the sourcc, s o  as t o  always remain 
pcrpcndicular t o  thc  sourcc-to-origin linc. Thcrc is great 
intercsl in scanning schcrncs which can instead use a fixed 
array of dctcctors. Onc such arrangcnlent will be discussccl 
in the ncxt scction. 

kvcn sampling of rays 111 fan anglc ff can bc achlcvcd easily 
using a sct of' equally wide detectors arrayed o n  a sector of a 
circlc with ccntcr a t  thc source position. Curiously cqual 
spacing of sa~np lcs  in fan angle can also he aclilcved whcn 
thcsc dctcctors are instead placcd on a circlc passing through 
the  sourcc, with center a t  the origin (see Fig. 7 ) .  This follows 
from the  fact that the angle at  thc  ccntcr is just twice the 
angle a t  t he  sourcc. and s o  equal angular spacmg of detectors 
whcn viewed f rom thc origin corresponds to  cqual angular 
spacing of  dctectors whcn vicwcd from the sourcc. Such an 
arrangement o f  detectors has an advantage in that the de- 
tectors could remain stationary during scanning if the  potcn- 
tial mechanical conflict hctwccn source and dctcctors could 
be solved. In any casc. i t  is natural hcrc to  Ict 

So. 

Proceeding as In the previous section, we obtain from (35) 
and ( 3 6 ) .  
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allows o n e  t o  treat urhi f rur~,  fan-hear11 scatining gconictrics. 
\Vs will s t ~ r d y  o n e  in detail as  an i l luslratiol~.  

whcrc by (2.5 ). 

K' = r' + 1)' + 311 sin ( fl @). 

Ruth o f  t he  scanning schclncs tliscuss~-cl so  far s a n ~ p l c  areas 
near the  origin less dcnscly than thcy d o  areas nrar  thc edge 
of t he  rcgion of reconstruction. This can he seen when it is 
remcmhercd tha t  t he  ray-sampling density is thc  invcrsc of thc 
Jacohian J [ 1 I and that  for fan-hcam scanning ( 2 3 )  

S o u  for  the firs1 rncthod ( 3 8 )  

I) cos a -- = I1 cos u. (3 
Nest .  we ohtain t he  discrete appros i rnat io l~  The  rcsiilt oI this v:tr'iation in salnpling Jcnsity is that  rccon- 

I 1 
s truetion< will I ~ a w  sonlcwh:lt hcttcr  resolution in outlying 

j ' (r .  4) - - 60 j  regions (particularly in t he  radial dircclion. less so in the 
~n' r2  +/I' + ?rl) sin (6 - +) 

I tangential direction).  While this cffcct is not vrrg ~ ) ro r~ounccd  
for  fans tha t  arc fairly narrow. it is qtill o f  intcrcst t o  invcsli- 

(,64) gate schcmcs providing rr,ri]brrrr sampling dcnsity. 'That is. 

whcrc If this cquatlon is intcpratctl o r ~ c  liudh 

r c o s ( f l i .  4)  
= tan- '  

+ r sin l o j  - 0) I ( 0 6 )  
= i = I) sin a.  (7.5 

T'his nicans th,tt l a > \  arc spacccl cvclily 111 l h c ~ r  pcrpcndlcltlar 
0 1 i c ~ .  again ~ ~ i i  is sirnply thC ith ray sum in the  jth fan. while distance I f rom the  origin (see Fig. 8 1. So convcnicnt arrangc- 
&a is thc  (fixed) ansular i n l ~ ~ r v a l  hetween rays i l l  Illc fan. '1'111- nlcnt of cqua11y wide ~ le l ec to r s  will prwi t lc  for snrnpling of 
angular interval associatctl with a particular kin 613i is 3s tic- t h ~  t'a11 ill this fashion. hut  clearly dctcclors o f  ts~,:l.irr.q \ v i d ~ h  
fincrl hef'src- (40). T h e  filler factors arc ~11-anpcd o n  e i l l i ~ ~ r  a s~ra ig l i l  o r  curved linc can hl. used. I l~c i r  

w i ~ l t h  will increase with distancc from the ccntr;ll tlcti-ctc~r. 
"'k 

= - --.- k f  O 
sin' (kfi(1) ' 

((,,) N o a  notc  that 

sin ( (Y a') = sin a cos  a' sln a' cob a 

I.',, = - I:&. ( 0 8 )  sill (a - a') = cos  &' ( tan  a la11 a') cos a ( 7 7 )  
k + o 

1:inally. o n e  needs t o  dctail the interpolation procedure for find- sin (a a') = 
ing gj(a ')  front t h r  discrcte set  o f  vnlucs g i S i  If .hr rays arc 4- 
sampled unifornlly along an arc nf anglc A .  then 613 = A  /(A'- 1 ). 
'I'he i th ray then corresponds t o  

4- 
' I 

( 7 8 )  
I) 

ai = -.I /l + iGa. (69) 
n l ~ ~ ~ r c  g' = I) sill a'. l'ruccssing as hcforc (using (35) and 136)) .  

<'onscqucntly. g j l a r )  is found by interpolation from P,-, and 
we pct 

~ ( i * + ~ ) ,  where 

i t  = [ ( a '  + A / , ) / 8a ] .  ( 7 0 )  1) 
. . ' ' + , ( 0  .),,i (lfl 170) 1 his rcconstruction ms thod  may be  vicwrd as a prc-multiplica- 
tion of thc  ray surlls by I )  cos a;, followed by convolution. with 
a f ~ n a l  post-niultiplication by 1 / [ r2  + D' + 2rD sin (0, - 0)). 
This is t he  second spccial caw of thc  fan-beau rcconstructwn J+[) fi: ( I 

g"l1'. f l )  = 11111 
prohlent which had been solvcd previously [ 5 I . [ h 1. F - . u  - D  4 4- 

Other  f a n - h a m  scanning gcornelrics d o  rror lead t o  such 
special case solutioris however. Usually. a gcncral linear opera- I 

/J(/. 13 d .  
t ion is required. For tunate ly ,  the  mcthod presented carlicr ( D 2  - I' ) 
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I ' l ~ c  following identity was used for the outer  integral 

( X I  

Note tliat here I '  is the value of I for the lay illililicd a' t o  
thc sourcc-to-origin linc (see Fig. 8) 

( I'llis use of I' differs from tliat In the parallel ray scanning 
scllcmcs prescntccl 111 the previous paper [ I I .) 

Once again, a discrete approuimalion 1s rccluircd 

I he I'ilrer factors arc 

I.).,' = .- C Fin,. 
i# i '  

In t h ~ \  caw,  tl1c11, as for most scanmng schc.mcs. a gcnerdl 
111ic;lr opera tor  rather than a n~otlif icd convo lu t~on  nlust he 
used. The  methods prcsented here pcrnlit the  dcrivatlon of 
a lgnr~thms to deal w t h  these problcms h'otc. hy the h a y ,  
that here Lhc factors of  sm (a a t )  u c r e  spht  up in a s~rnilar 
fashion l o  that of thc first two  examples. This is not  s t r ~ c t l y  
neccssary. since a11 three components  can be a c c o r ~ ~ o d a t c d  as 
par1 of  tllc f ~ l t c r  function I;;(/, 1') o r  Fini, if s o  desired. 

l 'hc  esistencc of  an elegant nlcthcxl tor rcconslructlon from 
parallel-beam data (equations ( 7 )  and (8) o r  (9) and ( 1 0 ) )  
which uses dcrivatives of projection data and docs nu t  de- 

pcnd o n  arbitrary I'iltcr cocl'l'icicnts leads on' ~ t ,  search !'or a 
si111ila1. cxprcsslon t'or fan-bean1 rccimstruction. Starling from 
thc general form (4 )  docs  no t  srcrn t o  Izarl t o  such ;r result. 
InsLcad one may apply partial intcgratio~i l o  the l'orni of the 
inrisr i~itegral  shown in ( 3 6 )  

(8x1 

I!'onc I ck  sin 15 = E. Lhen 

- L,'+ h 

pla. P ) I )  cos a d a  
a'-h 

1) cos a 
g"(al. 77 = l i n ~  

c --o sm2 (.a - a t )  P ,  cos (a - a ' )  

cos ( a  - a') 
DcOsa d.]. ( 9 0 )  

sin2 (a - 0'1 p(alO'  w s  ( a  - a') 

Tha t  is. 

I O S  a ]dB. - [)(a, /3) 
COS ( a  - a t )  

As 6 -> 0 this becolncs siniply 

+n/? 
EOS I da. (92) 

sin (a - a ' )  aa 
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r ,  

Fig. 9. 

of a circle. It was found that one need not calculate the con- 
tribution of each ray sum t o  each point explicitly, but that the 
calculation does involve the application of a general linear 
operator. In special cases, this linear operator becomes space 
invariant by a manipulation of the integrals, and the super- 
position integral simplifies into a convolution. Two examples 
of this were shown, both corresponding t o  previously known 
solutions to  the fan-beam reconstruction problem for partic- 
ular ray collection geometries. 

T o  illustrate the utility of the new method, however, a third 
case was considered where the simplification does not occur. 
Previous techniques for finding reconstruction methods based 
on Fourier transforms cannot deal with it. Details of an 
algorithm were developed. The utility of the new methods 

1 for finding algorithms for arbitrary fan-beam scanning schemes a cos OL 
is therefore apparent. The introduction of uniform scanning 

d) Z ~ ( ~ ' P ) C O S ( ~ -  d ) l d Q  coordinates in particular is of great importance in finding re- 
construction methods for the general case. 

(94) 

where, as before, 

K~ = r2 + D~ + 2rD sin (11 - $I) (95) Figures are by Karen Prendergast. Gabor Herman provided 
helpful criticism and pointed out the similarity in aim of 

tan a' = r cos ( 0  - $I) work o n  fast image reconstruction [7] and that presented in 
[ D + r s i n ( P -  $I)] ' (96) the last section of this paper. 

The discrete approximation is 

Here ai corresponds t o  the left edge of the i th  detector, while 
ai,, marks its right edge (see Fig. 9). The ray sum seen by 
the i th  detector is pij  and its center is a t  a:. 

The  formulas for reconstruction from ray sums obtained by 
arbitrary sampling schemes were specialized t o  a system utiliz- 
ing fan beams originating from sources on  the circumference 
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