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Fig. /J. Graphical depiclion of inslllbilities and the cffocts of programming crrors. In lhe top row are shown inmbilitics I"Csulting from too
mpid rcduction of lhe penalty tenn for dcparluI"C from smoolhness. The middle row shows Ihc resuhs of various programming errors. The
bouorn row shows w.lVes of instability propagaling inwams frorn a fTee boundary.

The light souree elevation was estimated by assum­
ing that the average brightness of the image was ap­
proximately equal to the eosine of the angle between
the average loeal surfaee normal and the light souree
direetion. The polar angle of the light souree (90 0

minus the elevation aoove the horizon) can then be
found if one assumes further that the average local sur­
face nonnal is approximately vertical. For this image,
this method yielded a polar angle of abaut 65~ or an
elevation of 25 c:

The light souree azimuth, that is, the projection of
the direetion toward the light source inta the image
plane, was first estimated to be abaut 60 0 c10ckwise
from the x·axis of the image, based on the directions
of what appear to be shadows of tall buildings in the
downtow"n area ofHuntsVille, as weil as some other im­
age features. Attempts to use Pentland's method
(Pentland 1984) for estimation of the source azimuth

failed, as did Lee and Rosenfeld's refinement of that
method (Lee and Rosenfeld 1985). A reasonable diree­
tion was found by instead eomputing the axis of least
inenia Ihrough the origin (Horn 1986) of a seattergram
of the brightness gradient (Ex, E). There is a two way
ambiguity in the result (eorresponding to the usual con­
vex versus concave interpretations of a surface) that can
be resolved by other methods. Despite the emde nature
of the scattergram, resulting from the coarse quantiza­
tion of image irradiance measurements, an acceptable
azimuth of betwcen 60 0 and 65 0 was found in this
fashion.

Finally, it was possible to refine this estimate ofthe
azimuth by running the shape from shading algorithm
for various source azimuths and recording the remain­
ing solution errors after many iterations. There was a
broad minimum near an azimuth of 65 c: This method
of estimating the source azimuth, while computationally
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Fig. 12. Ncw onc-Slcp shapc-from-shading algorithm, See lexl!

expensive, scems 10 be relativcly reliablc, since theTe
does nOI appear to be a systematic deformation of thc
surface thai can compensate for a change in azimuth
of the light SOUTee whilc yiclding a similar shaded
image. Unfortunately thc same cannat be said of the
elevation angle of light souree position, since tilting thc
surface abau! an axis perpendicular 10 thc light SOUTee
position, in such a way as to maintain thc angle be­
twccn the average surface normal and thc direction 10
the light SOU Tee, produces a similar shadcd image-at
lcast 10 first order.

Shown in figure 13 is a regislcred stereo-pair of
SPOT images of thc Mante Sano Statc Park region.

NQle that Ihe Iighl comes from the lower fight (not the

upper left, as is common in artistic renderings of
sculpted surfaces). The stereo pair is shown here so
that the reader can gct a beller idea of Ihe aClUal sur­
face shape. The algorithm, when presenled with the
left image of Ihe pair, ca1culates a shapc used 10 generate
Ihe synlhetic stereo pair in figure 14. (The vertical relief
has been exaggerated slightly in the computation ofthe
synthetic stereo pair in order to partially compcnsate
for Ihe attenuation of vertical relief mentioncd carlier.·Z)

Another way of presenling the resulling shape is as
a contour map. Shown in Figure 15(a) is a portion of
the USGS 7.5' quadrangle of the Huntsville Alabama
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Fi,. /J. A stereo pair of SPOT salellile images of M()fIle Sano StaU: part: east of HUnl$Ville. Alabama. T1w: left subimage of tOS x 128 picture
cells is used as input b' the dlape fmm sbiing a1gorilhm.

Ag. 14. A s)'nthetie stereo pair computed (rom the solution obtaincd by the ncw shape from shading algorithm.

area, with the area eovercd by the left satellite
photograph outlined, while figure 15(b) shows a eon­
tour map derived from a smoothed form of Ihe solu­
tion obtained by the shape-from-shading algorithm.
This is not a comparison that is likely to be flaltering
to the shape-from-shading algorithm, since we know
that it is not very good at recovering the lower spatial
frequencies. Conversely, the shape-from-shading
algorithm flnds a lot of detailed surface undulations that
cannot be represcnted in a contour map. For this reason
the surface must bc smoothed or "generalized" before
contours can be drJ.wn.

For want of a beller assumption, the spacecraft was
at first assumed to be vertically above the region of in­
tercst when the image was taken. Judging from lateral
displacements of surface features it appears. however,

that the left image was actually laken from a position
that is about 15 0 aW'J.y from the nadir, in the direction
of the negative x-axis of the image coordinate system
(and the right image from a position roughly the same
amount in the other direclion). This means thai the
computed result rcally applies to a tilted coordinate
system. But more imponantiy, therc is a distonion intro­
duced by a poor estimate ofthe source dircction occa­
sioned by the assumption that average surface normal
is parallel to the z-axis in the camera coordinate system.
Anempts wcre made to compensate for this by
eSlimating the source dircction based on the assump­
tion that the average surface nonnal was tilted 15 0 in
the camera coordinate system. The TCConstroction pro­
duced in this fashion was then rotated in Ihe .tZ-plane
to bring it back into a1ignment with IDeal venical. While
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Fig. /5. (alA portion of the USGS IOpographic map of thc: HURlSViI1c:, Alaharna area OOYering Montc: Saoo Stalc park, willltbc approximale
area OOYercd by thc Ieft salellilC image OUllined. The rcctanglc: is 3543' by 4200' (1080 m by 1280 m) and the ronIOur ißlcrval is 20' (6.1
m). (b) ConlOUr mapdc:riYCd frum a smoot!Icd version ortbe solution oblained by thc shapc fmm shading a1gorithm from the Ic:fl salClIiIC imagc:.

lhe result produced in this way was better in certain
ways (lhe lateral displacement of terrain features was
greatly reduced), it was worse in others (induding a
small till of the resull in the y direction). 1be moral
is that 10 obrain quantiratively meaningful resuhs, Orte
needs 10 know aeeurately where the light source is in
the camera coordinate system-and, if the result is 10
be relatcd to some external coordinate system, then the
camera position and attitude in that coordinate system
needs to be known also.

The algorithm has, by the way, also been applied
to some images of Mars taken by the Viking Orbiter.
Dut sinee the "ground truth" is not (yet) available in
the case of the Mars images, it is not possible to say
mueh about the accuracy of the recovered surface orien­
ration field.

7.4 Rating the Difficulty 0/ Shape-Jrom-Shading
Problems

Experiments with synthetic shaded images suggests that
eertain shape·from-shading problems are relatively
easy, while others are quite difficult. First oe all, basso­
relievo surfaces (those with only low slopes) are easy
to deal with (see also section 2.6) in comparison with
alto-relievo surfaces (those with steep SIOpes).43 The

digital temlin model used for the experiment illustrated
in figure I falls in the latter category, since the sides
oe the glacial cirque are steep and the individual gullies
steeper still.

1)tpically the brightness of a surfaee patch increases
the more it is turned toward the light source. If it is
turned too far, however, it becomes so steep that its
brightrtess once again decreases. There is a qualitative
difference between shape-from-shading problems where
none of the surface patches are tumed that far, and those
where some surface patches are so steep as to have
reduced brightness. In the latter ease, there appears to
be a sorl of two-way ambiguity loeally abaut whether
a pateh is dark beeause il has not been turned enough
to faee the light souree or whether it has been turned
100 far. This ensures that simplistic schemes will get
trapped in local minima where patches of the solution
have quite the wrong orientation. Similarly, the more
sophisticated scheme described here tak.es many more
iterations to unkink. the resulting ereases.

The transition between the two situations depends
on where the light source iso The difficulty is reduced
when the illumination is oblique (see also section 2.6).
Conversely, the problem is more severe when the light
source is at the viewer, in which case brightness
deereases with slope independent of the direction of
the surface gradient. This explains why the algorithm
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took longer to find the solulion in the case of the
spherical cap (figure 8) since it was illuminated by a
source near the viewer. It was more straightforv.'ard to
find the solutions for the truncated hexahedron and the
crnter-like surface (figures 6 and 7), both of which were
illuminated oblique1y. The above dichotomy is related
to another factor: problems where the relevant pan of
lhe reflectancc map is nearly linear in gradient are con­
siderably easier to deal with than those in which the
reflectance map displays strong curvatures of iso­
brightness contours.

Smooth surfaces. panicularly when convex., can be
rccovered easily. Surfaces with rapid undulations and
wrinkles, such as the digital terrain model surface
(figure I) are harder. Discontinuities in surface orien­
tation are even more difficult to deal with. Note that,
with (he exception of the digitallerrain model, all of
lhe examples givcn here in-.ulve surfaces that have some
curves along which the surface orientation is not con­
tinuous. 1lle spherical cap. for example, lies on aplanar
surface, with a discontinuity in surface orientation
where it touches the plane.

Problems where boundary conditions are not
available, and where there are no occluding boundaries
or singular poinl'l, are iIl posed, in the sense that an
infinite variety of surfaces could have given rise 10 the
observed shading. NOI 100 surprisingly these tend 10
lead to instabilities in the algorithm, panicularly when
Olle auempts~to reduce the penalty term for departure
from smoothness. In these eases instabilities ean be
damped out to some extent by enforcing the image
irradiance equation on the boundary by iterative ad­
justment of the gradient eomputed from the discrete
approximalion of the natural boundary eonditions for
fJ and q. But results have not been promising enough
to be worth discussing here in more detail.

Thc Ilumber ofitemtions to converge to a good solu­
tion appears 10 grow almost quadratically with image
sire (number ofrows or eolumns). This is because some
effeets havc to "diffuse" across the image. This means
that the tOlal amount of computation grows almost with
Ihe fourth power of the (linear) image size. It is weil
known lhal ordin.1ry iterative schemes for solving ellip­
tic partial differential equations quickly damp OUI
higher spatial frequency errors, while low-frequency
components are removed vcry slowly. One way to deal
wilh this problem is to use compUlation on coarser grids
10 reduce the low spalial frequency components of Ihe
error. This is the elassic Illultigrid approach (Brandt

Im?, 1980, 1984: Hackbush 1985: and Trottenberg
1982). It is c1ear that a Irue multigrid implementation
(as opposed to a simple pyramid scheme)44 would be
required to pursue this approach further on larger im­
ages.·4This is mostly to cut down on the computational
effort, bUI can also bc expccted to reduce even funher
the chance of geuing caughl in a loeal minimum ofthe
errar function. Implemcnlaüon, hCM"CVer. is ll()( trivial.
since the equations are nonlinear. and because there
are boundary conditions. 80lh of these factors com­
plicate malters. and il is known thai poor implementa­
tion can greatly reduce thc favorable con"ergence rate
of the hask multigrid schcme (Brandt ICJ1? 1980. 1984).

Altematively. one may wish 10 apply so-callcd direcl
methods for solving Poisson's equations (Simchony.
Chellappa, and Shao 1989).

8 Conclusion

The original approach to the general shape-from­
shading problem requircs numerical solUlion of Ihe
characleriSlic strip equations Ihal arise from thc first­
order nonlincar panial differential equmion Ihat rdates
image irradiance to scene irradiance (Horn 1970. ImS).
\arialional approachcs 10 the problem inslead minimize
the sum of Ihe brightness error and a penalty term such
as a measure of depanure from smoothness. These
yield second-order partial diffcrenlial equalions whose
discrete approximation on a regular grid can be con­
veniently solved by classic ilerative techniques from
numerical analysis. Several ofthese lllcthods, however.
compute surface orientation, not heighl. ;md do nOl en­
sure that lhe resulting gradient field is integrable
(Ikeuchi and Horn 1981: Brooks lind Horn 1985). One
Ihus has, as a second slep. 10 find a surface whose gra­
dient comcs elosest to lhe estimated gradient field in
a least~squarcs sense (see Ikeuchi 1984: Horn 1986. eh.
11; Horn und Brooks 1986).

The two stcps can be combincd. and lhe accuracy
ofthe estin13ted surface shape improved considcrably.
by alternately taking one step of the ileration for
rccovering surfacc orientation from brightness. and Olle
stcp of the iteration that recovers the surface that beSI
fits Ihe current estim;lle of thc surface gradient. This
idea can be formalized by setting Up::l vari3tiorul prob­
lem involving both the surfacc height above a refercnce
plane and Ihe first pani::ll derivmives thcrcof. The
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resulting set of three coupled Euler equations can be
discretized and 5OlvOO much as lhe two coupled equa­
lions are in the simpler methods thai recover only SUT­
face orientalion.

Such an itcr,lIive scheme for recovering shape from
shading has been implemented. The new scheme
recovers height and gradient at the same time.
Linearization of lhe reflectance map abau! the local
average surface orientation greatly improves the per­
formance of the new algorithm and could be used to
improve the performance of existing iterative shape­
from-shading algorithms. The new algorithm has been
successfully applied to complex wrinkJed surfaces, even
surfaces with discontinuitics in the gradient.
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Notes

I. A gradient field is integrable ir il is Ihe grndienl or some sur­
race height runction.

2. The gullies are sleep enough to Ix: or interest 10 ice c1imbcrs.
3. For additional examples or reeonslructions rrom shaded images.

sec seclion 7.
4. In lhe uample:$lrial. Ihe a1gorithm a1ways reroverallhe under­

Iying surf:ace orientation exaetly al every pietuce cell. staning
from a random surface orkntlllion rlCld, providal!hal boundar)'
information was available. Sinct: lhe queslion ofu.niqueness of
sotutions !las TJOIlx:en lOIaI.Iy resoIved. one cannot Ix: quite cauin
thallhere may llOI be c:ases ....here. differenl soIulion mighl be
foond !hal nappens 10 also fil lhe given image dala exaetly.

5. In phoIocIinomelT)' il is CUSIOmaT)' to use an objed..:erllCral C(l()r­

dinale sySiern. This is because surface shapc can bc compuled
atong profiles only ....hen strong additional conslraint is provided,
and such eonslrainlS arc bcSI expressed in an obje~1-eemercd

coordinate syslem. Working in an objccl-centered coordinale
system. ho....ever. makcs the fonnulalion or the sl1ape-from·
shading problem considerably mon: compln (sec, ror eum­
pie. (Rindneb<:h 1966»).

6. Grey-Ievels are quanlized e:$linwes of image irradianee.
7. Tbc:[number is lhe ratio of the principaI diSlaIlCC 10 lhe di.lmeltt

of the apcnuI"C. !hal is_ fld.
8. Dip is Ihe angle belwcen a given surfaa: and the lJoriwnuI p13l1l: •

....l1ile 51rike is the direclion of the inlerseetion of the surface
and the horUonlat plane. Tbc: line ofinlersection is pcrpcndieular
10 lhe direction or sleepesl descent.

9. Luminancc longilude and lalitude are the longitude and Inlitude
or a poim on n sphere with lhe givcn orienlalion. llleasured in
aspherkaI coordinale sySlem .... ilh lhe poles al righl angles 10
boIh the direclion lo....ard the souree and lhe direetion lo....ard
lhe vie...-er.

10. Incidence and emiuance ;lnglc:s are rneaningful quaJ1l:ilie:$ onl)'
when there is a single source; and tVen lhen there is. lwo-.....y
.mbiguily in surfilee orienlalion unless addilional information
is providal. 1lIc: same applies to luminalK% Jongiludc: and
lalilUde.

11. Tbc:re is a small problem. ho....ever.....ilh lhis rnethod ror spcei­
rying thc direclion lo....ard the lighl source: A souree may bc
"behind" thc scene. wilh thc dircclion 10 the souree more Ihnn
'/(/2 away from lhe dircclion towllrd thc vicwer. In chis ClIse the
z-<:omponenl of lhe veclor poinling IOward Ihe Iighl souree is
negative.

12. Tbc coordillllics of gradicm SfNJet are p and q, Ihe slopes of
the surf:ace in lhe.l and y direclion respcelively.

13. NOIe!ha1 shape·from--shOlding melhods ace mOSI definilely n(}l

rcsuiCied 10 Larnbenian surfaca. Soch spcci;aJ surfaca rnm:ly
provide • convenienl pcdagOSica1 device for i1Ilß1Taling Roiic_.

14. Ifthere is a uniquc: muimum in ref1«1ed brighlnC:SS. iI is 00fl·

venienllo rcscale Ihe measuremeIW so lhallhis eXlremum cor­
responds 10 E • I. The same npplies whcn thcre is a unique
minimum, as is lhe case for the 5Canning eleclTon mieroscopc
(SEM).

15. We see thaI C : s • P. : q,. so lhnl Ihe direclion spceified in
Ihe image by (c, s) is lhe direetion .. to....ard lhe !IOUrce:' thai
is, the projeclion inlo Ihe image plane or Ihc vttlor i towan!
lhe lighl souree.
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16. Iflhe funelionJis not monotonie, there will be more titan one
solution fOT eertain briglttness values, In this case one llUty need
to introduce assumptions about conlinuity of Iltc derivatives in
order to decide wlticlt solution to cltoose.

17. Tlte integnltion is, of COUlOe, earried out numerically. since Ilte
integrand is derivcd from image measurcments and not
rcpresenled as an analylic funetion.

18. l1Je reneetance map is rotationally symmetrie, for example. when
Iltc source is where the viewer iso OT wlten an extended source
is symmetrieally distributed aboul the dircction lOw.lTd the viewer.

19. Methods for reeOliering tlte shapes of polyhedral objects using
sltading on the faees and tlte direetions ofthe projections ofllte
edges into the image arc diseusscd in (Sugihara 1986) anti (Horn
1986).

20. Tlte same argument applies when tlte unique exlremum is a
minimum, as il is in tlte case of scanning electron microseope
(SEM) illUtges.

21. The shape-from·shading problem ean be formulated and soh-ed
wlten Ilte viewer and tlte lighl sourecs are not at a grcal distanee
(Rindfleisch 1966; Horn 1910, 1975), but then scene radiance
depends on posilion as weil as surfaee orientalion, and tlte na­
tion of a renectance map is not direelly applieable.

22. A gradient·field (or ncedle diagmm) (P(X. y). q(x, y)} is integrable
iftherc exists some surface Iteighl funetion z(x, y) such Ihatp(x,
y) = z~(x, y) and q(x, y) = z,.(x, y), where tlte subscriplS denolC
partial derivatives.

23. Genenllly. a small patclt of a shaded image is infinilely am­
biguous. Also. without integrability, Ihe problem of recovering
a gnldient field is generaHy ill posed. But ifwe impose integrabil­
ily, and provide suitable boundary conditions, then Ihe sltape­
from-shading problem is definitely /lQ/ i1l posed (Bruss 1982;
Deift and Sylvesler 1981; Bmoks 1983; Blake. Zisserman. and
Knowlcs 1985; Saxberg 1988).

24. Note that ..... here is /l0f a Lagrange multiplier, bUI a faelor that
balanees the relative contributions of the brightness error term
anti the ICI"QI measuring departure from SmootllIlCSS. Tl1:lt iso there
is no absolute commim imposed here. only a penalty term added
Ihat inereases willt departure from smoothncss.

25. Tltere are several methods for approximating tlte Laplacian
operator, including five-point and nine-point approximations. lt
is weil known Iltal. wltilc the nine-point approximalion involvcs
morc computation. ilS lowest-order error term Itas a Itigher order
Iltan that of the five-point approximation (Horn 1986).

26. Herc K = 4 whcn Ihe local avernge AI is computed using the
four cdge-adjacent neighbors. wltile K = 1013. when 1/5 of the
avernse of the corner-adjaeent nciShbolO is addcd 10 4/5 of the
averdge of the cdge-adjaeem neigltbors (see also scelion 6.2).

'll. These cquations are solved iterntively blxause the system of cqua­
lions is so large and becausc oflhe factlltat Ilte reflectance map
R(p, q) is typically nonlinear.

28. The rcsuhing gradienl field is likely not to be integrable because
wc have not enforeed the eondilion P, = q~. whielt corresponds
to Zxy = Zw

29. Natural boundary conditions arise in variational problems wltere
no boundary eonditions are explicitly imposed (Courant and
Hilbert 1953).

30. The referenee gradient will, of course, be differenl at every pie­
ture eell. but to avoid having subscript~ on the subscripts. wc
will simply denote the reference grddient at a partieular pieture
cell by (Po. qo).

31. l1Je new shape-from-shading algorithm. of course. workscqually
weil on synthetie shaded images of digital temlin models ob­
taincd by other means. such as onc ofthe Les Diablerets regions
of Switzerland used in (Horn and Bachman 1978).

32. See (Lee 1988) for a pmof of convergence or an iterative shape­
from-shading sclteme.

33. The ··red" and "blaek" squares are the eells fOT which Ilte sum
of the row and column indexes arc evcn an<! odd respeetively.

34. It may appear that this difficulty sterns from the use of s\aggered
grids. The problem is even m)rse when aligncd grids are used.
however. because the discretc cstimator of the Laplacian con­
sistent with simple cenlnll differenee eSlimators oflhe first par­
tial derivalives has a support that includes only ceHs that are 2f
away from Ihe center. And this form of the Laplacian openltor
is known to be badly behavcd. We find that there are Jour de­
coupled subsets of cells in Ihis case.

35. Conversely. if Ilte basie melhod ltas a tendency to be unstable.
Ihen one can ··under·relax':....that is, Ust a value IX < I.

36. One can obtain good symhetie data. however, wilh an exaet
algebraie solution, by sampling Ihe heigltt on a regular discrcte
seI ofpoints and then cstimating the deriV"dlives numerieally. as
discussed in scetion 5.1. This was done here to generate most
of the e~mple5 shown in section 7.

n. The leSt illumination should be quite different from the illumina­
lion used to genernte Ihe original image-preferrably lying in
a direelion tltat differs front the original sourcc direction by as
much as 'lrf2.

38. The input image is not shown. but is just like the last image in
Ilte scquenee shown. exeept Ihal left and right arc reverse<!.

39. Again, the inpul image is not shown. but is lik.e the last image
in the scquence sltown. e~cepl thatleft and righl are reverse<!.

40. There is no guarantce Ihalthere is a solution oflhe photometrie
stereo problem fOT surfaee orientation, gi\'en tm) arbitrary
brightness values. since Ilte two cquations are nonlinear. In the
partieular ease shown here. the dynamie nlnge of the Im) im­
ages was suelt Ihm a solution could be found al all bUI aboul
a huntlrcd picturc eells.

41. The mapping finally cltosen took a grey level of22 into 0.0 and
a grey level of 43 into 1.0 nomJalized surface radiance.

42. While the basc-to-height ralio in the satellite images appears 10

be about 0.5. il was assumcd 10 be 0.75 for purposes oflhe com­
putation of the synthetic slereo pair.

43. For more regarding lhe lerms basso-reliel'O, t1Jez;p-reliel'O and
aflo-reliel'O (see Koenderink. and van Doorn 1980).

44. A naive approach has one solve the cqualions on a coarse grid
first. with the results used as inilial conditions for a finer grid
solution after inlerpolation. True multigrid methods are more
comple~. bUI also have much better propcrties.
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