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Fig. 12. New one-step shape-from-shading algorithm, See text!

expensive, seems to be relatively reliable, since there
does not appear to be a systematic deformation of the
surface that can compensate for a change in azimuth
of the light source while yielding a similar shaded
image. Unfortunately the same cannot be said of the
elevation angle of light source position, since tilting the
surface about an axis perpendicular to the light source
position, in such a way as to maintain the angle be-
tween the average surface normal and the direction to
the light source, produces a similar shaded image—at
least to first order.

Shown in figure 13 is a registered stereo-pair of
SPOT images of the Monte Sano State Park region.

Note that the light comes from the lower right (not the
upper left, as is common in artistic renderings of
sculpted surfaces). The stereo pair is shown here so
that the reader can get a better idea of the actual sur-
face shape. The algorithm, when presented with the
left image of the pair, calculates a shape used to generate
the synthetic stereo pair in figure 14. (The vertical relief
has been exaggerated slightly in the computation of the
synthetic stereo pair in order to partially compensate
for the attenuation of vertical relief mentioned earlier*?)

Another way of presenting the resulting shape is as
a contour map. Shown in Figure 15(a) is a portion of
the USGS 7.5 quadrangle of the Huntsville Alabama
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Fig. 13. A stereo pair of SPOT satellite images of Monte Sano State park east of Huntsville, Alabama. The left subimage of 108 x 128 picture

cells is used as input for the shape from shading algorithm.

Fig. 14. A synthetic stereo pair computed from the solution obtained by the new shape from shading algorithm.

area, with the area covered by the left satellite
photograph outlined, while figure 15(b) shows a con-
tour map derived from a smoothed form of the solu-
tion obtained by the shape-from-shading algorithm.
This is not a comparison that is likely to be flattering
to the shape-from-shading algorithm, since we know
that it is not very good at recovering the lower spatial
frequencies. Conversely, the shape-from-shading
algorithm finds a lot of detailed surface undulations that
cannot be represented in a contour map. For this reason
the surface must be smoothed or “‘generalized” before
contours can be drawn.

For want of a better assumption, the spacecraft was
at first assumed to be vertically above the region of in-
terest when the image was taken. Judging from lateral
displacements of surface features it appears, however,

that the left image was actually taken from a position
that is about 15° away from the nadir, in the direction
of the negative x-axis of the image coordinate system
(and the right image from a position roughly the same
amount in the other direction). This means that the
computed result really applies to a tilted coordinate
system. But more importantly, there is a distortion intro-
duced by a poor estimate of the source direction occa-
sioned by the assumption that average surface normal
is parallel to the z-axis in the camera coordinate system.
Attempts were made to compensate for this by
estimating the source direction based on the assump-
tion that the average surface normal was tilted 15° in
the camera coordinate system. The reconstruction pro-
duced in this fashion was then rotated in the xz-plane
to bring it back into alignment with local vertical. While
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Fig. I5. (a)A portion of the USGS topographic map of the Huntsville, Alabama area covering Monte Sano State park, with the approximate
area covered by the left satellite image outlined. The rectangle is 3543 by 4200 (1080 m by 1280 m) and the contour interval is 20" (6.1
m). (b) Contour map derived from a smoothed version of the solution obtained by the shape from shading algorithm from the left satellite image.

the result produced in this way was better in certain
ways (the lateral displacement of terrain features was
greatly reduced), it was worse in others (including a
small tilt of the result in the y direction). The moral
is that to obtain quantitatively meaningful results, one
needs to know accurately where the light source is in
the camera coordinate system—and, if the result is to
be related to some external coordinate system, then the
camera position and attitude in that coordinate system
needs to be known also.

The algorithm has, by the way, also been applied
to some images of Mars taken by the Viking Orbiter.
But since the “ground truth” is not (yet) available in
the case of the Mars images, it is not possible to say
much about the accuracy of the recovered surface orien-
tation field.

74 Rating the Difficulty of Shape-from-Shading
Problems

Experiments with synthetic shaded images suggests that
certain shape-from-shading problems are relatively
easy, while others are quite difficult. First of all, basso-
relievo surfaces (those with only low slopes) are easy
to deal with (see also section 2.6) in comparison with
alto-relievo surfaces (those with steep slopes)** The

digital terrain model used for the experiment illustrated
in figure 1 falls in the latter category, since the sides
of the glacial cirque are steep and the individual gullies
steeper still.

Typically the brightness of a surface patch increases
the more it is turned toward the light source. If it is
turned too far, however, it becomes so steep that its
brightness once again decreases. There is a qualitative
difference between shape-from-shading problems where
none of the surface patches are turned that far, and those
where some surface patches are so steep as to have
reduced brightness. In the latter case, there appears to
be a sort of two-way ambiguity locally about whether
a patch is dark because it has not been turned enough
to face the light source or whether it has been turned
too far. This ensures that simplistic schemes will get
trapped in local minima where patches of the solution
have quite the wrong orientation. Similarly, the more
sophisticated scheme described here takes many more
iterations to unkink the resulting creases.

The transition between the two situations depends
on where the light source is. The difficulty is reduced
when the illumination is oblique (see also section 2.6).
Conversely, the problem is more severe when the light
source is at the viewer, in which case brightness
decreases with slope independent of the direction of
the surface gradient. This explains why the algorithm



70 Horn

took longer to find the solution in the case of the
spherical cap (figure 8) since it was illuminated by a
source near the viewer. It was more straightforward to
find the solutions for the truncated hexahedron and the
crater-like surface (figures 6 and 7), both of which were
illuminated obliquely. The above dichotomy is related
to another factor: problems where the relevant part of
the reflectance map is nearly linear in gradient are con-
siderably easier to deal with than those in which the
reflectance map displays strong curvatures of iso-
brightness contours.

Smooth surfaces, particularly when convex, can be
recovered easily. Surfaces with rapid undulations and
wrinkles, such as the digital terrain model surface
(figure 1) are harder. Discontinuities in surface orien-
tation are even more difficult to deal with. Note that,
with the exception of the digital terrain model, all of
the examples given here involve surfaces that have some
curves along which the surface orientation is not con-
tinuous. The spherical cap, for example, lies on a planar
surface, with a discontinuity in surface orientation
where it touches the plane.

Problems where boundary conditions are not
available, and where there are no occluding boundaries
or singular points, are ill posed, in the sense that an
infinite variety of surfaces could have given rise to the
observed shading. Not too surprisingly these tend to
lead to instabilities in the algorithm, particularly when
one attempts to reduce the penalty term for departure
from smoothness. In these cases instabilities can be
damped out to some extent by enforcing the image
irradiance equation on the boundary by iterative ad-
justment of the gradient computed from the discrete
approximation of the natural boundary conditions for
p and g. But results have not been promising enough
to be worth discussing here in more detail.

The number of iterations to converge to a good solu-
tion appears to grow almost quadratically with image
size (number of rows or columns). This is because some
effects have to “diffuse’ across the image. This means
that the total amount of computation grows almost with
the fourth power of the (linear) image size. It is well
known that ordinary iterative schemes for solving ellip-
tic partial differential equations quickly damp out
higher spatial frequency errors, while low-frequency
components are removed very slowly. One way to deal
with this problem is to use computation on coarser grids
to reduce the low spatial frequency components of the
error. This is the classic multigrid approach (Brandt

1977, 1980, 1984; Hackbush 1985; and Trottenberg
1982). It is clear that a true multigrid implementation
(as opposed to a simple pyramid scheme)** would be
required to pursue this approach further on larger im-
ages.* This is mostly to cut down on the computational
effort, but can also be expected to reduce even further
the chance of getting caught in a local minimum of the
error function. Implementation, however. is not trivial,
since the equations are nonlinear, and because there
are boundary conditions. Both of these factors com-
plicate matters, and it is known that poor implementa-
tion can greatly reduce the favorable convergence rate
of the basic multigrid scheme (Brandt 1977, 1980, 1984).

Alternatively, one may wish to apply so-called direct
methods for solving Poisson’s equations (Simchony,
Chellappa, and Shao 1989).

8 Conclusion

The original approach to the general shape-from-
shading problem requires numerical solution of the
characteristic strip equations that arise from the first-
order nonlinear partial differential equation that relates
image irradiance to scene irradiance (Horn 1970, 1975).
Variational approaches to the problem instead minimize
the sum of the brightness error and a penalty term such
as a measure of departure from smoothness. These
yield second-order partial differential equations whose
discrete approximation on a regular grid can be con-
veniently solved by classic iterative techniques from
numerical analysis. Several of these methods, however,
compute surface orientation, not height, and do not en-
sure that the resulting gradient field is integrable
(Ikeuchi and Horn 1981; Brooks and Horn 1985). One
thus has, as a second step, to find a surface whose gra-
dient comes closest to the estimated gradient field in
a least-squares sense (see lkeuchi 1984; Horn 1986, ch.
11; Horn and Brooks 1986).

The two steps can be combined, and the accuracy
of the estimated surface shape improved considerably,
by alternately taking one step of the iteration for
recovering surface orientation from brightness, and one
step of the iteration that recovers the surface that best
fits the current estimate of the surface gradient. This
idea can be formalized by setting up a variational prob-
lem involving both the surface height above a reference
plane and the first partial derivatives thereof. The



resulting set of three coupled Euler equations can be
discretized and solved much as the two coupled equa-
tions are in the simpler methods that recover only sur-
face orientation.

Such an iterative scheme for recovering shape from
shading has been implemented. The new scheme
recovers height and gradient at the same time.
Linearization of the reflectance map about the local
average surface orientation greatly improves the per-
formance of the new algorithm and could be used to
improve the performance of existing iterative shape-
from-shading algorithms. The new algorithm has been
successfully applied to complex wrinkled surfaces, even
surfaces with discontinuities in the gradient.
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Notes

. A gradient field is integrable if it is the gradient of some sur-

face height function.

. The gullies are steep enough to be of interest to ice climbers.
. For additional examples of reconstructions from shaded images,

see section 7.

. In the examples tried, the algorithm always recovered the under-

lying surface orientation exactly at every picture cell, starting
from a random surface orientation field, provided that boundary
information was available. Since the question of uniqueness of
solutions has not been totally resolved, one cannot be quite certain
that there may not be cases where a different solution might be
found that happens to also fit the given image data exactly.

. In photoclinometry it is customary to use an object-centered coor-

dinate system. This is because surface shape can be computed
along profiles only when strong additional constraint is provided.
and such constraints are best expressed in an object-centered
coordinate system. Working in an object-centered coordinate
system, however, makes the formulation of the shape-from-
shading problem considerably more complex (see, for exam-
ple, (Rindfleisch 1966)).

. Grey-levels are quantized estimates of image irradiance.
. The fnumber is the ratio of the principal distance to the diameter

of the aperture, that is, fid.

. Dip is the angle between a given surface and the horizontal plane,

while strike is the direction of the intersection of the surface
and the horizontal plane. The line of intersection is perpendicular
to the direction of steepest descent.

. Luminance longitude and latitude are the longitude and latitude

of a point on a sphere with the given orientation, measured in
a spherical coordinate system with the poles at right angles to
both the direction toward the source and the direction toward
the viewer.

. Incidence and emittance angles are meaningful quantities only

when there is a single source; and even then there is a two-way
ambiguity in surface orientation unless additional information
is provided. The same applies to luminance longitude and
latitude.

. There is a small problem, however, with this method for speci-

fying the direction toward the light source: A source may be
“*behind’’ the scene, with the direction to the source more than
/2 away from the direction toward the viewer, In this case the
z-component of the vector pointing toward the light source is
negative.

. The coordinates of gradient space are p and g, the slopes of

the surface in the x and y direction respectively.

. Note that shape-from-shading methods are most definitely nor

restricted to Lambertian surfaces. Such special surfaces merely
provide a convenient pedagogical device for illustrating basic
concepts.

. If there is a unique maximum in reflected brightness, it is con-

venient to rescale the measurements so that this extremum cor-
responds to £ = 1. The same applies when there is a unique
minimum, as is the case for the scanning electron microscope
(SEM).

. Weseethat ¢ : 5 = p, : g,, so that the direction specified in

the image by (c, 5) is the direction *‘toward the source,"" that
is, the projection into the image plane of the vector 5 toward
the light source.
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17.

20.

21.

22.

23.

24.

25.

26.

28.

29.

Horn

. If the function f is not monotonic, there will be more than one

solution for certain brightness values. In this case one may need
to introduce assumptions about continuity of the derivatives in
order to decide which solution to choose.

The integration is, of course, carried out numerically, since the
integrand is derived from image measurements and not
represented as an analytic function.

. The reflectance map is rotationally symmetric, for example, when

the source is where the viewer is, or when an extended source
is symmetrically distributed about the direction toward the viewer.

. Methods for recovering the shapes of polyhedral objects using

shading on the faces and the directions of the projections of the
edges into the image are discussed in (Sugihara 1986) and (Horn
1986).

The same argument applies when the unique extremum is a
minimum, as it is in the case of scanning electron microscope
(SEM) images.

The shape-from-shading problem can be formulated and solved
when the viewer and the light sources are not at a great distance
(Rindfleisch 1966; Horn 1970, 1975), but then scene radiance
depends on position as well as surface orientation, and the no-
tion of a reflectance map is not directly applicable.

A gradient-field (or needle diagram) {p(x, y), g(x, y)} is integrable
if there exists some surface height function z(x, y) such that p(x,
¥) = z,(x, ¥) and g(x, y) = z}.(x, ¥), where the subscripts denote
partial derivatives.

Generally, a small patch of a shaded image is infinitely am-
biguous. Also, without integrability, the problem of recovering
a gradient field is generally ill posed. But if we impose integrabil-
ity, and provide suitable boundary conditions, then the shape-
from-shading problem is definitely not ill posed (Bruss 1982;
Deift and Sylvester 1981; Brooks 1983; Blake, Zisserman, and
Knowles 1985; Saxberg 1988).

Note that A here is not a Lagrange multiplier, but a factor that
balances the relative contributions of the brightness error term
and the term measuring departure from smoothness. That is, there
is no absolute contraint imposed here, only a penalty term added
that increases with departure from smoothness.

There are several methods for approximating the Laplacian
operator, including five-point and nine-point approximations, It
is well known that, while the nine-point approximation involves
more computation, its lowest-order error term has a higher order
than that of the five-point approximation (Horn 1986).

Here ¥ = 4 when the local average fi; is computed using the
four edge-adjacent neighbors, while k = 10/3, when 1/5 of the
average of the corner-adjacent neighbors is added to 4/5 of the
average of the edge-adjacent neighbors (see also section 6.2).

. These equations are solved iteratively because the system of equa-

tions is so large and because of the fact that the reflectance map
R(p, ¢) is typically nonlinear.

The resulting gradient field is likely not to be integrable because
we have not enforced the condition p,, = g,, which corresponds
oz = Zy.

Natural boundary conditions arise in variational problems where
no boundary conditions are explicitly imposed (Courant and
Hilbert 1953).

. The reference gradient will, of course, be different at every pic-

ture cell, but to avoid having subscripts on the subscripts, we
will simply denote the reference gradient at a particular picture

cell by (po. go)-

31. The new shape-from-shading algorithm, of course, works equally
well on synthetic shaded images of digital terrain models ob-
tained by other means, such as one of the Les Diablerets regions
of Switzerland used in (Horn and Bachman 1978).

32. See (Lee 1988) for a proof of convergence of an iterative shape-
from-shading scheme.

33. The “red” and “black™ squares are the cells for which the sum
of the row and column indexes are even and odd respectively.

34. It may appear that this difficulty stems from the use of staggered
grids. The problem is even worse when aligned grids are used,
however, because the discrete estimator of the Laplacian con-
sistent with simple central difference estimators of the first par-
tial derivatives has a support that includes only cells that are 2¢
away from the center. And this form of the Laplacian operator
is known to be badly behaved. We find that there are four de-
coupled subsets of cells in this case.

35. Conversely, if the basic method has a tendency to be unstable,
then one can “under-relax’—that is, use a value & < 1.

36. One can obtain good synthetic data, however, with an exact
algebraic solution, by sampling the height on a regular discrete
set of points and then estimating the derivatives numerically, as
discussed in section 5.1. This was done here to generate most
of the examples shown in section 7.

37. The test illumination should be quite different from the illumina-
tion used to generate the original image—preferrably lying in
a direction that differs from the original source direction by as
much as /2.

38. The input image is not shown, but is just like the last image in
the sequence shown, except that left and right are reversed.

39. Again, the input image is not shown, but is like the last image
in the sequence shown, except that left and right are reversed.

40. There is no guarantee that there is a solution of the photometric
stereo problem for surface orientation, given two arbitrary
brightness values, since the two equations are nonlinear. In the
particular case shown here, the dynamic range of the two im-
ages was such that a solution could be found at all but about
a hundred picture cells.

41. The mapping finally chosen took a grey level of 22 into 0.0 and
a grey level of 43 into 1.0 normalized surface radiance.

42. While the base-to-height ratio in the satellite images appears to
be about 0.5, it was assumed to be 0.75 for purposes of the com-
putation of the synthetic stereo pair.

43. For more regarding the terms basso-relievo, mezzo-relievo and
alto-relievo (see Koenderink and van Doorn 1980),

44. A naive approach has one solve the equations on a coarse grid
first, with the results used as initial conditions for a finer grid
solution after interpolation. True multigrid methods are more
complex, but also have much better properties.
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