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Exercise set 2

Bounded nondeterminism

Exercise 2.1

Consider the program Do, over a single integer-valued variable z, defined

do z>0 → z := z − 1 1

[] z<0 → z :≥ 0 // Set z to any non-negative integer.
od .

whose first few W-iterates (think of “unfolding” the text) are

W0.⊥ = [[ abort ]]
W1.⊥ = [[ if z=0 then skip else abort fi ]]

= [[ if 0≤z<1 then z := 0 else abort fi ]]

W2.⊥ = [[ if 0≤z<2 then z := 0 else abort fi ]]
...

Wk.⊥ = [[ if 0≤z<k then z := 0 else abort fi ]]

— leading to the limit —
(t∞k=0Wk.⊥) = [[ if 0≤z then z := 0 else abort fi ]] ,

which therefore –call it [[ Lim ]]– should be the denotation of program Do. That
is, we should have Do = Lim.

But they are not the same! Program Do terminates with z = 0 from all
initial states (is equivalent therefore to the simple z := 0) — but Lim is a
program that aborts if begun with z < 0. In fact [[ Lim ]] not only fails to be the
least fixed point of W, it is not a fixed point at all — because

Lim 6= do z>0 → z := z − 1; Lim // Go around loop again.
[] z=0 → skip // Terminate loop.
[] z<0 → z :≥ 0; Lim // Go around loop again.
od .

Thus our question here is why is it not the fixed point? It’s supposed to be.
What has gone wrong?

1This is Dijkstra’s elegant GCL-style rendering of the loop

while z 6=0 do if z>0 then z := z − 1 else z :≥ 0 fi od ,


