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Notes for Lecture 2

Ceilings and floors as Galois connections

Program

All variables are integers.

{N>0AD>1}

n,d := N, D;

dod#0—
x:[|n/d] <x <[n/d]]; // Choose x so that [n/d] <z <[
n,d:=n—x,d—1,;

od

{N has been “evenly divided” into D pieces of =}
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Conjecture

d|N/D| < n <d[N/D] is invariant,
whence every assignment to x satisfies |[N/D| <z < [N/D].

Proof

Working backwards, we have
d|N/D] < n < d[N/D]

through wp.(n,d := n—x,d—1) gives
(d-1)|N/D| < n—x < (d—1)[N/D]

1)
= 24+ (d-1)|N/D] < n < z+(d—1)[N/D]
)

through wp.(z: [|n/d] <z < [n/d]]) gives
[n/d] + (d=1)|N/D] < n <|n/d] +(d=1)[N/D]

= n/d+ (d-1)|[N/D|] < n < n/d+ (d—1)[N/D] “Galois property”
— (@-DIN/D) < (d-1)n/d < (d-1[N/D]

& |N/D] < n/d < [N/D] “d > 1 from loop guard'”
= true. “Galois property”

IRequires extra “housekeeping” invariant d > 0.



