CS271 Randomness & Computation Fall 2005

Lecture 24: November 29

Lecturer: Alistair Sinclair Scribe: Armando Solar-Lezama, Madhur Tulsiani

Disclaimer: These notes have not been subjected to the usual scrutiny reserved for formal publications.
They may be distributed outside this class only with the permission of the Instructor.

24.1 Random Walks

Given an undirected graph G = (V, E), with n = |V| and m = |E|, a random walk is a stochastic process
that starts from a given vertex, and then selects one of its neighbors uniformly at random to visit next.

start at v := s

repeat
pick neighbor u of v u.a.r
vV :i=u

Figure 24.1: A Graph

Random walks have many properties that are useful in designing and analyzing algorithms. Most of them
are based on the following quantities.

Definition 24.1 Hitting time from u to v.

H,, = E[# of steps to reach v from u].

Definition 24.2 Cover time from u.
Cy = E[# steps to visit all vertices starting from ul].

C(G), the cover time for the graph, is max, C,, over all vertices u.

Definition 24.3 Mixing Time, is the number of steps for a random walk to reach its stationary distribution
(details in the next class).

Simple example: Traversing a graph.
Random walks can be used to traverse a graph using less space than with traditional methods such as

Depth-First Search (DFS).
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DFS:
Time: O(|E|)
Space: O(|V])

DFS may require space proportional to |V| because it needs to maintain a stack of visited nodes; the time
is linear in the number of edges.

Random Walk:
(Expected) Time: Cover Time = O(|E||V])
Space: O(1)

By contrast, a random walk only keeps track of the current vertex, so the space requirements are constant.
The (expected) time, on the other hand, will be proportional to the cover time which, as we shall see in this
lecture, can be bounded by O(|E||V]).

From Feige [F97] we know that there is actually a whole spectrum of (randomized) algorithms exhibiting
the above time/space tradeoft:

VIIE]

S

Vs3 algorithm with space s and time O( ) that visits all (reachable) vertices w.h.p.

(The notation O hides logarithmic as well as constant factors.)

The bound on the cover time comes from the following theorem, originally due to Aleliunas et al. [AKLLRT79].
Theorem 24.4 For any connected graph G, C(G) < 2|E||V|.

We will follow a different route due to Chandra et al. [CRRST89], which is based on an intriguing connection
between random walks and electrical networks. Along the way, we will also obtain bounds on hitting times.

24.2 Hitting time and commute time

To prove theorem 24.4, we start by proving some properties of the hitting time for a vertex. To do this, we will
view the graph as an electrical network, where each edge has unit resistance. (For a detailed treatment of the
relationship between random walks and electrical networks, see the classic book by Doyle and Snell [DS84].)
When a potential difference is applied between nodes of this network from an external source, current flows
in the network in accordance with Kirchoff’s Laws and Ohm’s Laws:

Figure 24.2: Graph as an electrical network

e K1: The total current into and out of a vertex is equal to zero.

e K2: The sum of potential differences around any cycle is zero.

pot. difference

e Ohms Law: The current flowing along any edge is equal to reSistance
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Definition 24.5 The effective resistance R(u,v) between two nodes u and v is the potential difference
required to send one unit of current from u to v.

Now we prove a few interesting lemmas about hitting times.

Consider first Scenario A, in which we inject d(x) units of current into each node z, and remove all
2m = ) d(x) units of current from node v. (See Figure 24.3.)

Lemma 24.6 The potential difference ¢, , between v and any other node u in Scenario A satisfies ¢y, =
Hy .

d(u) d(x)

2m

Figure 24.3: Scenario A
Proof: Consider any vertex u € V. Using Kirchoff’s Laws and Ohm’s Law, we have

d(u) = >, )ep(current u — ) (K1)
= Z(u,ac)eE Duz (Ohms)
= Yuner(@uo —¢o0)  (K2)
= dWbu = X (umyer Pro-

Rearranging thus gives

1
Guw =1+ o) > bun (24.1)

(u,z)EE

On the other hand, consider the random walk starting from u. Thinking of just the first step of this walk,
we see that the hitting time H,, , satisfies

1
Huv:]- - Hz'u
v=lt gy 2 e
(u,z)EE

(see Figure 24.4). But this is exactly the same system of linear equations as (24.1), satisfied by ¢, ,. Since we
know that this system has a unique solution (the potentials are uniquely determined by the current flows),
we deduce that

Hu,’u = (bu,'u Vu,v evV.
| |

We now use Lemma 24.6 to deduce a more useful result that expresses the commute time H, , + Hy 4
precisely in terms of the effective resistance. (Note that the commute time, unlike the hitting time, is a
symmetric quantity.)

Lemma 24.7 For all u,v, the commute time Hy , + Hy o = 2mRy 4.
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p(x)=1/d X

Figure 24.4: H, , in terms of H ,

Proof: The proof makes use of Scenario B, which is like Scenario A except that we remove the 2m units
of current from node u instead of from node v. Denoting potential differences in Scenario B by ¢’, we have,
by Lemma 24.6,

¢:},u = Hyu.

Now consider Scenario C, which is like Scenario B but with all the currents reversed. Denoting potential
differences in this scenario by ¢, we thus have

"o _
u,v T ¢v,u - HU,U'

d(x) d(x)

Scenario B Scenario C Scenario D
Figure 24.5: Scenarios B, C and D

Finally, consider Scenario D, which is just the sum of Scenarios A and C. By linearity, and denoting
potential differences in Scenario D by ¢, we have

Qﬁzu = ¢u,v + ¢Z,U = Iy v + H’u,u~

But note that ¢, is the potential difference required to move 2m units of charge from u to v, so by definition
it is equal to 2mR,, ,. This completes the proof. [ |

Examples

1. The line graph
Consider n+1 points on a line. By symmetry, Ho,, = Hpo. Also, Hop+Hno = 2mRo, = 2xnxn = 2n2.
Thus, Ho, = H,o = n?. (This is in accordance with the result we obtained earlier using the martingale

optional stopping theorem.)

Figure 24.6: The line graph

2. The “lollipop”
As opposed to the previous case, this example illustrates a highly asymmetric situtation in which the
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values of H,, and H,, are very different from each other. The lollipop is a graph with a line of vertices
joined to a clique. Consider an n-vertex graph with n/2 4 1 vertices in a line, the last one being a part
of a clique of n/2 nodes, as shown in Figure 24.7. Let u and v be the endpoints of the line. Lemma 24.7
gives

Hyy + Hyy = 2mRy,, = 2 x O(n?) x O(n) = O(n?).

However, we know from the previous example that H,,, = ©(n?), which implies that H,, = ©(n?). In
this case, one can easily see the asymmetry between v and v in the number of neighbors. While each
random walk starting at u has no option but to go in the direction of v, a random walk starting at v
has very little probability of proceeding along the line. Thus, the extra factor of n in this case basically
measures the latency of getting started along the line.

n/2+1

Figure 24.7: The lollipop graph

24.3 The cover time

We now give bounds on the cover time of a graph. The first theorem gives a rather loose upper bound which
is completely independent of the structure of the graph except the number of edges. We later give more
sensitive bounds in terms of the resistance of the graph.

Our first bound is the one stated earlier as Theorem 24.4:

Theorem 24.4 For any connected graph G, C(G) < 2|E||V]|

Proof: Consider any spanning tree T' of G. For any vertex u, it is possible to traverse the entire tree and
come back to u covering each edge exactly twice. Clearly, the cover time for the vertex u is upper bounded by

the expected time for the random walk to visit the vertices of G in this order. Let u = vg,v1,...,v2p—2 = u
denote the vertices in the order they are visited by a particular traversal. Then,

2n—2
C(U,) S Z HUa‘,UH-l = Z (Hx’!! + ny)
=0 (z,y)€T

Applying Lemma 24.7, and using the fact that for any two adjacent vertices x,y the effective resistance

Figure 24.8: Traversal of a spanning tree
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R; 4, <1, we have

C(G) = max C(u) < > (Hay+ Hya)

(w,y)€T
=2m Z R,y (using Lemma 24.7)
(z,y)eT
< 2|E||V| (as each Ry < 1).
This completes the proof. [ |

Let us examine the bounds given by the above theorem for a few graphs.

1.

The line graph
For the line graph with n 4+ 1 vertices and n edges, we get

C(G)<2xnx(n+1)~2n?
Also, we know that C(G) > Ho,, = n?. Thus, the bound is tight up to constants in this case.

The lollipop graph
Application of the theorem to the lollipop graph gives

C(G) <2 x 0(n?) x n=0(n?).

Again, one can see that it is tight in this case as C(G) > H,,, = O(n?). In fact, a result by Feige [F95:1]
shows that the lollipop graph is extremal for cover times, i.e., it has the highest cover time amongst
all graphs with n vertices. The value of its cover time is shown to be C(G) = 5+n? + o(n?).

The complete graph

For the complete graph on n vertices, we get C(G) < 2|E||V| = ©(n3). However, in this case we can
easily derive a better bound. At each step, the random walk has a 1/(n — 1) chance of visiting every
vertex other than the current one. If we add self-loops, this can only increase the cover time. Now the
problem becomes the same as coupon collection, with the probability of visiting any vertex being 1/n
at each step. Thus the cover time is C(G) = (1 + o(1))n Inn, which is dramatically less than the above
estimate. Incidentally, it has been shown in [F95:2] that this is asymptotically the smallest possible
cover time for any mn-vertex graph, though the complete graph is not quite extremal here.

The above examples illustrate a possibly counter-intuitive property of cover times (and hitting times): they
are not monotonic w.r.t. adding edges to the graph. Starting with the line graph, whose cover time is ©(n?),
we can add edges to obtain the lollipop, with larger cover time ©(n?); adding further edges we obtain the
complete graph, whose cover time is less than both of these.

Our final theorem gives upper and lower bounds on the cover time of a graph that are within a logarithmic
factor of one another. The bounds are in terms of the resistance of the graph, defined as R = maxy, yev Ryy.

Theorem 24.8 For a connected graph G, |[E|R < C(G) < ¢(|E|Rlog|V]), for some universal constant c,
where R is the resistance of G.

Proof: The lower bound follows easily from the facts that C(G) > maxy, , Hyy, and max(Hyy, Hyy) >
%(Hw + H,,). Together with Lemma 24.7 this gives

C(G) > (2mRyy) = |E|Ruyw Yu,v €V.

N =

(Huv + Hvu) =

N =
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Thus, we get C(G) > |E|R, as required.

For the upper bound, we divide the random walk into Inn “epochs” of length 2a|FE|R each (where a is a
constant to be chosen later). Let u be the starting vertex of the random walk. The expected time required
for hitting a vertex v during any epoch is at most max, Hy,. Thus, for any epoch ¢ and any vertex v,

H
Prlv is not hit during epoch i] < maXs Loy (using Markov's inequality)
2a|E|R
1
< - (Using Hyyy < Hyy + Hyyy = 2|E| Ry < 2|E|R)
a
Thus,
1 Inn
Pr[v is not hit during any epoch| < <—> = p~Ina,
a

Using a union bound,

Pr[some vertex is not hit during any epoch] < n'~n@

Conditioning on whether or not the walk has visited all vertices after all 2a|E|RInn steps, and using our
previous upper bound of |E||V| < n3 on the cover time, we have

C(u) < 2a|Elrlnn 4+ n'~0 x n3,

Finally, choosing a sufficiently large so that the second term is small (say a = ), we get C,, < ¢(|E|Rlogn)Vu €
V, and hence C(G) < ¢(|E|Rlogn). This completes the proof of the theorem. [ |

We now apply this theorem to the complete graph. Starting at any vertex u, the chance of hitting a given
vertex v is 1/(n — 1) at every step. Thus, for all vertices v and v, H,, =n — 1. Also, we have

—1 2
Huw + How = 2|E|Ryy = 2(n—1) =2 x 7”(”2 ) Ryy — Ryy = =
n

From Theorem 24.8 we get C(G) < c(% x 2 xlogn) = O(nlogn), which is tight up to constants.

On the other hand, note that for the lollipop graph we have R = ©(n) and |E| = ©(n?), so the upper bound
in Theorem 24.8 gives C(G) < O(n3logn), which is slightly worse (by a factor of logn) than Theorem 24.4.
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