Solving Covering Problems Using LPR-Based Lower Bounds

Stan Liao (stanliao@synopsys.com) Srinivas Devadas (devadas@mit.edu) Advanced Technology Group, Synopsys, Inc. Department of EECS, MIT

Abstract�Unate and binate covering problems are a special class of general integer linear programming problems with which several problems in logic synthesis, such as two-level logic minimization and technology mapping, are formulated. Previous branch-and-bound methods for exactly solving these problems use lower-bounding techniques based on �nding maximal independent sets. In this paper we examine lowerbounding techniques based on linear programming relaxation (LPR) for the binate covering problem. We show that a combination of traditional reductions (essentiality and dominance) and incremental computation of LPR-based lower bounds can exactly solve dif�cult covering problems ordersofmagnitude fasterthantraditional methods.

Keywords�Coveringproblems, integerlinearprogramming

I. INTRODUCTION Coveringproblems(unateandbinate)areimportantcombinatorial optimizationproblemswithwhichseveralproblemsinlogicsynthesis (such as two-level logic minimization [12], state minimization [6], exact encoding), and in code generation and optimization (e.g., [7]), are formulated. These problems are obviously NP-hard, and given their wide applicability it is of great practical interest to obtain approximate solutions of good quality in a tolerable amount of time. However,to evaluatethequalityof heuristicsolutionswewill needto either obtain tight lower boundsor solvethe problemsexactly. Since covering problems are a special class of general integer linear programming (ILP) problems, previous research has focused on solving these problems using specializedtechniquessuch as essentiality, row dominance, column dominance, Gimpel’s reduction, and component reduction. Yetit ispreciselyforthisreasonthattechniquesforsolving ILPhavebeenlargelyignored. Inparticular,thebasiclower-bounding procedure for ILP, namely the linear-programming relaxation (LPR), hasnot beenstrategically appliedto coveringproblems.

In this paper we show that LPR-based techniques yield lower bounds of quality superior to those obtained by previous methods, thereby allowing for termination of unsuccessful branches at earlier stages of the search tree. Although computing the optimal solution of linear programs corresponding to the covering problems is more costly than independent-set based techniques, experimental results demonstrate that the improved quality of lower boundsin fact makes it possibleto prove optimality more quickly in some casesor obtains better solutions (when given a speci�c amount of time) in others. Further, incremental computation of LPR-based bounds can result in faster search. We also show that simply formulating a covering problem as a generalinteger linear programming problem sometimes causedif�culties for theILPsolverwhichmaynotdiscovercoveringproblem-speci�creductions(i.e., essentiality, dominance,etc.).

In Section II we review previous methods for solving these problems. We then introduce our LPR-based lower bound computation in Section III, and present our solver BCU. In Section IV we present our experimental results and compare them with results obtained by previous methods as well as with results achieved by a commercial ILP solver.

II. COVERINGPROBLEMS We refer the reader to [3] for the statement of the unate-covering (also called set-covering) and binate-covering problems. We brie�y review previouswork andsummarize the contribution of this paper.

A. PreviousWork

In VLSI-CAD research, approachesto solvingcovering problems havelargelyfollowedthepioneeringworkofQuineandMcCluskeyon

Permission to make digital/hard copy of all or part of this work for personal or classroomuse is grantedwithout fee providedthat copies are not made or distributed for pro�t or commercial advantage, the copyright notice, the title of the publication and its date appear, and notice is given that copying is by permissionof ACM, Inc. To copyotherwise, to republish, to post on servers ortoredistributetolists, requirespriorspeci�cpermissionand/orafee. DAC97,Anaheim,California cfl 1997ACM0-89791-920-3/97/06..$3.50 logicminimization[8][10][11]. Thebasicideaistoreducethesizeof the problem viaessentiality, columndominance,androw dominance. Gimpel devised another form of reduction which is applicable when twocolumnshavethesamecostandtherowstheycovershowcertain properties [5]. Reductionsare applied successivelyuntil no more are possible, at which point a cyclic core is said to have resulted. The problemisthensolvedexactlywithabranch-and-boundprocedure,or heuristically with a no-backtrack, limited-backtrack, or limited-time version thereof. At each step, a column is selected (based on some heuristic measure) that is likely to minimize the cost and maximize the number of rows covered, and reductions are again applied. Additional techniquessuchas partitioning the problem into independent subproblems[12] canbe readily incorporated. Recently,Coudert and Madrehavediscoveredanewpruningcondition(reduction), whichis based on the limit lower-bound [4]. Re�nement of their techniques by cachingthe solutions of subproblemsled to further improvements [3]. It is noteworthy that, in this line of works, the lower-bounding procedurein the branch-and-boundis primarily basedonmaximalindependentset. Although hehaspresenteda theoretically better lower bound for unate problems, Coudert remarks that this lower bound does not always yield desired results. In addition, the effective limit lower-bound pruning make use of the independent set only, not the theoretically better one.

The set-covering problem has also been of interest to the operations research community. Beasley has presented a number of heuristics as well as lower-bounding techniques [2]. His lowerbounding techniques are based on solving the dual problem of the linear-programming relaxation (LPR), using a dual ascent procedure consistingofre�ningthedualsolutionwhilekeepingitfeasible,which, by the weak duality theorem, always provides a lower bound for the primalproblem. However,hisexamplesareapparentlyrandomlygeneratedwith nonuniformcostfunctions,andhisheuristics(dualascent, Lagrangian,andsubgradient)areaimedat problemswith nonuniform costs. In practice, many problems in CAD have uniform or nearuniform costfunctions. As we will showin Section III, in the caseof uniform cost, the solution obtained by a dual ascent procedureis just an independent set. In addition, the binate-covering problem is not consideredandreductionsare not systematically applied.

Barth [1] solves a slightly more general problem than covering using an implicit enumeration approach. In his work he showed that hismethodequalsoroutperformsacommercialILP solverfor certain classesof problems. However, upon closer examination, the complicatedmathematicaltreatment hehaspresentedis simply anextension of the well-known reductions based on essentiality and dominance, andwouldprovidenoadditionalbene�tfor thecoveringproblemswe consider. Infact,weexperimentedwithhisprogram,andforcovering problemsit is actuallymuch slower thanCoudert’s.

B. OurContribution

The contribution of this paper is as follows. We �rst show that lowerboundsobtainedbylinear-programmingrelaxationareintheory equal or superior to those obtained with maximal independent set (MIS). (Experimental results con�rm, indeed, that the LPR-based lower boundsare almost alwaysbetter.) However,usingLPR bounds in a na�ve fashion such as the method employed in commercial ILP solvers does not result in uniformly better performance than MISbased solvers. We have developed ef�cient ways of incorporating LPR boundsinto a binate coveringframework, and we show that for manydif�cultexamplesweareabletoobtainexactsolutions10�100× {⊣∫⊔⌉∇⇔ ≀∇ ⊣ ∫≀↕⊓⊔⟩≀\ ≀{ ↕≀⊒⌉∇ ⌋≀∫⊔ ⟩{ ⊒⌉ ⌋≀⊓↕⌈ \≀⊔ ⌋≀⇕√↕⌉⊔⌉ ⟩\ ⊔⟨⌉ ⊔⟩⇕⌉ ↕⟩⇕⟩⊔ }⟩⊑⌉\↙ III↙ LPR↖BASED LOWER BOUNDS A↙ C≀⊑⌉∇⟩\} P∇≀⌊↕⌉⇕ ⊣∫ ILP A ⌋≀⊑⌉∇⟩\} √∇≀⌊↕⌉⇕ ⇕⊣† ⌊⌉ ∇⌉⊣⌈⟩↕† ⊔∇⊣\∫↕⊣⊔⌉⌈ ⟩\⊔≀ ⊣\ ILP ⊣∫ {≀↕↖ ↕≀⊒∫↙ W⌉ ⊔∇⌉⊣⊔ ⌉⊣⌋⟨ ⊑⊣∇⟩⊣⌊↕⌉ §| ⊣∫ ⊣\ ⟩\⊔⌉}⌉∇ ⊑⊣∇⟩⊣⌊↕⌉ ⟩\ ⊔⟨⌉ ILP⇔ ⊣\⌈

∇∞ ∞ ∞ ∇∈ ∞ ∞ ∇∋ ∞ ∞ ∞ ∇△ ∞ ∞ ∞ F⟩}↙ ∞↙ R≀⊒∫ ∇∈⊣\⌈ ∇△{≀∇⇕ ⊣\ ⟩\⌈⌉√⌉\⌈⌉\⊔ ∫⌉⊔ ∫⟩\⌋⌉ ⊔⟨⌉† ⌈≀ \≀⊔ ⟩\⊔⌉∇∫⌉⌋⊔↙ I\ {⊣⌋⊔⇔ ⊔⟨⌉† ⊣∇⌉ ⊔⟨⌉ ⇕⊣§⟩⇕⊣↕ ⟩\⌈⌉√⌉\⌈⌉\⊔ ∫⌉⊔ ≀{ ⊔⟨⟩∫ ⌋≀⊑⌉∇⟩\} ⇕⊣⊔∇⟩§↙ ∫⊓⌊∫⊔⟩⊔⊓⊔⌉ ⇐∞ − §|⇒ {≀∇ §| ⟩\ ⌉⊣⌋⟨ ⌋↕⊣⊓∫⌉↙ T⟨⌉\⇔ ⊒⌉ ⊒∇⟩⊔⌉ ⊣ ⌋↕⊣⊓∫⌉ †⟩ ⊣∫ †⟩ ≥ ∞⇔ ⊣\⌈ ⇕≀⊑⌉ ⊔⟨⌉ ⌋≀\∫⊔⊣\⊔∫ {∇≀⇕ ⊔⟨⌉ ↕⌉{⊔ ⟨⊣\⌈ ∫⟩⌈⌉ ⊔≀ ⊔⟨⌉ ∇⟩}⟨⊔↙ F≀∇ ⟩\∫⊔⊣\⌋⌉⇔ ⊔⟨⌉ ⌋↕⊣⊓∫⌉ §∞⇓ §∈⇓ §∋⇓ §△ ⊒≀⊓↕⌈ ⌊⌉⌋≀⇕⌉ §∞⇓ §∈⇓ ⇐∞ − §∋⇒ ⇓ ⇐∞ − §△⇒ ≥ ∞⇔ ⊒⟨⟩⌋⟨ ⟩∫ {⊓∇⊔⟨⌉∇ ⊔⊓∇\⌉⌈ ⟩\⊔≀ §∞⇓ §∈− §∋− §△ ≥ −∞↙ N≀⊔⌉ ⊔⟨⊣⊔ ⊔⟨⌉ ∇⟩}⟨⊔ ⟨⊣\⌈ ∫⟩⌈⌉ ≀{ ⊔⟨⌉ ⟩\⌉∐⊓⊣↕⟩⊔† ⟩∫ ∞ ⇕⟩\⊓∫ ⊔⟨⌉ \⊓⇕⌊⌉∇ ≀{ \⌉}⊣⊔⟩⊑⌉ ↕⟩⊔⌉∇⊣↕∫ ⟩\ ⊔⟨⌉ ∇≀⊒↙ L⌉⊔ ⌋| ⌊⌉ ⊔⟨⌉ ⌋≀∫⊔ ≀{ ∫⌉⊔⊔⟩\} §| ⊔≀ ∞↙ T⟨⌉ ILP ⟩∫ ⊔⟨⌉∇⌉{≀∇⌉¬ ⇕⟩\ ⇕X j=1^{cjxj, subject to:m} X j=1^{aijxj ≥ ∞ − √⟩⇔ ⟩ = 1,...,n (1)}

xj ∈ {′⇔ ∞}⇔ | = 1,...,m (2) whereaijis1 if xjappearsinthe true form in row i and −∞ ⟩{ ⟩⊔ ⊣√√⌉⊣∇∫ ⟩\ ⊔⟨⌉ ⌋≀⇕√↕⌉⇕⌉\⊔ {≀∇⇕⇔ ⊣\⌈ √⟩ ⟩∫ ⊔⟨⌉ \⊓⇕⌊⌉∇ ≀{ \⌉}⊣⊔⟩⊑⌉ ↕⟩⊔⌉∇⊣↕∫ ⟩\ ∇≀⊒ ⟩↙ T⟨⌉ ↕⟩\⌉⊣∇↖√∇≀}∇⊣⇕⇕⟩\} ∇⌉↕⊣§⊣⊔⟩≀\ ⇐LPR⇒ ≀{ ⊣\ ILP ⟩∫ ⊔⟨⌉ ↕⟩\⌉⊣∇ √∇≀}∇⊣⇕ ≀⌊⊔⊣⟩\⌉⌈ ⌊† ⌈⟩∫∇⌉}⊣∇⌈⟩\} ⊔⟨⌉ ⟩\⊔⌉}∇⊣↕⟩⊔† ⌋≀\∫⊔∇⊣⟩\⊔∫↙ F≀∇ ⊔⟨⌉ ⊣⌊≀⊑⌉ ILP⇔ ⊔⟨⌉ LPR ⟩∫ ⌈⌉∇⟩⊑⌉⌈ ⌊† ∫⟩⇕√↕† ∇⌉√↕⊣⌋⟩\} ⊔⟨⌉ ′↖∞ ⌋≀\∫⊔∇⊣⟩\⊔∫ ⇐C≀\∫⊔∇⊣⟩\⊔ ⇐∈⇒⇒ ⊒⟩⊔⟨ §| ≥ ′↙ T⟨⌉ ⌈⊓⊣↕ ≀{ ⊔⟨⌉ LPR ⊔⟨⊓∫ ≀⌊⊔⊣⟩\⌉⌈ ⟩∫¬ ⇕⊣§ \X i=1^{(1 − √⟩⇒ †⟩ ⇐∋⇒} ∫⊓⌊|⌉⌋⊔ ⊔≀¬ \X i=1^{yiaij ≤ ⌋|⇔ | = 1,...,m (4)}

yi ≥ ′⇔ ⟩ = 1,...,n. (5) B. Lower Bounding

The traditional approach to solving an integer linear program is to �rst solve its LPR. If the optimal solution of the LPR consists of integers, thenwehaveanoptimal solutionfor the original ILPaswell. Otherwise, we pick a variable (using various selection heuristics) and partition the original problem into two subproblems (the branching step). Suppose xjis the selected variable, and x ∗ | ⊒⊣∫ ⊔⟨⌉ ⊑⊣↕⊓⌉ ≀{ § | ⟩\ ⊔⟨⌉ ≀√⊔⟩⇕⊣↕ LPR ∫≀↕⊓⊔⟩≀\↙ T⟨⌉ ⊔⊒≀ ∫⊓⌊√∇≀⌊↕⌉⇕∫ ⊣∇⌉ ⌈⌉∇⟩⊑⌉⌈ {∇≀⇕ ⊔⟨⌉ ≀∇⟩}⟩\⊣↕ LPR ⌊† ⊣⌈⌈⟩\} ⊔⟨⌉ ⌋≀\∫⊔∇⊣⟩\⊔∫ § | ≥ ⌈§∗| ⌉ ⊣\⌈ §| ≤ ⌊§∗| ⌋↙ W⌉ ⊔⟨⌉\ √∇≀⌋⌉⌉⌈ ⊔≀ ∫≀↕⊑⌉ ≀\⌉ ≀{ ⊔⟨⌉∫⌉ √∇≀⌊↕⌉⇕∫ {≀↕↕≀⊒⟩\} ⊔⟨⌉ ∫⊣⇕⌉ ∫⊔⌉√∫⇔ ⌉⊑⌉\⊔⊓⊣↕↕† ∇⌉⊣⌋⟨⟩\} ⊣\ ⟩\⊔⌉}⌉∇ ∫≀↕⊓⊔⟩≀\ ⇐√∇≀⊑⟩⌈⌉⌈ ⊔⟨⌉ √∇≀⌊↕⌉⇕ ⟩∫ ⟩\⊔⌉}⌉∇↖{⌉⊣∫⟩⌊↕⌉⇒↙ W⌉ ⊣↕∫≀ ⊣⊔⊔⌉⇕√⊔ ⊔≀ ∫≀↕⊑⌉ ⊔⟨⌉ ≀⊔⟨⌉∇ √∇≀⌊↕⌉⇕↙ I{ ⊣⊔ ⊣\† √≀⟩\⊔ ⟩\ ⊔⟨⌉ √∇≀⌋⌉∫∫ ⊒⌉ ⌈⌉⊔⌉∇⇕⟩\⌉ ⊔⟨⊣⊔ ⊔⟨⌉ ↕≀⊒⌉∇ ⌊≀⊓\⌈ ≀{ ⊣ ∫⊓⌊√∇≀⌊↕⌉⇕ ⌉§⌋⌉⌉⌈∫ ⊔⟨⌉ ≀⌊|⌉⌋⊔⟩⊑⌉ ⊑⊣↕⊓⌉ ≀{ ⊔⟨⌉ ⌊⌉∫⊔ ⇐⟩\⊔⌉}⌉∇⇒ ∫≀↕⊓⊔⟩≀\ {≀⊓\⌈ ∫≀ {⊣∇⇔ ⊔⟨⌉\ ⊔⟨⊣⊔ ∫⊓⌊√∇≀⌊↕⌉⇕ ⌋⊣\ ⌊⌉ √∇⊓\⌉⌈↙ I⊔ ⟩∫ ∇⌉⊣⌈⟩↕† ⊣√√⊣∇⌉\⊔ ⊔⟨⊣⊔⇔ {≀∇ ⊣\ ⟩\⊔⌉}⌉∇ ↕⟩\⌉⊣∇ √∇≀}∇⊣⇕⇔ ⊔⟨⌉ ≀√⊔⟩⇕⊣↕ ⊑⊣↕⊓⌉ ≀{ ⊔⟨⌉ ≀⌊|⌉⌋⊔⟩⊑⌉ {⊓\⌋⊔⟩≀\ {≀∇ ⊔⟨⌉ ⌋≀∇∇⌉∫√≀\⌈⟩\} ↕⟩\⌉⊣∇ √∇≀}∇⊣⇕ ⊒⟩⊔⟨≀⊓⊔ ⊔⟨⌉ ⟩\⊔⌉}∇⊣↕⟩⊔† ⌋≀\∫⊔∇⊣⟩\⊔∫ }⟩⊑⌉∫ ⊣ ↕≀⊒⌉∇ ⌊≀⊓\⌈ {≀∇ ⊔⟨⌉ ILP⇔ ⌊⌉⌋⊣⊓∫⌉ ⊣\† {⌉⊣∫⟩⌊↕⌉ ∫≀↕⊓⊔⟩≀\ {≀∇ ⊔⟨⌉ ILP ⟩∫ ⊣↕∫≀ ⊣ {⌉⊣∫⟩⌊↕⌉ ∫≀↕⊓⊔⟩≀\ {≀∇ ⊔⟨⌉ LPR↙ T⟨⟩∫ ↕≀⊒⌉∇ ⌊≀⊓\⌈ ⟩∫ ⊔†√⟩⌋⊣↕↕† ⊓∫⌉⌈ ⟩\ ILP ∫≀↕⊑⌉∇∫↙ V⊣∇↖ ⟩≀⊓∫ ⊔⌉⌋⟨\⟩∐⊓⌉∫ ⟨⊣⊑⌉ ⌊⌉⌉\ √∇≀√≀∫⌉⌈ ⊔≀ ⌋≀⇕√⊓⊔⌉ ↕≀⊒⌉∇ ⌊≀⊓\⌈∫↙ O\⌉ ⊣√√∇≀⊣⌋⟨ ⟩∫ ⌋⊣↕↕⌉⌈ ⌈⊓⊣↕ ⊣∫⌋⌉\⊔⇔ ⊣ }∇⌉⌉⌈† ⊣↕}≀∇⟩⊔⟨⇕ ⌊⊣∫⌉⌈ ≀\ ⊔⟨⌉ ⊒⌉⊣‖ ⌈⊓⊣↕⟩⊔† ⊔⟨⌉≀∇⌉⇕ ∪∃⊎¬ ⊔⟨⌉ ≀⌊|⌉⌋⊔⟩⊑⌉ {⊓\⌋⊔⟩≀\ ⊑⊣↕⊓⌉ ≀{ ⊣ ⌈⊓⊣↕ {⌉⊣∫⟩⌊↕⌉ ∫≀↕⊓⊔⟩≀\ ⟩∫ ↕⌉∫∫ ⊔⟨⊣\ ≀∇ ⌉∐⊓⊣↕ ⊔≀ ⊔⟨⊣⊔ ≀{ ⊣\† √∇⟩⇕⊣↕ {⌉⊣∫⟩⌊↕⌉ ∫≀↕⊓⊔⟩≀\↙ D⊓⊣↕ ⊣∫⌋⌉\⊔ ⊒⊣∫ ⊓∫⌉⌈ ⊣∫ ⊔⟨⌉ ⊘∇∫⊔ ∫⊔⌉√ {≀∇ ∫≀↕⊑⟩\} ⊓\⊣⊔⌉ √∇≀⌊↕⌉⇕∫ ⟩\ ∪∈⊎↙ W⌉ \≀⊒ ∫⟨≀⊒ ⊔⟨⊣⊔⇔ {≀∇ ⊓\⟩{≀∇⇕↖⌋≀∫⊔ ⊓\⊣⊔⌉ √∇≀⌊↕⌉⇕∫⇔ ⌈⊓⊣↕ ⊣∫⌋⌉\⊔ †⟩⌉↕⌈∫ ⌈⊓⊣↕ {⌉⊣∫⟩⌊↕⌉ ∫≀↕⊓⊔⟩≀\∫ ⊔⟨⊣⊔ ⊣∇⌉ ⌉∐⊓⟩⊑⊣↕⌉\⊔ ⊔≀ ⟩\⌈⌉√⌉\⌈⌉\⊔ ∫⌉⊔∫↙ R⌉⌋⊣↕↕ ⊔⟨⊣⊔ ⊣\ ⟩\⌈⌉√⌉\⌈⌉\⊔∫⌉⊔ ≀{ ∇≀⊒∫ ⟩\ ⊣ ⌋≀⊑⌉∇⟩\} √∇≀⌊↕⌉⇕ ⟩∫ ⊣ ∫⊓⌊∫⌉⊔ ≀{ ∇≀⊒∫ ≀{ ⊒⟨⟩⌋⟨ \≀ ⊔⊒≀ ∇≀⊒∫ ⊣∇⌉ ⌋≀⊑⌉∇⌉⌈ ⌊† ⊔⟨⌉ ∫⊣⇕⌉ ⌋≀↕⊓⇕\↙ F≀∇ ⟩\∫⊔⊣\⌋⌉⇔ ⟩\ ⊔⟨⌉ ⌋≀⊑⌉∇⟩\} ⇕⊣⊔∇⟩§ ∫⟨≀⊒\ ⟩\ F⟩}⊓∇⌉ ∞⇔ ∇≀⊒∫ ∇∈⊣\⌈ ∇△{≀∇⇕ ⊣\ ⟩\⌈⌉√⌉\⌈⌉\⊔ ∫⌉⊔↙ A ∫≀↕⊓⊔⟩≀\ {≀∇ ⊣ ⊓\⊣⊔⌉ √∇≀⌊↕⌉⇕ ⇕⊓∫⊔ ⌋≀⊑⌉∇ ⊣⊔ ↕⌉⊣∫⊔ ⊔⟨⌉ ∇≀⊒∫ ⟩\ ⊣\ ⟩\⌈⌉√⌉\⌈⌉\⊔ ∫⌉⊔⇔ ≀{ ⊒⟨⟩⌋⟨ ⌉⊣⌋⟨ ∇≀⊒ ⇕⊓∫⊔ ⌊⌉ ⌋≀⊑⌉∇⌉⌈ ⌊† ⊣⊔ ↕⌉⊣∫⊔ ⊣ ⌈⟩∫⊔⟩\⌋⊔ ⌋≀↕⊓⇕\↙ T⟨⊓∫⇔ {≀∇ ⊣ ⊓\⟩⌋≀∫⊔ ⊓\⊣⊔⌉ √∇≀⌊↕⌉⇕⇔ ⊔⟨⌉ ⌋⊣∇⌈⟩\⊣↕⟩⊔† ≀{ ⊣\ ⟩\⌈⌉√⌉\⌈⌉\⊔ ∫⌉⊔ }⟩⊑⌉∫ ⊣ ↕≀⊒⌉∇ ⌊≀⊓\⌈↙

∇∞ ∞ ∞ ∞ ∞ ∞ ∇∈ ∞ ∞ ∞ ∞ ∞ ∇∋ ∞ ∞ ∞ ∞ ∞ ∇△ ∞ ∞ ∞ ∞ ∞ ∞ ∇▽ ∞ ∞ ∞ ∞ ∞ ∇ ̸∞ ∞ ∞ ∞ ∞ F⟩}↙ ∈↙ A\ ⟩↕↕↖⌋≀\⌈⟩⊔⟩≀\⌉⌈ ⌋≀⊑⌉∇⟩\} ⇕⊣⊔∇⟩§ ⇐{∇≀⇕ ∪∋⊎⇒↙ A∫∫⊓⇕⟩\} ⊓\⟩{≀∇⇕ ⌋≀∫⊔⇔ ⊔⟨⌉ ⇕⊣§⟩⇕⊣↕ ⟩\⌈⌉√⌉\⌈⌉\⊔ ∫⌉⊔ ⊣\⌈ ⌈⊓⊣↕ ⊣∫⌋⌉\⊔ }⟩⊑⌉ ⊣ ↕≀⊒⌉∇ ⌊≀⊓\⌈ ≀{ ∞⇔ ⊒⟨⌉∇⌉⊣∫ LPR }⟩⊑⌉∫ ⊣ ↕≀⊒⌉∇ ⌊≀⊓\⌈ ≀{ ∋↙ ∇∞ ∞ ∞ ∇∈ ∞ ∞ ∇∋ ∞ ∞ F⟩}↙ ∋↙ T⟨⌉ ≀√⊔⟩⇕⊣↕ ⊑⊣↕⊓⌉∫ ≀{ ⊔⟨⌉ LPR ⟩∫ ∞↙▽⇔ ⌊⊓⊔ ⊒⌉ ⌋⊣\ ∇≀⊓\⌈ ⟩⊔ ⊓√ ⊣\⌈ ⊓∫⌉ ∈ ⊣∫ ⊔⟨⌉ ↕≀⊒⌉∇ ⌊≀⊓\⌈↙ T⟨⌉≀∇⌉⇕ ∞¬ F≀∇ ⊣ ⊓\⟩⌋≀∫⊔ ⊓\⊣⊔⌉ ⌋≀⊑⌉∇⟩\} √∇≀⌊↕⌉⇕⇔ ⊣\ ⟩\⊔⌉}∇⊣↕ ∫≀↖ ↕⊓⊔⟩≀\ ⊔≀ ⊔⟨⌉ ⌈⊓⊣↕ √∇≀⌊↕⌉⇕ ≀{ ⊔⟨⌉ LPR ⌋≀∇∇⌉∫√≀\⌈∫ ⊔≀ ⊣\ ⟩\⌈⌉√⌉\⌈⌉\⊔ ∫⌉⊔↙ P∇≀≀{¬ L⌉⊔ †⟩ ⌊⌉ ⊔⟨⌉ ⊔⟨⌉ ⌈⊓⊣↕ ⊑⊣∇⟩⊣⌊↕⌉∫ ⊣∫∫≀⌋⟩⊣⊔⌉⌈ ⊒⟩⊔⟨ ⊔⟨⌉ LPR ≀{ ⊔⟨⌉ ⌋≀⊑⌉∇⟩\} √∇≀⌊↕⌉⇕↙ T⟨⌉\ ⌉⊣⌋⟨ †⟩ ⇕⊓∫⊔ ∫⊣⊔⟩∫{†⇔ {≀∇ ⌉⊑⌉∇† |¬ \X i=1^{yiaij ≤ ∞↙ ⇐⇏} T⟨⊓∫⇔ ⌉⊑⌉∇† ⌈⊓⊣↕ ⊑⊣∇⟩⊣⌊↕⌉ †⟩ ⇕⊓∫⊔ ⌊⌉ ↕⌉∫∫ ⊔⟨⊣\ ≀∇ ⌉∐⊓⊣↕ ⊔≀ ∞↙ S⟩\⌋⌉ ⌈⊓⊣↕ ⊣∫⌋⌉\⊔ ⊒≀∇‖∫ ⊒⟩⊔⟨ ⟩\⊔⌉}∇⊣↕ ⊑⊣↕⊓⌉∫ ≀\↕†⇔ †⟩ ⟩∫ ⌉⟩⊔⟨⌉∇ ∞ ≀∇ ′↙ F⊓∇⊔⟨⌉∇⇕≀∇⌉⇔ ⟩{ ⊔⟨⌉∇⌉ ⟩∫ ⊣ ⌋≀↕⊓⇕\ | ⟩∫ ∫⊓⌋⟨ ⊔⟨⊣⊔ ⊣⟩|⊣\⌈ ⊣⟩0_j are both 1, then y i and y_i0 must not be both set to 1; otherwise, Constraint (6) would be violated.

Therefore, the rows for which the corresponding dual variables are

set to 1 do not intersect and hence form an independent set. This

shows that the quality of lower-bound estimates obtained by a dual

ascent procedure is equivalent to that obtained by independent-set-

based procedures.

Since many problems in our application domain have uniform or

near-uniform cost functions, the dual ascent procedure is unlikely

to provide better lower bounds. For covering problems with a wide-

varying cost function, a dual ascent procedure may yield a better lower

bound than independent set, because, in dual ascent, rows for which

the dual variables are strictly positive may intersect. In any case,

both independent set and dual ascent provide dual feasible solutions,

the values of which are by de�nition less than or equal to that of a

dual optimal solution. Thus, we propose that the linear-programming

relaxation be solved with an LP-solver. Experimental results demon-

strate that the optimal value of the LPR is almost always greater than

the independent-set-based lower bound. Even though solving the

LPR requires much more effort than the aforementioned heuristics for

lower-bound estimation, we have found that it yields suf�ciently tight

estimates that the amount of time saved with the reduction of search

space outweighs that expended by the additional effort.

To illustrate the superiority of LPR-based lower bounds, consider

the example from [3], shown in Figure 2. Since every row intersects

with every other row, the maximal independent set consists of one row

only. Assuming every column has a uniform cost of 1, independent-

set gives a lower bound of 1, as does dual ascent. However, the LPR

of this covering problem has an optimal value of 3, which is clearly a

tighter bound. Indeed, the optimal solution of the covering problem

itself is 3.

C. Observations

We have observed the following which allow us to improve the

ef�ciency of lower-bound computation:

1. It is clear that the ceiling of the optimal solution value of an

LPR may be used as the lower-bound. A simple example is shown

in Figure 3. The optimal value of the LPR is 1.5, but 2 is a valid

lower bound for the integral solutions. However, it is necessary to

be somewhat conservative in taking the ceiling in order to tolerate

for rounding errors in �oating-point computation. In our experiments

we have observed that in some cases the optimal value of an LPR is

integral, but due to rounding errors the LP solver gives a slightly larger value (on the order of 10 −∀⇒ ⊔⟨⊣\ ⊔⟨⌉ ⊔∇⊓⌉ ≀√⊔⟩⇕⊣↕ ⊑⊣↕⊓⌉↙ T⊣‖⟩\} ⊔⟨⌉ ⌋⌉⟩↕⟩\} ≀{ ⊔⟨⟩∫ ⊑⊣↕⊓⌉ ⊒≀⊓↕⌈ ⊔⟨⌉\ ∇⌉∫⊓↕⊔ ⟩\ ⊣\ ⟩\⌋≀∇∇⌉⌋⊔ ↕≀⊒⌉∇ ⌊≀⊓\⌈↙ A

∇ ∞ ∞ ∞ ∇ ∈ ∞ ∞ ∇ ∋ ∞ ∞ ∇ △ ∞ ∞ ∇ ▽ ∞ ∞ ∇ ̸∞ ∞ F⟩}↙ △↙ T⟨⟩∫ ⇕⊣⊔∇⟩§ ⌋⊣\ ⌊⌉ ⌈⌉⌋≀⇕√≀∫⌉⌈ ⟩\⊔≀ ⊔⊒≀⇔ ≀\⌉ ⌋≀\∫⟩∫⊔⟩\} ≀{ ∇≀⊒∫ ∇ ∞∘∇ ∋⇔ ⊔⟨⌉ ≀⊔⟨⌉∇ ∇ △∘∇ ↙̸ T⟨⌉ ≀√⊔⟩⇕⊣↕ ⊑⊣↕⊓⌉ ≀{ ⊔⟨⌉ LPR {≀∇ ⊔⟨⌉ ⌉\⊔⟩∇⌉ ⇕⊣⊔∇⟩§ ⟩∫ ∋↙ H≀⊒⌉⊑⌉∇⇔ ⟩{ ⊒⌉ ∫≀↕⊑⌉ ⊔⟨⌉ LPR∫ ≀{ ⊔⟨⌉ ⊔⊒≀ ∫⊓⌊⇕⊣⊔∇⟩⌋⌉∫ ∫⌉√⊣∇⊣⊔⌉↕†⇔ ⊒⌉ ≀⌊⊔⊣⟩\ △ ⊣∫ ⊔⟨⌉ ↕≀⊒⌉∇ ⌊≀⊓\⌈↙ ⊔≀↕⌉∇⊣\⌋⌉ ≀{ ffl = 0.005 (i.e., using ⌈‡ − ffl⌉ ⟩\∫⊔⌉⊣⌈ ≀{ ⌈‡⌉⇒ ⟩∫ ∫⊓{⊘⌋⟩⌉\⊔ {≀∇ ⊣↕↕ ≀⊓∇ ⌊⌉\⌋⟨⇕⊣∇‖ √∇≀⌊↕⌉⇕∫↙ ∈↙ I{ ⊣ ⌋≀⊑⌉∇⟩\} ⇕⊣⊔∇⟩§ ⌋⊣\ ⌊⌉ ⌈⌉⌋≀⇕√≀∫⌉⌈ ⟩\⊔≀ ⟩\⌈⌉√⌉\⌈⌉\⊔ ∫⊓⌊↖ √∇≀⌊↕⌉⇕∫⇔ ⊔⟨⌉\ ⊒⌉ ⇕⊣† ∫≀↕⊑⌉ ⊔⟨⌉ LPR ≀{ ⌉⊣⌋⟨ ∫⊓⌊√∇≀⌊↕⌉⇕ ⟩\⌈⌉√⌉\↖ ⌈⌉\⊔↕†⇔ ⊣\⌈ ⊣⌈⌈ ⊔⟨⌉ ⌋⌉⟩↕⟩\}∫ ⇐⊒⟩⊔⟨ \⊓⇕⌉∇⟩⌋⊣↕ ⊔≀↕⌉∇⊣\⌋⌉⇒ ≀{ ⊔⟨⌉ ≀√⊔⟩⇕⊣↕ ⊑⊣↕⊓⌉∫ ⊔≀ ≀⌊⊔⊣⟩\ ⊣ ↕≀⊒⌉∇ ⌊≀⊓\⌈⇔ ⟩\∫⊔⌉⊣⌈ ≀{ ⊣⌈⌈⟩\} ⊔⟨⌉ ≀√⊔⟩⇕⊣↕ ⊑⊣↕↖ ⊓⌉∫ ⊘∇∫⊔ ⊣\⌈ ⊔⟨⌉\ ⊔⊣‖⟩\} ⊔⟨⌉ ⌋⌉⟩↕⟩\}↙ C≀\∫⟩⌈⌉∇ ⊔⟨⌉ ⌋≀⊑⌉∇⟩\} ⇕⊣⊔∇⟩§ ⟩\ F⟩}⊓∇⌉ △⇔ ⊒⟨⟩⌋⟨ ⌋≀\∫⟩∫⊔∫ ≀{ ⊔⊒≀ ⟩\⌈⌉√⌉\⌈⌉\⊔ ∫⊓⌊⇕⊣⊔∇⟩⌋⌉∫↙ I{ ⊒⌉ ∫≀↕⊑⌉ ⊔⟨⌉ LPR ≀{ ⊔⟨⌉ ⌉\⊔⟩∇⌉ ⇕⊣⊔∇⟩§⇔ ⊒⌉ ≀⌊⊔⊣⟩\ ⊔⟨⌉ ≀√⊔⟩⇕⊣↕ ⊑⊣↕⊓⌉ ≀{ ∋↙ H≀⊒⌉⊑⌉∇⇔ ⟩{ ⊒⌉ ∫≀↕⊑⌉ ⊔⟨⌉ LPR∫ ≀{ ⊔⟨⌉ ⊔⊒≀ ∫⊓⌊⇕⊣⊔∇⟩⌋⌉∫ ∫⌉√⊣∇⊣⊔⌉↕†⇔ ⌉⊣⌋⟨ ⟨⊣∫ ⊣\ ≀√⊔⟩⇕⊣↕ ⊑⊣↕⊓⌉ ≀{ ∞↙▽↙ W⌉ ⇕⊣† ⊘∇∫⊔ ∇≀⊓\⌈ ⊓√ ⌉⊣⌋⟨⇔ ⊣\⌈ ≀⌊⊔⊣⟩\ ⊣ ⌊⌉⊔⊔⌉∇ ↕≀⊒⌉∇ ⌊≀⊓\⌈ ≀{ ⌈∞↙▽⌉ ⇓ ⌈∞↙▽⌉ = 4. An additional bene�t of decompositionis that the smaller LPRs can be solvedmore quickly.

3. Some linear programs are solved more quickly with the primal simplex procedure, while others are amenable to the dual simplex procedure. For this reason, most commercial solvers provide both methods. We have observed experimentally that if the LPR of the initial covering problem can be more quickly solved with the primal simplex procedure (respectively, dual), then it is likely to be more bene�cial to use the primal (respectively, dual) procedure throughout the branch-and-boundprocess.

4. When solving the LPR using the dual simplex method, which maintains a dual feasible solution, we may terminate the search for the optimal solution to the LPR at any point and still obtain a valid lower bound (by the weak duality theorem). Thus, if we can quickly estimate an upper bound on the dual problem and decide that the current dual solution is good enough, we need not carry out the dual simplex procedureto completion.

One common case where this observation �nds application is the following. Suppose the best integral solution found so far in the branch-and-bound process has a cost of b, which is an upper bound for the dual problem. Then, as soonas the objective function value of the dualsolutionreachesb − ∞ ⇓ ffl, we may terminate the dual simplex

procedure. If we do not have direct control over the LP solver, we may change the optimization problem D into a feasibility problem D ′↙ T⟨⊣⊔ ⟩∫⇔ ⟩\∫⊔⌉⊣⌈ ≀{ ≀√⊔⟩⇕⟩‡⟩\} {≀∇ ⊔⟨⌉ ⌈⊓⊣↕ ≀⌊|⌉⌋⊔⟩⊑⌉ ⇐∋⇒⇔ ⊒⌉ ⌋⟨⌉⌋‖ {≀∇ ⊔⟨⌉ {⌉⊣∫⟩⌊⟩↕⟩⊔† ≀{ ⊔⟨⌉ {≀↕↕≀⊒⟩\} ↕⟩\⌉⊣∇ √∇≀}∇⊣⇕ D ′¬ ⇕⊣§ ′⇔ ∫⊓⌊|⌉⌋⊔ ⊔≀¬ \X i=1^{yiaij ≤ ⌋|⇔ | = 1,...,m (7)} nX i=1^{(1 − √⟩⇒ †⟩ ≥ ⌊ − ∞ ⇓ ffl (8)} yi ≥ ′⇔ ⟩ = 1,...,n. (9)

Note that the objective function of D has now become Constraint (8) in D^′⇔ ⊣\⌈ ⊔⟨⌉ ≀⌊|⌉⌋⊔⟩⊑⌉ {⊓\⌋⊔⟩≀\ ≀{ D^′ ⟩∫ ∫⟩⇕√↕† ⊣ ⌋≀\∫⊔⊣\⊔ ∫⟩\⌋⌉ ⊒⌉ ⊣∇⌉ ⟩\⊔⌉∇⌉∫⊔⌉⌈ ⟩\ {⌉⊣∫⟩⌊⟩↕⟩⊔† ≀\↕†↙ I{ D ′ ⟨⊣∫ ⊣ {⌉⊣∫⟩⌊↕⌉ ∫≀↕⊓⊔⟩≀\⇔ ⊔⟨⌉\ ⊔⟨⌉ ≀√⊔⟩⇕⊣↕ ⊑⊣↕⊓⌉ ≀{ D ⇕⊓∫⊔ ⌊⌉ }∇⌉⊣⊔⌉∇ ⊔⟨⊣\ ≀∇ ⌉∐⊓⊣↕ ⊔≀ ⌊ − ∞ ⇓ ffl. This in turn means that the lower bound we set out to compute is at least b, and since this lower bound equals or exceeds the cost of the current best solution, we may terminate the present branch immediately. On the other hand, if D ′ ⌈≀⌉∫ \≀⊔ ⟨⊣⊑⌉ ⊣ {⌉⊣∫⟩⌊↕⌉ ∫≀↕⊓⊔⟩≀\⇔ ⊔⟨⌉\ ⟩⊔ ⟩∫ ∫⊔⟩↕↕ √≀∫∫⟩⌊↕⌉ ⊔⟨⊣⊔ ⊔⟨⌉ √∇⌉∫⌉\⊔ ⌊∇⊣\⌋⟨ ⌋≀\⊔⊣⟩\∫ ⊣ ⌊⌉⊔⊔⌉∇ ∫≀↕⊓⊔⟩≀\∅ ⟨⌉\⌋⌉⇔ ⊔⟨⌉ ∫⌉⊣∇⌋⟨ ⟩\ ⊔⟨⟩∫ ⌊∇⊣\⌋⟨ ⟩∫ ⌋≀\⊔⟩\⊓⌉⌈↙ T⟨⟩∫ ⇕⌉⊔⟨≀⌈ ⟩∫ √⊣∇⊔⟩⌋⊓↕⊣∇↕† ⌉{{⌉⌋⊔⟩⊑⌉ ⊒⟨⌉\ ⊔⟨⌉ ↕⊣∫⊔ ∫⊔⌉√∫ ≀{ ⊔⟨⌉ ⌈⊓⊣↕ √∇≀⌋⌉⌈⊓∇⌉ ⊒≀⊓↕⌈ ⌋≀\∫⟩∫⊔ ≀{ ⊑⌉∇† ∫⇕⊣↕↕ ⟩\⌋∇⌉⇕⌉\⊔∫ ⊔≀ ⊔⟨⌉ ≀⌊|⌉⌋⊔⟩⊑⌉ {⊓\⌋⊔⟩≀\ ⊑⊣↕⊓⌉ ⊣\⌈ ⊔⟨⌉∫⌉ ⟩\⌋∇⌉⇕⌉\⊔∫ ⊒≀⊓↕⌈ \≀⊔ ⌋∇≀∫∫ ⟩\⊔⌉}∇⊣↕ ⌊≀⊓\⌈⊣∇⟩⌉∫↙ ▽↙ G⟩⊑⌉\ ⊔⟨⌉ ≀√⊔⟩⇕⊣↕ ∫≀↕⊓⊔⟩≀\ ≀{ ⊣\ LP √∇≀⌊↕⌉⇕ X⇔ ⊣ ∫⟩⇕√↕⌉§↖ ⌊⊣∫⌉⌈ LP ∫≀↕⊑⌉∇ ⌋⊣\ ⊑⌉∇† ∐⊓⟩⌋‖↕† ⊘\⌈ ⊔⟨⌉ ≀√⊔⟩⇕⊣↕ ∫≀↕⊓⊔⟩≀\ ≀{ ⊣\≀⊔⟨⌉∇ √∇≀⌊↕⌉⇕ ⊔⟨⊣⊔ ⟩∫ ⟩\⌋∇⌉⇕⌉\⊔⊣↕↕† ⌈⟩{{⌉∇⌉\⊔ {∇≀⇕ X⇔ √∇≀⊑⟩⌈⌉⌈ ⊔⟨⌉ ⟩⇕√⊣⌋⊔

≀{ ⌈⌉}⌉\⌉∇⊣⌋† ⟩∫ ∫⇕⊣↕↕↙ T⟨⊓∫ ⟩\ ⊔⟨⌉ ⌊∇⊣\⌋⟨⟩\} ∫⊔⌉√⇔ ⊒⟨⌉\ ⊒⌉ ∫⌉↕⌉⌋⊔ ≀∇ ∇⌉|⌉⌋⊔ ⊣ ⌋≀↕⊓⇕\⇔ ⊒⌉ ⇕⊣† ∫⌉⊔ ⊔⟨⌉ ⌋≀∇∇⌉∫√≀\⌈⟩\} ⊑⊣∇⟩⊣⌊↕⌉ ⊔≀ ∞ ≀∇ ′ ⊣\⌈ ≀⌊⊔⊣⟩\ ⊣ √≀⊔⌉\⊔⟩⊣↕↕† ⌊⌉⊔⊔⌉∇ ↕≀⊒⌉∇ ⌊≀⊓\⌈↙ H≀⊒⌉⊑⌉∇⇔ ⟩{ ⊔⟨⌉ ∫⌉↕⌉⌋⊔⟩≀\ ≀∇ ∇⌉|⌉⌋⊔⟩≀\ ≀{ ⊣ ⌋≀↕⊓⇕\ ∇⌉∫⊓↕⊔∫ ⟩\ ⊣ ↕⊣∇}⌉ ∇⌉⌈⊓⌋⊔⟩≀\ ⟩\ ⊔⟨⌉ ∫⟩‡⌉ ≀{ ⊔⟨⌉ ⌋≀⊑⌉∇⟩\} ⇕⊣⊔∇⟩§⇔ ⟩⊔ ⟩∫ ⊔†√⟩⌋⊣↕↕† ⌊⌉⊔⊔⌉∇ ⊔≀ ∫⊔⊣∇⊔ ⊔⟨⌉ LPR ⊣{∇⌉∫⟨ ⊒⟩⊔⟨ ⊔⟨⌉ ∇⌉⌈⊓⌋⌉⌈ ⇕⊣⊔∇⟩§↙ T⟨⟩∫ ⟩∫ ⊣\ ⟩⇕√≀∇⊔⊣\⊔ ≀⌊∫⌉∇⊑⊣⊔⟩≀\ ⊔⟨⊣⊔ ∫⟩}\⟩⊘⌋⊣\⊔↕† ⊣{{⌉⌋⊔∫ ⊔⟨⌉ ∐⊓⊣↕⟩⊔† ≀{ ∇⌉∫⊓↕⊔∫↙ D↙ T⟨⌉ C≀⊑⌉∇⟩\} P∇≀⌋⌉⌈⊓∇⌉ O⊓∇ ∫≀↕⊑⌉∇⇔ B⟩\⊣⊔⌉ C≀⊑⌉∇⟩\} U↕⊔∇⊣ ⇐BCU⇒⇔ ⌋≀\∫⟩∫⊔∫ ≀{ ⊔⟨⌉ {≀↕↕≀⊒⟩\} ∫⊔⌉√∫¬ ∪I\⟩⊔⟩⊣↕⊎ I\⟩⊔⟩⊣↕↕†⇔ ⇕⊣⊔∇⟩§ ∇⌉⌈⊓⌋⊔⟩≀\∫ ⌊⊣∫⌉⌈ ≀\ ⌉∫∫⌉\⊔⟩⊣↕⟩⊔†⇔ ⌈≀⇕⟩\⊣\⌋⌉⇔ G⟩⇕√⌉↕≃∫ ⊔⌉⌋⟨\⟩∐⊓⌉⇔ ⊣\⌈ ⌈⌉⌋≀⇕√≀∫⟩⊔⟩≀\ ⟩\⊔≀ ⟩\⌈⌉√⌉\⌈⌉\⊔ ∫⊓⌊⇕⊣⊔∇⟩⌋⌉∫ ⊣∇⌉ ⊣√√↕⟩⌉⌈↙ T⟨⌉ LPR ≀{ ⊔⟨⌉ ⌋≀⊑⌉∇⟩\} ⇕⊣⊔∇⟩§ ⟩∫ }⌉\⌉∇⊣⊔⌉⌈⇔ ⊣\⌈ ⌊≀⊔⟨ ⊔⟨⌉ √∇⟩⇕⊣↕ ⊣\⌈ ⌈⊓⊣↕ √∇≀⌋⌉⌈⊓∇⌉∫ ⊣∇⌉ ⊣√√↕⟩⌉⌈ ⊣\⌈ ⌋≀⇕√⊓⊔⊣⊔⟩≀\ ⊔⟩⇕⌉∫ ⇕⌉⊣∫⊓∇⌉⌈↙ T⟨⌉ ⇕≀∇⌉ ⌉{⊘⌋⟩⌉\⊔ ≀{ ⊔⟨⌉ √∇≀⌋⌉⌈⊓∇⌉∫ ⌋⟨≀∫⌉\ {≀∇ ↕≀⊒⌉∇↖ ⌊≀⊓\⌈ ⌉∫⊔⟩⇕⊣⊔⟩≀\ ⊔⟨∇≀⊓}⟨≀⊓⊔ ⊔⟨⌉ ∇⌉⇕⊣⟩\⌈⌉∇ ≀{ ⊔⟨⌉ ⌊∇⊣\⌋⟨↖⊣\⌈↖⌊≀⊓\⌈ √∇≀⌋⌉∫∫↙ ∪I\⊔⌉}∇⊣↕⊎ I{ ⊣⊔ ⊣\† √≀⟩\⊔ ⊔⟨⌉ ∫≀↕⊓⊔⟩≀\ ≀{ ⊔⟨⌉ LPR ⟩∫ ⟩\⊔⌉}∇⊣↕⇔ ⊔⟨⌉\ ⊒⌉ ⟨⊣⊑⌉ ⊣ ∫≀↕⊓⊔⟩≀\ {≀∇ ⊔⟨⌉ ⌋⊓∇∇⌉\⊔ ⌊∇⊣\⌋⟨∅ ≀⊔⟨⌉∇⊒⟩∫⌉⇔ ⌋≀\⊔⟩\⊓⌉ ⊒⟩⊔⟨ ⊔⟨⌉ ⌊∇⊣\⌋⟨⟩\} ∫⊔⌉√ ⇐B∇⊣\⌋⟨ ⌊⌉↕≀⊒⇒↙ ∪B∇⊣\⌋⟨⊎ C⟨≀≀∫⌉ ⊣ ⌋≀↕⊓⇕\ ⊣⌋⌋≀∇⌈⟩\} ⊔≀ ⊣ ⟨⌉⊓∇⟩∫⊔⟩⌋ ⇕⌉⊣∫⊓∇⌉ ⌈⌉∇⟩⊑⌉⌈ {∇≀⇕ ⊔⟨⌉ ⌋≀∫⊔ ≀{ ⊔⟨⌉ ⌋≀↕⊓⇕\⇔ ⊔⟨⌉ \⊓⇕⌊⌉∇ ≀{ ∇≀⊒∫ ⟩⊔ ⌋≀⊑⌉∇∫⇔ ⊣\⌈ ⊔⟨⌉ ⇕⟩\⟩⇕⊓⇕ ⌋≀∫⊔ ≀{ ⌋≀⊑⌉∇⟩\} ⌉⊣⌋⟨ ≀{ ⊔⟨⌉∫⌉ ∇≀⊒∫↙ T⟨⌉∫⌉ ⌋∇⟩⊔⌉∇⟩⊣ ⊣∇⌉ ∫⟩⇕⟩↕⊣∇ ⊔≀ ∪∞∈⊎↙ A√√↕† ⊔⟨⌉ ∇⌉⌈⊓⌋⊔⟩≀\ ⊣}⊣⟩\↙ E∫⊔⟩⇕⊣⊔⌉ ⊔⟨⌉ ↕≀⊒⌉∇ ⌊≀⊓\⌈ ≀{ ⊔⟨⌉ ∇⌉⌈⊓⌋⌉⌈ ⇕⊣⊔∇⟩§ ⊓∫⟩\} LPR↙ T⟨⟩∫ ⌉∫⊔⟩⇕⊣⊔⟩≀\ ≀{ ⊔⟨⌉ ↕≀⊒⌉∇ ⌊≀⊓\⌈ ⟩∫ ⌈≀\⌉ ⟩\⌋∇⌉⇕⌉\⊔⊣↕↕†⇔ ⊓\↕⌉∫∫ ⊔⟨⌉ ⇕⊣⊔∇⟩§ ⟨⊣∫ ⌊⌉⌉\ ∇⌉⌈⊓⌋⌉⌈ ∫⟩}\⟩⊘⌋⊣\⊔↕† {∇≀⇕ ⊔⟨⌉ √∇⌉⊑⟩≀⊓∫ ↕⌉⊑⌉↕ ≀{ ∇⌉⌋⊓∇∫⟩≀\↙ I{ ⊔⟨⌉ ↕≀⊒⌉∇ ⌊≀⊓\⌈ ⌉§⌋⌉⌉⌈∫ ⊔⟨⌉ ⌋≀∫⊔ ≀{ ⊔⟨⌉ ⌊⌉∫⊔ ∫≀↕⊓⊔⟩≀\ {≀⊓\⌈ ∫≀ {⊣∇⇔ √∇⊓\⌉ ⊔⟨⟩∫ ⌊∇⊣\⌋⟨↙ O⊔⟨⌉∇⊒⟩∫⌉⇔ ⌋≀\⊔⟩\⊓⌉ B∇⊣\⌋⟨↙ ∪O⊔⟨⌉∇ ⌊∇⊣\⌋⟨⊎ R⌉|⌉⌋⊔ ⊔⟨⌉ ⌋≀↕⊓⇕\ √∇⌉⊑⟩≀⊓∫↕† ⌋⟨≀∫⌉\ ⊣\⌈ ⌋≀\⊔⟩\⊓⌉ ⊔⟨⌉ ⌊∇⊣\⌋⟨↖⊣\⌈↖⌊≀⊓\⌈ √∇≀⌋⌉∫∫ ⊣∫ ⟩\ B∇⊣\⌋⟨↙ P⟩⌋‖ ⊔⟨⌉ ⌊⌉⊔⊔⌉∇ ∫≀↕⊓⊔⟩≀\ ≀{ ⊔⟨⌉ ⊔⊒≀ ⌊∇⊣\⌋⟨⌉∫↙ IV↙ EXPERIMENTS AND RESULTS W⌉ √∇⌉∫⌉\⊔ ⊔⊒≀ ∫⌉⊔∫ ≀{ ∇⌉∫⊓↕⊔∫↙ T⟨⌉ ⊘∇∫⊔ ∫⌉⊔ ≀{ ∇⌉∫⊓↕⊔∫⇔ ∫⊓⇕⇕⊣∇⟩‡⌉⌈ ⟩\ T⊣⌊↕⌉ I⇔ √∇≀⊑⟩⌈⌉∫ ⊣ ⌋≀⇕√⊣∇⟩∫≀\ ⌊⌉⊔⊒⌉⌉\ ⊔⟨⌉ ↕≀⊒⌉∇ ⌊≀⊓\⌈∫ ≀⌊⊔⊣⟩\⌉⌈ ⊓∫⟩\} ⊔⟨⌉ ⇕⊣§⟩⇕⊣↕ ⟩\⌈⌉√⌉\⌈⌉\⊔ ∫⌉⊔ ⇐MIS⇒ ⊣\⌈ LPR ⇕⌉⊔⟨≀⌈∫↙ T⟨⌉ ⊔⊣⌊↕⌉ ⌋≀⇕√⊣∇⌉∫ ⊔⟨⌉ ⊘∇∫⊔ ⌊≀⊓\⌈ ≀⌊⊔⊣⟩\⌉⌈ ⌊† ⊔⟨⌉∫⌉ ⇕⌉⊔⟨≀⌈∫⇔ ≀\ ⊔⟨⌉ ≀∇⟩}⟩\⊣↕ √∇≀⌊↕⌉⇕↙ A∫ ⌋⊣\ ⌊⌉ ∫⌉⌉\ ⊔⟨⌉ LPR ↕≀⊒⌉∇ ⌊≀⊓\⌈∫ ⊣∇⌉ ∫⊓√⌉∇⟩≀∇ ⇐↕⊣∇}⌉∇⇒ ⟩\ ⊑⟩∇⊔⊓⊣↕↕† ⌉⊑⌉∇† ⌋⊣∫⌉↙ N≀⊔⌉ ⊔⟨⊣⊔ ⌉⊑⌉\ ⊣ ∫↕⟩}⟨⊔↕† ⌊⌉⊔⊔⌉∇ ⌊≀⊓\⌈ ⌋⊣\ ∇⌉∫⊓↕⊔ ⟩\ ⌉§√≀\⌉\⊔⟩⊣↕↕† ⌊⌉⊔⊔⌉∇ √⌉∇{≀∇⇕⊣\⌋⌉⇔ ⌈⊓⌉ ⊔≀ ⊔⟨⌉ √∇⊓\⟩\} ≀{ \≀⌈⌉∫ ⟩\ ⊔⟨⌉ ∫⌉⊣∇⌋⟨ ⊔∇⌉⌉↙ O{ ⌋≀⊓∇∫⌉⇔ ⊔⟨⌉ ⌊≀⊓\⌈ ⟨⊣∫ ⊔≀ ⌊⌉ ⟩⇕√∇≀⊑⌉⌈ ⊣∫ ⊑⊣∇⟩⊣⌊↕⌉∫ ⊣∇⌉ ∫⌉⊔ ⊔≀ √⊣∇⊔⟩⌋⊓↕⊣∇ ⊑⊣↕⊓⌉∫↙ W⌉ ⟨⊣⊑⌉ {≀⊓\⌈ ⊔⟨⊣⊔⇔ ⟩\ }⌉\⌉∇⊣↕⇔ ⟩{ ⊔⟨⌉ LPR ⌊≀⊓\⌈ ⟩∫ ∫⊓√⌉∇⟩≀∇ ⊔≀ ⊔⟨⌉ MIS ⌊≀⊓\⌈ ⇐⊣\⌈ ⟩⊔ ⊣↕⇕≀∫⊔ ⊣↕⊒⊣†∫ ⟩∫⇒ {≀∇ ⊔⟨⌉ ≀∇⟩}⟩\⊣↕ √∇≀⌊↕⌉⇕⇔ ⟩⊔ ∇⌉⇕⊣⟩\∫ ∫⊓√⌉∇⟩≀∇ ⊔⟨∇≀⊓}⟨ ⊔⟨⌉ ⌊∇⊣\⌋⟨⟩\} ∫⌉⊣∇⌋⟨ ⊣∫ ⊑⊣∇⟩⊣⌊↕⌉∫ ⊣∇⌉ ∫⌉⊔ ⊔≀ √⊣∇⊔⟩⌋⊓↕⊣∇ ⊑⊣↕⊓⌉∫⇔ ⊓√ ⊓\⊔⟩↕ ⊔⟨⌉ ∫⊓⌊√∇≀⌊↕⌉⇕∫ ⌊⌉⌋≀⇕⌉ ⊔∇⟩⊑⟩⊣↕↙ W⌉ \⌉§⊔ √∇≀⊑⟩⌈⌉ ⌋≀⇕√⊣∇⟩∫≀\∫ ⌊⌉⊔⊒⌉⌉\ S⌋⟨⌉∇‡≀ ∪∋⊎⇔ ≀⊓∇ ∫≀↕⊑⌉∇ BCU⇔ ⊣\⌈ ⊣ ⌋≀⇕⇕⌉∇⌋⟩⊣↕ LP∝ILP ∫≀↕⊑⌉∇ ⊒⟩⌈⌉↕† ∇⌉⌋≀}\⟩‡⌉⌈ ⊣∫ ⌊⌉⟩\} ≀\⌉ ≀{ ⊔⟨⌉ ⌊⌉∫⊔ ⇐⊒⟨⟩⌋⟨ ⊒⌉ ⊣↕∫≀ ⊓∫⌉⌈ ⊔≀ ⌋≀⇕√⊓⊔⌉ ≀⊓∇ ↕≀⊒⌉∇ ⌊≀⊓\⌈∫⇒↙ T⟨⌉∫⌉ ∇⌉∫⊓↕⊔∫ ⊣∇⌉ ∫⊓⇕⇕⊣∇⟩‡⌉⌈ ⟩\ T⊣⌊↕⌉ II↙ A↕↕ ⊔⟨∇⌉⌉ √∇≀}∇⊣⇕∫ ⊒⌉∇⌉ ∇⊓\ ≀\ ⊔⟨⌉ ∫⊣⇕⌉ ⇕⊣⌋⟨⟩\⌉⇔ ≀\ ⊣ ∞∈▽MH‡ H†√⌉∇S√⊣∇⌋ ∈′ ⊒⟩⊔⟨ ∞∈∀MB ≀{ ⇕⌉⇕≀∇†↙ BCU ∫⟩}\⟩⊘⌋⊣\⊔↕† ≀⊓⊔√⌉∇{≀∇⇕∫ S⌋⟨⌉∇‡≀ ≀\ ↕⊣∇}⌉ ⌉§⊣⇕√↕⌉∫ ∫⊓⌋⟨ ⊣∫ √∇≀⇕∈⇔ ⌉§▽ ⊣\⌈ ⊣√⌉§↙⌊⇔ ⊣∫ ⊒⌉↕↕ ⊣∫ ⇕⊣\† ≀⊔⟨⌉∇∫↙ BCU ⊣↕∫≀ ≀⊓⊔√⌉∇↖ {≀∇⇕∫ ⊔⟨⌉ ⌋≀⇕⇕⌉∇⌋⟩⊣↕ ∫≀↕⊑⌉∇ ⟩\ ⇕⊣\† ⌋⊣∫⌉∫⇔ ⊣\⌈ ∫⟩}\⟩⊘⌋⊣\⊔↕† ∫≀ ⟩\ ∫≀⇕⌉ ⌉§⊣⇕√↕⌉∫ ∫⊓⌋⟨ ⊣∫ ⌈⌉∫↙⊣⇔ ⊣√⌉§△↙⊣⇔ ⊣\⌈ ⊣√⌉§↙⌊↙ F≀∇ ⊔⟨⌉ ⌉§⊣⇕√↕⌉ ⊣↕⊓△↙⌊⇔ ⊒⟨⟩⌋⟨ \≀\⌉ ≀{ ⊔⟨⌉ ⊔⟨∇⌉⌉ √∇≀}∇⊣⇕∫ ⌋⊣\ √∇≀⊑⌉ ≀√⊔⟩⇕⊣↕⟩⊔† ⊒⟩⊔⟨⟩\ ⊔⟨⌉ ⊣↕↕≀⊔⊔⌉⌈ ⊔⟩⇕⌉⇔ BCU ⌈⟩∫⌋≀⊑⌉∇∫ ⊣ ⌊⌉⊔⊔⌉∇ ∫≀↕⊓⊔⟩≀\ ⊔⟨⊣\ ⌉⟩⊔⟨⌉∇ S⌋⟨⌉∇‡≀ ≀∇ ⊔⟨⌉ ⌋≀⇕⇕⌉∇⌋⟩⊣↕ ∫≀↕⊑⌉∇↙ I\ ⊔⟨⌉ ⌋⊣∫⌉∫ ⊒⟨⌉∇⌉ S⌋⟨⌉∇‡≀ ⟩∫ ∫⊓√⌉∇⟩≀∇ ⌊† ⊣ ↕⊣∇}⌉ {⊣⌋⊔≀∇⇔ {≀∇ ⌉§↖ ⊣⇕√↕⌉⇔ ⌈⌉∫↙⊣ ⊣\⌈ C∀∀′↙⌊⇔ ⊔⟨⌉ ⟩⇕√∇≀⊑⌉⌈ √⌉∇{≀∇⇕⊣\⌋⌉ ⟩∫ \≀⊔ ⌊⌉⌋⊣⊓∫⌉ ≀{ ⌊⌉⊔⊔⌉∇ ⌊≀⊓\⌈⟩\}⇔ ⌊⊓⊔ ⌊⌉⌋⊣⊓∫⌉ ≀{ ⊔⊒≀ {⊣⌋⊔≀∇∫↙ S⌋⟨⌉∇‡≀ ⟩⇕√↕⌉⇕⌉\⊔∫ ⌋⊣⌋⟨⟩\} ∫⊔∇⊣⊔⌉}⟩⌉∫ ⊔⟨⊣⊔ ⊖∇⌉⇕⌉⇕⌊⌉∇⪰ √∇⌉⊑⟩≀⊓∫ ∫⊓⌊√∇≀⌊↕⌉⇕∫ ⊣\⌈ ∇⌉⊓∫⌉ √∇⌉⊑⟩≀⊓∫↕† ⌋≀⇕√⊓⊔⌉⌈ ∫≀↕⊓⊔⟩≀\∫⇔ ⊣\⌈ ⌈⟩{{⌉∇⌉\⊔ ⊑⊣∇⟩⊣⌊↕⌉ ∫⌉↕⌉⌋⊔⟩≀\ ⟨⌉⊓∇⟩∫↖ ⊔⟩⌋∫ ⌋⊣\ ∇⌉∫⊓↕⊔ ⟩\ ∫⇕⊣↕↕⌉∇ ⌊∇⊣\⌋⟨⟩\} ⊔∇⌉⌉∫↙ C⊣⌋⟨⟩\} ∫⊔∇⊣⊔⌉}⟩⌉∫ ⌋⊣\ ⌊⌉ ⟩⇕√↕⌉⇕⌉\⊔⌉⌈ ⊒⟩⊔⟨⟩\ ⊔⟨⌉ BCU {∇⊣⇕⌉⊒≀∇‖ ⊣∫ ⊒⌉↕↕⇔ ⊣\⌈ ⊣∇⌉ ⌉§√⌉⌋⊔⌉⌈ ⊔≀ ⟩⇕√∇≀⊑⌉ ⊔⟨⌉ ⌉{⊘⌋⟩⌉\⌋† ≀{ ⊔⟨⌉ ∫≀↕⊑⌉∇↙ T⟨⌉ ⌋≀⇕⇕⌉∇⌋⟩⊣↕ ∫≀↕⊑⌉∇ √⌉∇{≀∇⇕∫ ⌊⌉⊔⊔⌉∇ ⊔⟨⊣\ S⌋⟨⌉∇‡≀ ⟩\ ⇕⊣\† ⌉§↖ ⊣⇕√↕⌉∫↙ T⟨⌉ ⇕⊣⟩\ ∇⌉⊣∫≀\ ⊒⟨† ⊔⟨⌉ ⌋≀⇕⇕⌉∇⌋⟩⊣↕ ∫≀↕⊑⌉∇ ⌈≀⌉∫ ⌊⌉⊔⊔⌉∇ ⊔⟨⊣\ BCU ⟩\ ∫≀⇕⌉ ≀{ ⊔⟨⌉ ⌉§⊣⇕√↕⌉∫ ⟩∫ ⌊⌉⌋⊣⊓∫⌉ ⊔⟨⌉ ⌋≀⇕⇕⌉∇⌋⟩⊣↕ ∫≀↕⊑⌉∇ ⟨⊣∫

⊣⌋⌋⌉∫∫ ⊔≀ ⌋≀∇⌉ ↕⟩\⌉⊣∇ √∇≀}∇⊣⇕⇕⟩\} ∇≀⊓⊔⟩\⌉∫⇔ ⊒⟨⟩⌋⟨ ⊒⌉ ⌈≀ \≀⊔ ⌋⊓∇∇⌉\⊔↕† ⟨⊣⊑⌉↙ W⌉ ⌉↕⊣⌊≀∇⊣⊔⌉ ≀\ ⊔⟨⟩∫ ⟩\ ⊔⟨⌉ \⌉§⊔ ∫⌉⌋⊔⟩≀\↙ V↙ SUMMARY AND FUTURE WORK W⌉ ⟨⊣⊑⌉ √∇⌉∫⌉\⊔⌉⌈ ⊣\ ⌉{⊘⌋⟩⌉\⊔ ⊣√√∇≀⊣⌋⟨ ⊔≀ ∫≀↕⊑⟩\} ⊓\⊣⊔⌉ ⊣\⌈ ⌊⟩\⊣⊔⌉ ⌋≀⊑⌉∇⟩\} √∇≀⌊↕⌉⇕∫↙ O⊓∇ ⊣√√∇≀⊣⌋⟨ ⟩∫ ⌊⊣∫⌉⌈ ≀\ ⊔⟨⌉ ⌉∫⊔⟩⇕⊣⊔⟩≀\ ≀{ ↕≀⊒⌉∇ ⌊≀⊓\⌈∫ ⊓∫⟩\} ↕⟩\⌉⊣∇↖√∇≀}∇⊣⇕⇕⟩\} ∇⌉↕⊣§⊣⊔⟩≀\↙ A↕⊔⟨≀⊓}⟨ LPR ⟨⊣∫ ⌊⌉⌉\ ⌉§⊔⌉\∫⟩⊑⌉↕† ⊓∫⌉⌈ ⟩\ ∫≀↕⊑⟩\} ⟩\⊔⌉}⌉∇ ↕⟩\⌉⊣∇ √∇≀}∇⊣⇕⇕⟩\} √∇≀⌊↕⌉⇕∫⇔ ⟩⊔∫ √≀⊒⌉∇ ⟨⊣∫ ⌊⌉⌉\ ↕⊣∇}⌉↕† ≀⊑⌉∇↕≀≀‖⌉⌈ ⟩\ ∫≀↕⊑⟩\} ⌋≀⊑⌉∇⟩\} √∇≀⌊↕⌉⇕∫↙ O⊓∇ ⌉§√⌉∇⟩⇕⌉\⊔⊣↕ ∇⌉∫⊓↕⊔∫ ∫⟨≀⊒ ⊔⟨⊣⊔ LPR ⟩\⌈⌉⌉⌈ †⟩⌉↕⌈∫ ⇕⊓⌋⟨ ⌊⌉⊔⊔⌉∇ ↕≀⊒⌉∇ ⌊≀⊓\⌈∫ ⊔⟨⊣\ √∇⌉⊑⟩≀⊓∫↕† ⊒⟩⌈⌉↕† ⊓∫⌉⌈ ⇕⌉⊔⟨≀⌈∫ ⌊⊣∫⌉⌈ ≀\ ⟩\⌈⌉√⌉\⌈⌉\⊔ ∫⌉⊔∫↙ O\ ⊔⟨⌉ ≀⊔⟨⌉∇ ⟨⊣\⌈⇔ ⊔⟨⌉ ⊔∇⊣⌈⟩⊔⟩≀\⊣↕ ∇⌉⌈⊓⌋⊔⟩≀\ ⊔⌉⌋⟨\⟩∐⊓⌉∫ {≀∇ ⌋≀⊑⌉∇↖ ⟩\} √∇≀⌊↕⌉⇕∫ ⊣∇⌉ ⊣↕∫≀ \⌉⌋⌉∫∫⊣∇† ⟩\ ≀∇⌈⌉∇ ⊔≀ ⌉§√↕≀⟩⊔ √∇≀√⌉∇⊔⟩⌉∫ ∫√⌉⌋⟩⊘⌋ ⊔≀ ⌋≀⊑⌉∇⟩\} √∇≀⌊↕⌉⇕∫�⟩\∫⊔⌉⊣⌈ ≀{ ∫≀↕⊑⟩\} ⊔⟨⌉ ⌋≀⊑⌉∇⟩\} √∇≀⌊↕⌉⇕ ⊣∫ |⊓∫⊔ ⊣\ ILP↙ F⊓∇⊔⟨⌉∇⇔ ⊒⟨⟩↕⌉ LPR ⌊≀⊓\⌈∫ ⌋⊣\ ⌊⌉ ⌉§√⌉\∫⟩⊑⌉ ⊔≀ ⌋≀⇕√⊓⊔⌉⇔ ⊔⟨⌉† ⌋⊣\ ⌊⌉ ⌋≀⇕√⊓⊔⌉⌈ ⟩\⌋∇⌉⇕⌉\⊔⊣↕↕† ⌈⊓∇⟩\} ⊔⟨⌉ ⌊∇⊣\⌋⟨⟩\} ∫⌉⊣∇⌋⟨ ⊔≀ ⟩\⌋∇⌉⊣∫⌉ ⌉{⊘⌋⟩⌉\⌋†↙ T⟨⌉ ⌋≀⇕⌊⟩\⊣⊔⟩≀\ ≀{ ⊔⟨⌉∫⌉ ⊔⌉⌋⟨\⟩∐⊓⌉∫ ∇⌉∫⊓↕⊔∫ ⟩\ ⇕⊣\† ⟩⇕√∇≀⊑⌉⇕⌉\⊔∫¬ \≀⊔ ≀\↕† ⊒⌉∇⌉ ⊒⌉ ⊣⌊↕⌉ ⊔≀ ⟨⊣\⌈↕⌉ √∇⌉⊑⟩≀⊓∫↕†↖ ∫≀↕⊑⌉⌈ √∇≀⌊↕⌉⇕∫ ⇕≀∇⌉ ⌉{⊘⌋⟩⌉\⊔↕†⇔ ⌊⊓⊔ ⊣↕∫≀ ⟩\ ∫≀⇕⌉ ⌋⊣∫⌉∫ ⊒⌉ ⊒⌉∇⌉ ⊣⌊↕⌉ ⊔≀ ⊘\⟩∫⟨ ≀\ ⌈⟩{⊘⌋⊓↕⊔ √∇≀⌊↕⌉⇕∫ ⊔⟨⊣⊔ ≀⊔⟨⌉∇ ∫≀↕⊑⌉∇∫ ⌋≀⊓↕⌈ \≀⊔ ⌋≀⇕↖ √↕⌉⊔⌉⇔ ≀∇ ⊔≀ ⊘\⌈ ⊣ ⌊⌉⊔⊔⌉∇ ∫≀↕⊓⊔⟩≀\ ⟩\ ⊔⟨⌉ ∫⊣⇕⌉ ⊣⇕≀⊓\⊔ ≀{ ⊔⟩⇕⌉↙ W⌉ ⌋≀\⌋↕⊓⌈⌉ ⊔⟨⊣⊔⇔ ⟩\ ↕⟩}⟨⊔ ≀{ ⊔⟨⌉ √∇⌉∫⌉\⊔⌉⌈ ⌉§√⌉∇⟩⇕⌉\⊔⊣↕ ∇⌉∫⊓↕⊔∫⇔ {⊓⊔⊓∇⌉ ∇⌉↖ ∫⌉⊣∇⌋⟨ ∫⟨≀⊓↕⌈ {≀⌋⊓∫ ≀\ ∫√⌉⌉⌈⟩\} ⊓√ LPR↖⌊⊣∫⌉⌈ ↕≀⊒⌉∇ ⌊≀⊓\⌈⟩\}⇔ ⊣\⌈ ⊓∫⌉ ⟩\⌈⌉√⌉\⌈⌉\⊔↖∫⌉⊔ ⊣√√∇≀⊣⌋⟨⌉∫ ≀\↕† {≀∇ √∇⊓\⟩\} ⊔⌉⌋⟨\⟩∐⊓⌉∫ ∫⊓⌋⟨ ⊣∫ C≀⊓⌈⌉∇⊔≃∫ ↕⟩⇕⟩⊔↖↕≀⊒⌉∇ ⌊≀⊓\⌈ ∪∋⊎↙ I\ ⊣⌈⌈⟩⊔⟩≀\ ⊔≀ ↕≀⊒⌉∇ ⌊≀⊓\⌈ ⌋≀⇕√⊓⊔⊣⊔⟩≀\⇔ ⊑⊣∇⟩⊣⌊↕⌉ ∫⌉↕⌉⌋⊔⟩≀\ ⇕⌉⊔⟨≀⌈∫ ⟨⊣⊑⌉ ⊣ ∫⟩}\⟩⊘⌋⊣\⊔ ⟩⇕√⊣⌋⊔ ≀\ ⊔⟨⌉ ⌉{⊘⌋⟩⌉\⌋† ≀{ ⊔⟨⌉ ∫≀↕⊑⌉∇↙ I\ BCU ⊒⌉ ⟨⊣⊑⌉ ⊓∫⌉⌈ ⊣ ∫⟩\}↕⌉ ⊓\⟩{≀∇⇕ ⊑⊣∇⟩⊣⌊↕⌉ ∫⌉↕⌉⌋⊔⟩≀\ ⟨⌉⊓∇⟩∫⊔⟩⌋ {≀∇ ⊣↕↕ ⌉§⊣⇕√↕⌉∫¬ \≀\⟩\⊔⌉}∇⊣↕ ⊑⊣∇⟩⊣⌊↕⌉∫ ⊒⌉∇⌉ √⟩⌋‖⌉⌈ ⊣⌋⌋≀∇⌈⟩\} ⊔≀ ⊔⟨⌉ ⌋∇⟩⊔⌉∇⟩≀\ ⌈⌉∫⌋∇⟩⌊⌉⌈ ⟩\ ⊔⟨⌉ B∇⊣\⌋⟨ ∫⊔⌉√ ≀{ S⌉⌋⊔⟩≀\ III↖D↙ E\⟨⊣\⌋⟩\} ⊔⟨⌉ ⊑⊣∇⟩⊣⌊↕⌉ ∫⌉↕⌉⌋⊔⟩≀\ ⇕⌉⊔⟨≀⌈ ⇕⊣† ∇⌉∫⊓↕⊔ ⟩\ {⊣∫⊔⌉∇ ⌉§⌉⌋⊓⊔⟩≀\⇔ ⊣\⌈ ⊒⌉ ⊣∇⌉ ⌋⊓∇∇⌉\⊔↕† ⟩\⊑⌉∫⊔⟩}⊣⊔⟩\} ⇕⌉⊔⟨≀⌈∫ ⊔⟨⊣⊔ ⟩\⌋≀∇√≀∇⊣⊔⌉ ⟩\{≀∇⇕⊣⊔⟩≀\ {∇≀⇕ ⊔⟨⌉ ∫≀↕⊓⊔⟩≀\ ≀{ ⊔⟨⌉ LPR↙ W⌉ ⟨⊣⊑⌉ ⊓∫⌉⌈ ⊣ ⌋≀⇕⇕⌉∇⌋⟩⊣↕ LP ∫≀↕⊑⌉∇ ⊣∫ ⊣ ⊖⌊↕⊣⌋‖ ⌊≀§⇔⪰ ⟩↙⌉↙⇔ ⊒⌉ ⊓∫⌉⌈ ⟩⊔ ⊔≀ ∫≀↕⊑⌉ ⊔⟨⌉ LPR∫ ⊒⟩⊔⟨≀⊓⊔ ⊔⊣‖⟩\} ⊣⌈⊑⊣\⊔⊣}⌉ ≀{ ⟩\{≀∇⇕⊣⊔⟩≀\ ⊣⊑⊣⟩↕⊣⌊↕⌉ ⟩\ ⟩\⊔⌉∇⇕⌉⌈⟩⊣⊔⌉ ∫⊔⌉√∫↙ I{ ⊒⌉ ⟨⊣⌈ ⊣⌋⌋⌉∫∫ ⊔≀ ⟩\{≀∇⇕⊣⊔⟩≀\ ∫⊓⌋⟨ ⊣∫ ⌈⌉}⌉\⌉∇⊣⌋† ⊣\⌈ ⊣ ⊔⟩}⟨⊔ ⊓√√⌉∇ ⌊≀⊓\⌈⇔ ⊣\⌈ ⟩{ ⊒⌉ ⟨⊣⌈ ⌋≀\⊔∇≀↕ ≀⊑⌉∇ ⊔⟨⌉ √∇≀}∇⌉∫∫ ≀{ ⊔⟨⌉ ∫≀↕⊑⌉∇⇔ ⊒⌉ ⇕⟩}⟨⊔ ⌊⌉ ⊣⌊↕⌉ ⊔≀ ∫√⌉⌉⌈ ⊓√ ⊔⟨⌉ ↕≀⊒⌉∇↖⌊≀⊓\⌈ ⌉∫⊔⟩⇕⊣⊔⟩≀\ ∫⊓⌊∫⊔⊣\⊔⟩⊣↕↕†↙ F≀∇ ⟩\∫⊔⊣\⌋⌉⇔ ⊑⊣∇⟩≀⊓∫ √⟩⌉⌋⌉∫ ≀{ ⟩\{≀∇⇕⊣⊔⟩≀\ }⊣⊔⟨⌉∇⌉⌈ {∇≀⇕ ⟩\⊔⌉∇⇕⌉⌈⟩⊣⊔⌉ ∫⊔⌉√∫ ⇕⊣† √∇≀⊑⟩⌈⌉ ⊓∫⌉{⊓↕ ⟨⌉⊓∇⟩∫⊔⟩⌋ }⊓⟩⌈↖ ⊣\⌋⌉ {≀∇ ⌈⌉⊔⌉∇⇕⟩\⟩\} ⊒⟨⌉\ ⊣\⌈ ⟨≀⊒ ≀{⊔⌉\ ⊔≀ ⊓∫⌉ LPR↙ W⌉ ⌊⌉↕⟩⌉⊑⌉ ⊔⟨⊣⊔ ⊔⟨⌉ ⊔⟩}⟨⊔ ⟩\⊔⌉}∇⊣⊔⟩≀\ ≀{ ⊔⟨⌉ ⌊∇⊣\⌋⟨↖⊣\⌈↖⌊≀⊓\⌈ ⊣\⌈ ⊔⟨⌉ LPR √∇≀⌋⌉⌈⊓∇⌉ ⟩∫ ⊔⟨⌉ ‖⌉† ⊔≀ {⊓∇⊔⟨⌉∇ ⟩⇕√∇≀⊑⌉⇕⌉\⊔∫↙ ACKNOWLEDGEMENTS T⟨⌉ ⊣⊓⊔⟨≀∇∫ ⊣∇⌉ }∇⊣⊔⌉{⊓↕ ⊔≀ R⟩⌋‖ R⊓⌈⌉↕↕ {≀∇ √∇≀⊑⟩⌈⟩\} ⟨⟩∫ ⌊⟩\⊣⊔⌉↖ ⌋≀⊑⌉∇⟩\} ∫≀↕⊑⌉∇⇔ ⟩\ ⊒⟨≀∫⌉ {∇⊣⇕⌉⊒≀∇‖ ⊔⟨⌉ ⊣↕}≀∇⟩⊔⟨⇕ ⌈⌉∫⌋∇⟩⌊⌉⌈ ⟩\ ⊔⟨⟩∫ √⊣√⌉∇ ⊒⊣∫ ⟩⇕√↕⌉⇕⌉\⊔⌉⌈∅ ⊣\⌈ ⊔≀ O↕⟩⊑⟩⌉∇ C≀⊓⌈⌉∇⊔ {≀∇ √∇≀⊑⟩⌈⟩\} ⊔⟨⌉ ⌊⌉\⌋⟨⇕⊣∇‖ ∇⌉∫⊓↕⊔∫ ≀{ ⟨⟩∫ ∫≀↕⊑⌉∇ S⌋⟨⌉∇‡≀↙ T⟨⌉ ⊣⊓⊔⟨≀∇∫ ⊣↕∫≀ ⊔⟨⊣\‖ ⊔⟨⌉ ∇⌉⊑⟩⌉⊒⌉∇∫ {≀∇ ⊔⟨⌉⟩∇ ⊑⊣↕⊓⊣⌊↕⌉ ∫⊓}}⌉∫⊔⟩≀\∫↙ REFERENCES ∪∞⊎ P↙ B⊣∇⊔⟨↙ A D⊣⊑⟩∫↖P⊓⊔\⊣⇕ ⌊⊣∫⌉⌈ ⌉\⊓⇕⌉∇⊣⊔⟩≀\ ⊣↕}≀∇⟩⊔⟨⇕ {≀∇ ↕⟩\⌉⊣∇ √∫⌉⊓⌈≀↖⌊≀≀↕⌉⊣\ ≀√⊔⟩⇕⟩‡⊣⊔⟩≀\↙ T⌉⌋⟨\⟩⌋⊣↕ R⌉√≀∇⊔ MPI↖I↖∃▽↖ ∈↖′′∋⇔ M⊣§↖P↕⊣\⌋‖↖I\∫⊔⟩⊔⊓⊔ {�⊓∇ I\{≀∇⇕⊣⊔⟩‖⇔ J⊣\⊓⊣∇† ∞∃∃▽↙ S⌉⌉ ⊒⊒⊒↙⇕√⟩↖∫⌊↙⇕√}↙⌈⌉∝}⊓⟩⌈⌉∝∫⊔⊣{{∝⌊⊣∇⊔⟨∝√⊓⌊↕⟩⌋⊣⊔⟩≀\∫∝∇⌉√≀∇⊔∫↙ ∪∈⊎ J↙ E↙ B⌉⊣∫↕⌉†↙ A\ ⊣↕}≀∇⟩⊔⟨⇕ {≀∇ ∫⌉⊔ ⌋≀⊑⌉∇⟩\} √∇≀⌊↕⌉⇕↙ E⊓∇≀√⌉⊣\ J≀⊓∇\⊣↕ ≀{ O√⌉∇⊣⊔⟩≀\⊣↕ R⌉∫⌉⊣∇⌋⟨⇔ ∋∞¬∀▽∘∃∋⇔ ∞∃∀↙ ∪∋⊎ O↙ C≀⊓⌈⌉∇⊔↙ O\ ∫≀↕⊑⟩\} ⌊⟩\⊣⊔⌉ ⌋≀⊑⌉∇⟩\} √∇≀⌊↕⌉⇕∫↙ I\ P∇≀⌋⌉⌉⌈↖ ⟩\}∫ ≀{ ACM∝IEEE D⌉∫⟩}\ A⊓⊔≀⇕⊣⊔⟩≀\ C≀\{⌉∇⌉\⌋⌉⇔ J⊓\⌉ ∞∃∃↙̸ ∪△⊎ O↙ C≀⊓⌈⌉∇⊔ ⊣\⌈ J↙↖C↙ M⊣⌈∇⌉↙ N⌉⊒ ⟩⌈⌉⊣∫ {≀∇ ∫≀↕⊑⟩\} ⌋≀⊑⌉∇⟩\} √∇≀⌊↕⌉⇕∫↙ I\ P∇≀⌋⌉⌉⌈⟩\}∫ ≀{ ACM∝IEEE D⌉∫⟩}\ A⊓⊔≀⇕⊣⊔⟩≀\ C≀\{⌉∇⌉\⌋⌉⇔ √⊣}⌉∫ △̸∞∘△̸⇎ J⊓\⌉ ∞∃∃▽↙ ∪▽⊎ J↙ F↙ G⟩⇕√⌉↕↙ A ∇⌉⌈⊓⌋⊔⟩≀\ ⊔⌉⌋⟨\⟩∐⊓⌉ {≀∇ √∇⟩⇕⌉ ⟩⇕√↕⟩⌋⊣\⊔ ⊔⊣⌊↕⌉∫↙ IEEE T∇⊣\∫↙ ≀\ E↕⌉⌋↙ C≀⇕√↙⇔ ∞△¬▽∋▽∘▽△∞⇔ J⊓\⌉ ∞∃▽̸↙ ∪⊎̸ A↙ G∇⊣∫∫⌉↕↕⟩ ⊣\⌈ F↙ L⊓⌋⌋⟩≀↙ A ⇕⌉⊔⟨≀⌈ {≀∇ ⇕⟩\⟩⇕⟩‡⟩\} ⊔⟨⌉ \⊓⇕↖ ⌊⌉∇ ≀{ ⟩\⊔⌉∇\⊣↕ ∫⊔⊣⊔⌉∫ ⟩\ ⟩\⌋≀⇕√↕⌉⊔⌉↕† ∫√⌉⌋⟩⊘⌉⌈ ⇕⊣⌋⟨⟩\⌉∫↙ IEEE T∇⊣\∫↙ ≀\ E↕⌉⌋↙ C≀⇕√↙⇔ ∞△¬∋▽′∘∋▽∃⇔ J⊓\⌉ ∞∃▽̸↙ ∪⊎ S↙ L⟩⊣≀⇔ S↙ D⌉⊑⊣⌈⊣∫⇔ K↙ K⌉⊓⊔‡⌉∇⇔ ⊣\⌈ S↙ T|⟩⊣\}↙ I\∫⊔∇⊓⌋⊔⟩≀\ ∫⌉↕⌉⌋⊔⟩≀\ ⊓∫⟩\} ⌊⟩\⊣⊔⌉ ⌋≀⊑⌉∇⟩\} {≀∇ ⌋≀⌈⌉ ∫⟩‡⌉ ⇕⟩\⟩⇕⟩‡⊣⊔⟩≀\↙ I\ P∇≀⌋⌉⌉⌈⟩\}∫ ≀{ ∞∃∃ ̸I\⊔⌉∇\⊣⊔⟩≀\⊣↕ C≀\{⌉∇⌉\⌋⌉ ≀\ C≀⇕√⊓⊔⌉∇↖ A⟩⌈⌉⌈ D⌉∫⟩}\⇔ √⊣}⌉∫ ∋∃∋∘∋∃∃⇔ N≀⊑⌉⇕⌊⌉∇ ∞∃∃↙̸

∪∀⊎ E↙ L↙ M⌋C↕⊓∫‖⌉†⇔ J∇↙ M⟩\⟩⇕⟩‡⊣⊔⟩≀\ ≀{ ⌊≀≀↕⌉⊣\ {⊓\⌋⊔⟩≀\∫↙ B⌉↕↕ S†∫↙ T⌉⌋⟨↙ J≀⊓∇\⊣↕⇔ ∋▽¬∞△∞∘∞△△△⇔ A√∇⟩↕ ∞∃▽∃↙ ∪∃⊎ G↙ L↙ N⌉⇕⟨⊣⊓∫⌉∇ ⊣\⌈ L↙ A↙ W≀↕∫⌉†↙ I\⊔⌉}⌉∇ ⊣\⌈ C≀⇕⌊⟩\⊣⊔≀∇⟩⊣↕ O√⊔⟩⇕⟩‡⊣⊔⟩≀\↙ J≀⟨\ W⟩↕⌉† ↘ S≀\∫⇔ N⌉⊒ Y≀∇‖⇔ ∞∃∀∀↙ ∪∞′⊎ W↙ V↙ O↙ Q⊓⟩\⌉↙ A ⊒⊣† ⊔≀ ∫⟩⇕√↕⟩{† ⊔∇⊓⊔⟨ {⊓\⌋⊔⟩≀\∫↙ A⇕↙ M⊣⊔⟨↙ M≀\⊔⟨↕†⇔ ∉¬∉∘∌∞⇔ ∞∃▽▽↙ ∪∞∞⊎ W↙ V↙ O↙ Q⊓⟩\⌉↙ O\ ⌋≀∇⌉∫ ⊣\⌈ √∇⟩⇕⌉ ⟩⇕√↕⟩⌋⊣\⊔∫ ≀{ ⊔∇⊓⊔⟨ {⊓\⌋⊔⟩≀\∫↙ A⇕↙ M⊣⊔⟨↙ M≀\⊔⟨↕†⇔ ̸¬▽▽∘′̸⇔ ∞∃▽∃↙ ∪∞∈⊎ R↙ L↙ R⊓⌈⌉↕↕↙ L≀}⟩⌋ S†\⊔⟨⌉∫⟩∫ {≀∇ VLSI D⌉∫⟩}\↙ P⟨D ⊔⟨⌉∫⟩∫⇔ UC B⌉∇‖⌉↕⌉†⇔ ∞∃∀∃↙ UCB∝ERL M∀∃∝△∃↙

E§⊣⇕√↕⌉ L≀⊒⌉∇ B≀⊓\⌈ N⊣⇕⌉ ∇≀⊒ � col sol MIS LPR

lin.rom 545 � 578 113 109 113 test1 271 � 481 110 90 94 foutL 152 � 427 364 333 364 m4L 392 � 621 1335 1260 1331 mlp4L 418 � 587 1316 1279 1314 max512L 419 � 514 1087 1039 1087 ocex1 328 � 567 69 62 68 ocex2 575 � 681 162 154 161 max1024 917 � 904 259 197 208 prom2 1525 � 1813 287 248 260 ex5 687 � 974 37 31 36 add4 883 � 858 31 27 31 5xp1.b 859 � 838 12 9 11 count.b 694 � 913 24 17 24 e64.a 461 � 492 80 65 80 sao2.b 779 � 695 25 24 25 jac3 1254 � 266 15 12 15 des.a 17920 � 12183 942 822 918 int13 2439 � 516 110 98 109 apex4.a 11912 � 8406 776 722 774 C880.b 1859 � 1460 63 54 62 int10 32362 � 1376 116 103 115 int14 3479 � 618 140 115 135 apex7.b 2353 � 2126 37 29 35 alu4.b 1838 � 1492 � 40 47 TABLE I Characteristicsofexamples. Thesecondcolumnshowsthesizesofexamples. Thecolumnsolgivestheoptimalsolutionofthecoveringproblem,ifknown. ThecolumnsMISandLPR exhibitthe�rst lowerboundobtainedbymaximal independentsetandbylinearprogrammingrelaxation,respectively. Example Scherzo96 BCU ILP solver Name sol UB CPU UB CPU UB CPU lin.rom 113 113 1.3 113 27.7 113 1.8 test1 110 110 4.4 110 2.9 110 0.8 foutL 364 364 44.8 364 2.4 364 0.2 m4L 1335 1335 16.7 1335 4.6 1335 1.5 mlp4L 1316 1316 10.3 1316 2.5 1316 0.9 max512L 1087 1087 94.2 1087 0.6 1087 0.8 ocex1 69 69 164.1 69 18.6 69 20.7 ocex2 162 162 117.0 162 31.4 162 3.9 max1024 259 259 8951.0 259 1886.7 259 2537.7 prom2 287 287 10211.1 287 918.0 287 138.0 ex5 65 65 14969.7 65 439.4 65 458.7 add4 31 31 6.1 31 1.9 31 1.7 5xp1.b 12 12 7.9 12 8.1 12 165.8 count.b 24 24 55.3 24 0.9 24 12.6 e64.a 80 80 0.5 80 0.7 80 0.3 sao2.b 25 25 1.0 25 94.1 25 33.1 jac3 15 15 5.9 15 4.6 15 5.0 des.a 942 942 125.2 942 1151.5 974 ¿20000 int13 110 110 126.0 110 3.3 110 2.2 apex4.a 776 776 127.4 776 23.3 793 ¿20000 C880.b 63 63 200.7 63 3347.8 63 2140.0 int10 116 116 433.7 116 262.9 116 35.1 int14 140 140 5627.6 140 61.9 140 15.4 apex7.b 37 38 ¿20000 37 1230.4 38 ¿20000 alu4.b � 51 ¿20000 50 ¿20000 51 ¿20000 TABLE II ComparisonofScherzo96[3],oursolverBCU, andacommercialILP solver. ThecolumnsUB givethebestsolutionsfoundbyeachoneofthesolvers. CPU timesaremeasuredinseconds,ona125MHzHyperSparc20.