
Inference and Representation:!
!

Case study in Computational Cognitive Science

Brenden Lake



concept learning!
(cognitive science!

&!
psychology)

classification!
(data science!

&!
machine learning)

=

labeled data for!
“dogs”

labeled data for !
“cats”

generalization task:!
dog or cat?

“Learning classifiers” in cognitive science



human-level concept learning

the speed of learning

generating 	
new concepts

generating 	
new examples

parsing

the richness of representation

“one-shot 	
learning”



spring-loaded camming device drawing knife

portable immersion circulator bucket-wheel excavator



We would like to investigate a domain with…!
!

1) A relatively even slate for comparing humans and machines.!
!

2) Natural, high-dimensional concepts.!
!
3) A reasonable chance of building computational models that 
can see most of the structure that people see.!
!
4) Insights that generalize across domains.

A testbed for studying human-level concept learning



Standard machine learning

Omniglot dataset!
1600+ concepts!

20 examples each

MNIST!
10 concepts!

6000 examples each

Our testbed

https://github.com/brendenlake

https://github.com/brendenlake


Sanskrit Tagalog

Latin Braille

Balinese Hebrew



Angelic Alphabet of the Magi

FuturamaULOG
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Figure 1: A&B) A single example of a new concept (red box) can be enough information to
support the (i) classification of new examples, (ii) generation of new examples, (iii) parsing an
object into parts and relations, and (iv) generation of new concepts from related concepts. C)
525 simple concepts for comparing human and machine learning. Images courtesy of opencli-
part.org, Segway Inc., Lars Lottrup, and Glenn Roberts at Motorcycle Mojo magazine.
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...

relation:
attached along

relation:
attached along

relation:
attached at start

v) exemplars

vi) raw data

iv) object
template

iii) parts

ii) sub-parts

i) primitives

A B

type level

token level

Figure 3, x43p4 picas, Lake/Science

Bayesian Program Learning
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generating 	
new examples



“Draw a new example”
Which grid is produced by the model?
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Task: “Design a new character from the same alphabet”

3 seconds !
remaining

generating 	
new concepts
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Which grid is produced by the model?
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A B A B A B

Task: “Design a new character from the same alphabet”
Which grid is produced by the model?



New machine-generated characters in each alphabet

Alphabet of characters

Alphabet of characters

New machine-generated characters in each alphabet

Generate a new characters from the same alphabet
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...

connected at 

relation
connected at 

relation

Bayesian Program Learning

exemplars

raw data

object template

parts

sub-parts

primitives!
(1D curvelets, 2D 
patches, 3D geons, 
actions, sounds, etc.)

inference

✓
I

latent variables

raw binary image

Bayes’ rule
renderer

prior on parts, 
relations, etc.

P (✓|I) = P (I|✓)P (✓)

P (I)

Concept learning as program induction.	
!
Key ingredients for learning good programs:	
1) Learning-to-learn	
2) Compositionality 
3)  Causality
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relation
connected at 

relation

Bayesian Program Learning

object template

parts

sub-parts

primitives!
(1D curvelets, 2D 
patches, 3D geons, 
actions, sounds, etc.)

...

...

connected at 

relation
connected at 

relation

Algorithm 1 Generate a new character type

procedure GENERATETYPE
 � P () � Sample number of parts
for i = 1 ...  do

ni � P (ni|) � Sample number of sub-parts
Si � P (Si|ni) � Sample sequence of sub-parts
Ri � P (Ri|S1, ..., Si�1) � Sample relation

end for
 � {, R, S}
return @GENERATETOKEN( ) � Return the handle to a stochastic program

end procedure

procedure GENERATETOKEN( )
for i = 1... do

S(m)
i � P (S(m)

i |Si) � Add motor variance
L(m)

i � P (L(m)
i |Ri, T

(m)
1 , ..., T (m)

i�1 ) � Sample part’s start location
T (m)

i � f(L(m)
i , S(m)

i ) � Compose a part’s pen trajectory
end for
A(m) � P (A(m)) � Sample affine transform
I(m) � P (I(m)|T (m), A(m)) � Render and sample the binary image
return I(m)

end procedure

1
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Sample number of sub-parts

Sample sequence of sub-parts

Sample relation

Return handle to a stochastic program

Sample part’s !
start location
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v) exemplars
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iii) parts
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i) primitives

type level
token level
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Version 2

Human or Machine?

Figure 2: The BPL generative model. A) New types are generated by choosing primitive ac-
tions (color coded) from a library (i), combining these sub-parts (ii) to make parts (iii), and
combining parts with relations to define simple programs (iv). Token are generated by running
these programs (v-vi). B&C) Pseudocode for type and token level generation. D) Humans and
BPL compared on the task of generating new exemplars of a concept. Which 9-character grid
in each pair was generated by a machine? Answers by row: 1,2,2;1,1,1
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Learning-to-learn programs

learned action primitives learned primitive transitions
seed 

primitive

1250 primitives	
scale selective	

translation invariant
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Inferring latent motor programs

✓
I

latent variables

raw binary image...

connected 

relation

inferenceraw data

object template

strokes

sub-strokes

I

P (✓|I) = P (I|✓)P (✓)

P (I)

Bayes’ rule

such that

Discrete (K=5) approximation to posterior

P (✓|I) ⇡
PK

i=1 wi�(✓ � ✓[i])
PK

i=1 wi

wi / P (✓[i]|I)

primitives

renderer prior on programs

Intuition: Fit strokes to the observed pixels 
as closely as possible, with these 
constraints:	
• fewer strokes	
• high-probability primitive sequence 	
• use relations	
• stroke order	
• stroke directions



Inference
Binary image

Thinned image

planning

planning cleaned

Binary image

Thinned image

planning

planning cleaned

Binary image

Thinned image

planning

planning cleanedStep 1: characters as undirected graphs

Step 2:  guided random parses

1

23

4

1

23

1

23 4 1

2

34 1

2 3

4 1

2

34 5 1

23

4 1

2

34 1

2

1

23

4

1

2

34

1 2

3 1

2

3 45 1

23

1

2

3 1

2

3

1 2

3

1 2 1

23 4 1

23

1

2

3456

1 2

34

1 2

3 456 1

2

3 1

23

456

12

3 1

2 3

45 1

23

4

12

3

12

3 45

12

34 1

2 3

45 1

2

3 1

2

3

1 2

34

12

345 1

2

34 1

2 3

4 1

2

3 1

2 3

45

1

2

34 56 1

2 3

1

23

4

1

234 5

1

2 1

2

3

1

2 3

12

34 1

2 3 12

34

1 2

34 5 1

2 3

1

2

34 1

2

34 1

2

34 5 1

23 1 2

3 456 7 1

2 3

4 5 1

2

1

23

4

1

23

4 12 34 1

2

1

2

3 1

2

3

1 2

3 1

2 3

4 5678

12

3 1

2

3 1

2

34

1

2

3 1

2

3 1

23

1

2

3 1

2

1

23

4 1

2

34 1

2

34 1

2

34

1 2

3

1 2

34

1 2

34 1

2

34 1

2

34 5

1 2

34 1

2

3 1 2 1

2

3 4

1 2

34 1

2

34 5

1

2

34 1

2 3

4

12

345 1

2

3 45 1

23

1

2

34 ...

1 2
3

−531

1

23

−560

1

23

−568

1

23

−582

1 2 3

−588

log-probability

Step 3:  Top-down fitting with gradient-based optimization

more likely

28.2 0.391

47.2

a)

28.2 0.391

47.2

b)

28.2 0.391

47.2

c)

Figure SI-2: Illustration of the random walk choosing between three potential moves, after drawing
the topmost vertical edge (in the direction of the black arrow) and reaching a new decision point.
The three potential trajectories are fit with the smoothest spline that stays within the image ink and
does not deviate more than 3 pixels in any direction from the original trajectory (thick yellow line).
Given these smoothed trajectory options, move a) has a local angle of 0 degrees (computed between
the blue and purple vectors), move b) is 28 degrees, and move c) is 47 degrees.

where ✓
A

is the angle associated with action (Figure SI-2) and � is a constant. Two other possible
actions, picking up the pen and re-tracing a trajectory, pay a cost of 45 and 90 degrees respectively.
If the pen is in lifted position, the random walk must pick a node to put the pen down on to start the
next stroke. To bias the random walk towards completing the drawing efficiently, the start node is
chosen in proportion to 1/b

� , where b is the number of new (unvisited) edges branching from that
node.

This random walk process is repeated many times to generate a range of candidate parses. Random
walks are generated until 150 parses or 100 unique strokes, shared across all of the parses, have been
sampled. Limiting the number of unique strokes is a natural criterion, since sub-parsing these strokes
is a computational bottleneck, as described in the next section. Larger values of the constants � and
� are better for parsing complex characters, since low stochasticity is critical for finding smooth
parses in a tremendous search space. But smaller values of � and � are better for simple characters,
where the algorithm has the computational resources to more exhaustively explore the parse space.
To get the best of both, different values of � and � are sampled before starting each random walk,
producing both low and high entropy random walks as candidates.

SI-5.3 Searching for sub-strokes

Before any candidate parse can be scored as a complete motor programs (Eq. 5), the strokes must
be sub-divided into sub-strokes. To do so, the strokes in each random walk are smoothed while
enforcing that the trajectories stay within the original ink (as in Figure SI-2), in order to correct for
spurious curves that arise from thinning algorithms (see Figure SI-2a for an example). The smoothed
strokes are then parsed into sub-strokes by running a simple greedy search for each stroke trajectory.
During search, operators add, remove, perturb, or replace pauses along the trajectory to form sub-
strokes. To score the quality of the decomposition, the sub-strokes are fit with splines, classified as
primitives z

i

, and scored by the generative model for strokes

P (x

(m)
i
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ij
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, (SI-2)

where y

i

is approximated by setting it equal to y

(m)
i

. There is also a hard constraint that the spline
approximation to the original trajectory can miss its target by no more than 3 pixels.

After the search process is run for each stroke trajectory, each candidate motor program with vari-
ables  and ✓(m) is fully-specified and tracks the image structure relatively closely. Thus, the prior
score P (✓

(m)| )P ( ) is used to select the K best candidates to progress to the next stage of search,
which fine-tunes the motor programs.
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less likely



One-shot classification
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Figure 3: Human and model performance was compared on A) one-shot classification and B)
four generative tasks. The creative outputs for humans and machines were compared by the
percent of human judges to correctly identify the machine. Ideal performance is 50%, where
the machine is perfectly confusable with humans in these two-alternative forced choice tasks
(pink dotted line). Error bars show one standard error (n = 10 alphabets in A). The no learning-
to-learn lesion is applied at different levels (bars left to right): A) token, B) token, stroke order,
type, and type.
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to-learn lesion is applied at different levels (bars left to right): A) token, B) token, stroke order,
type, and type.
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Figure 3: Human and model performance was compared on A) one-shot classification and B)
four generative tasks. The creative outputs for humans and machines were compared by the
percent of human judges to correctly identify the machine. Ideal performance is 50%, where
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(pink dotted line). Error bars show one standard error (n = 10 alphabets in A). The no learning-
to-learn lesion is applied at different levels (bars left to right): A) token, B) token, stroke order,
type, and type.
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Figure 3: Human and model performance was compared on A) one-shot classification and B)
four generative tasks. The creative outputs for humans and machines were compared by the
percent of human judges to correctly identify the machine. Ideal performance is 50%, where
the machine is perfectly confusable with humans in these two-alternative forced choice tasks
(pink dotted line). Error bars show one standard error (n = 10 alphabets in A). The no learning-
to-learn lesion is applied at different levels (bars left to right): A) token, B) token, stroke order,
type, and type.
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Figure 3: Human and model performance was compared on A) one-shot classification and B)
four generative tasks. The creative outputs for humans and machines were compared by the
percent of human judges to correctly identify the machine. Ideal performance is 50%, where
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(pink dotted line). Error bars show one standard error (n = 10 alphabets in A). The no learning-
to-learn lesion is applied at different levels (bars left to right): A) token, B) token, stroke order,
type, and type.
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Figure 3: Human and model performance was compared on A) one-shot classification and B)
four generative tasks. The creative outputs for humans and machines were compared by the
percent of human judges to correctly identify the machine. Ideal performance is 50%, where
the machine is perfectly confusable with humans in these two-alternative forced choice tasks
(pink dotted line). Error bars show one standard error (n = 10 alphabets in A). The no learning-
to-learn lesion is applied at different levels (bars left to right): A) token, B) token, stroke order,
type, and type.
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Figure 1: A&B) A single example of a new concept (red box) can be enough information to
support the (i) classification of new examples, (ii) generation of new examples, (iii) parsing an
object into parts and relations, and (iv) generation of new concepts from related concepts. C)
525 simple concepts for comparing human and machine learning. Images courtesy of opencli-
part.org, Segway Inc., Lars Lottrup, and Glenn Roberts at Motorcycle Mojo magazine.
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How can people acquire such rich concepts from 
only one or a few examples?

Conclusion!
!
Probabilistic programs can help us understand how people 
learn rich concepts from sparse data.!
!
Programs can represent abstract causal processes.!
!
Probability allows models to handle noise and produce 
creative outputs.!
!
Many challenges for future work, including developing new 
inference algorithms and extending approach to other real 
world tasks.


