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Nalve Bayes

* Naive Bayes assumption:
— Features are independent given class:
P(X1, XolY) = P(X1[X2,Y)P(X2|Y)
= P(X1]Y)P(X2]Y)

— More generally:

P(X1..Xn|Y) = HP(Xi\Y)

* How many parameters now?

* Suppose X is composed of n binary features



The Naive Bayes Classifier

* Given:
— Prior P(Y) “

— n conditionally independent
features X given the class Y

— For each X, we have

likelihood P(X.|Y) g @ @

e Decision rule:
y* — h’NB(X> — Jargd manP(y)P(iE]_, R 0} | y)
= arg myaxP(y)HP(:vi\y)
i

If certain assumption holds, NB is optimal classifier!
(they typically don't)



A Digit Recognizer

* Input: pixel grids

e Qutput: a digit 0-9
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Nailve Bayes for Digits (Binary Inputs)

« Simple version:
— One feature F; for each grid position <i,j>

— Possible feature values are on / off, based on whether intensity
is more or less than 0.5 in underlying image

— Each input maps to a feature vector, e.g.
A~ (Foo=0Fo1=0Fop=1Foa=1 Foa=0 ... Fis;5=0)

— Here: lots of features, each is binary valued
* Nalve Bayes model:
P(Y|Fo0-..-Fi515) x P(Y) || P(F;,;|Y)
1,J
* Are the features independent given class?
 \What do we need to learn?



Example Distributions

P(Y) P(F31 =on|lY) P(Fs55=onlY)
1.]0.1 1 |0.01 v 1 |0.05
2 |01 2 1 0.05 2 1 0.01
3 | 0.1 3 |0.05 3 | 0.90
4 101 / 4 10.30 4 10.80
5 | 0.1 5 | 0.80 5 | 0.90
6 |01 6 | 0.90 6 | 0.90
7 | 0.1 7 1 0.05 7 1025
8 |0.1 8 | 0.60 8 | 0.85
9 |01 9 | 0.50 9 | 0.60
0 |01 0 | 0.80 0 | 0.80




MLE for the parameters of NB

e Given dataset

— Count(A=a,B=b) «+— number of examples
where A=a and B=b

* MLE for discrete NB, simply:

— Prior:

Count(Y =y)
Dy Count(Y =y')

P(Y =y) =

— Likelihood:

P(X; = 2|V = y) = Count(X; =x,Y =vy)

> Count(X; =2')Y =vy)



Subtleties of NB classifier — Violating
the NB assumption

e Usually, features are not conditionally independent:

P(X1..Xn|Y) # HP(Xi\Y)

* Actual probabilities P(Y|X) often biased towards O or 1
(i.e., not well “calibrated”)

 Nonetheless, NB often performs well, even when
assumption is violated



Text classification

Classify e-mails

— Y = {Spam,NotSpam}

Classify news articles

— Y ={what is the topic of the article?}
Classify webpages

— Y = {Student, professor, project, ...}

What about the features X?
— The text!



Features X are entire document — X for ith
word in article

Article from rec.sport.hockey

Path: cantaloupe.srv.cs.cmu.edu'!das-news.harvard.e
From: xxx@yyy.zzz.edu (John Doe)

Subject: Re: This year’s biggest and worst (opinic
Date: 5 Apr 93 09:53:39 GMT

I can only comment on the Kings, but the most
obvious candidate for pleasant surprise is Alex
Zhitnik. He came highly touted as a defensive
defenseman, but he’s clearly much more than that.
Great skater and hard shot (though wish he were
more accurate). In fact, he pretty much allowed
the Kings to trade away that huge defensive
liability Paul Coffey. Kelly Hrudey is only the
biggest disappointment if you thought he was any
good to begin with. But, at best, he’s only a
mediocre goaltender. A better choice would be
Tomas Sandstrom, though not through any fault of
his own, but because some thugs in Toronto decided



Bag of Words Approach

» All About The Company

Global Activities
Corporate Structure
TOTAL's Story
Upstream Strategy
Downstream Strategy
Chemicals Strategy
TOTAL Foundation
Homepage

all about the
company

Our energy exploration, production, and distribution
operations span the globe, with activities in more than 100
countries.

At TOTAL, we draw our greatest strength from our
fast-growing o1l and gas reserves. Our strategic emphasis
on natural gas prowvides a strong position in a rapidly

expanding market.

Our expanding refining and marketing operations in Asia
and the Mediterranean Rim complement already solid
posttions in Europe, Aftica, and the U5

Our growing specialty chemicals sector adds balance and
profit to the core energy business.
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NB with Bag of Words for text classification

* Learning phase:
— Prior P(Y)
* Count number of documents for each topic
— P(X;|Y)

* Just considering the documents assigned to topic Y, find
the fraction of docs containing a given word; remember
this dist’n is shared across all positions i

* Test phase:

— For each document

* Use naive Bayes decision rule
LengthDoc

hyp(x) = arg myaxP(y) I Pzily)
i=1



Naive Bayes = Linear Classifier

® Theorem:assume that x; € {0,1}for all i € [1, N].
Then, the Naive Bayes classifier is defined by

X — sgn(w - X + b),

[Slide from Mehyrar Mohri]



Summary

| Bayesian prediction:
® requires solving density estimation problems.
e often difficult to estimate Pr[x | y] for x ¢ RY.

® but, simple and easy to apply; widely used.

® Naive Bayes:
® strong assumption.
® straightforward estimation problem.
® specific linear classifier.
® sometimes surprisingly good performance.

Mehryar Mohri - Introduction to Machine Learning page 21|



Lets take a(nother) probabilistic approach!!!

* Previously: directly
estimate the data
distribution P(X,Y)!

— challenging due to size
of distribution!

— make Naive Bayes
assumption: only need
P(XY)!

e But wait, we classify
according to:

— max, P(Y[X)

* Why not learn P(Y|X)
directly?
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Generative vs. Discriminative Classifiers

* WanttolLearn: XI—> Y

— X —features

— Y —target classes

P(Y [ X) o« P(X[Y) P(Y)

* Generative classifier, e.g., Naive Bayes:

— Assume some functional form for P(X]Y), P(Y)

— Estimate parameters of P(X|Y), P(Y) directly from training data

— Use Bayes’ rule to calculate P(Y|X=x)

— This is an example of a “generative” model

* Indirect computation of P(Y|X) through Bayes rule
* Asaresult, can also generate a sample of the data, P(X) = Ey P(y) P(X]y)

— Can easily handle missing data

* Discriminative classifiers, e.g., Logistic Regression:
— Assume some functional form for P(Y | X)
— Estimate parameters of P(Y|X) directly from training data

— This is the “discriminative” (or “conditional”) model
* Directly learn P(Y|X)
* But cannot obtain a sample of the data, because P(X) is not available



Logistic Regression

Learn P(Y|X) directly!

1 Assume a particular functional form

# Linear classifier? On one side we say P(Y=1|X)=1, and on
the other P(Y=1|X)=0

# But, this is not differentiable (hard to learn)... doesn’t
allow for label noise...




Logistic Regression

Logistic function (Sigmoid):

Learn P(Y|X) directly!

- Assume a particular 1
functional form L 1te

Sigmoid applied to a linear
function of the data:

-6 -4 -2 0 2 4
Z
P(Y = 1|X) = :
1+ exp(wo + LiL; wiXi) Features can be
p(y = o[x) = P00+ KLy wiXi discrete or



Logistic Function in n Dimensions

1

POV = 11X) = 1+ exp(wp + X7 1 w; X;)

Sigmoid applied to a linear function of the data:

0.8 1
0.6 A
04 -
0.2 A

Features can be discrete or continuous!



Logistic Regression: decision boundary

! exp(wo+ Y wiXi)

P(Y =1X) =

n ox) PY=0X)=
1 +exp(wo+ Y wiXi) ( X) 1 +exp(wo+ Y7 wiXi)

* Prediction: Output the Y with
highest P(Y|X)
— For binary Y, output Y=0 if

P(Y = 0|X)
P(Y = 1X)

1 <

n
1 < exp(wo+ Z wiX;)
i=1

n

0<wo+ Z w;X;
i=1

A Linear Classifier!




Understanding Sigmoids

1
1 4 ewot2; witi

g(wo + Z wiT;) =

WO='2, W1 ='1

w,=0, w,=-1 wy,=0, w,=-0.5



Likelihood vs. Conditional Likelihood

Generative (Naive Bayes) maximizes Data likelihood

N
INP(D|w) = Y InP(x?,y | w)
j=1
= > InP |x),w)+ > InPx)|w)
j=1 j=1

Discriminative (Logistic Regr.) maximizes Conditional Data Likelihood

N
In P(Dy | Dx,w) = > InP(y’ | x/,w)
=1

Discriminative models can’t compute P(x/|w)!
Or, ... “They don’t waste effort learning P(X)”
Focus only on P(Y|X) - all that matters for classification



