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What’s	
  next…	
  

•  We	
  gave	
  several	
  machine	
  learning	
  algorithms:	
  

–  Perceptron	
  

–  Linear	
  support	
  vector	
  machine	
  (SVM)	
  

–  SVM	
  with	
  kernels,	
  e.g.	
  polynomial	
  or	
  Gaussian	
  

•  How	
  do	
  we	
  guarantee	
  that	
  the	
  learned	
  classifier	
  will	
  perform	
  well	
  
on	
  test	
  data?	
  

•  How	
  much	
  training	
  data	
  do	
  we	
  need?	
  



Example:	
  Perceptron	
  applied	
  to	
  spam	
  classificaNon	
  

•  In	
  your	
  homework	
  1,	
  you	
  trained	
  a	
  spam	
  classifier	
  using	
  perceptron	
  
–  The	
  training	
  error	
  was	
  always	
  zero	
  
–  With	
  few	
  data	
  points,	
  there	
  was	
  a	
  big	
  gap	
  between	
  training	
  error	
  and	
  

test	
  error!	
  

Number of training examples 

Test error 
(percentage misclassified) 

Test error - training error > 0.065 

Test error - training error < 0.02 



How	
  much	
  training	
  data	
  do	
  you	
  need?	
  

•  Depends	
  on	
  what	
  hypothesis	
  class	
  the	
  learning	
  algorithm	
  considers	
  

•  For	
  example,	
  consider	
  a	
  memorizaNon-­‐based	
  learning	
  algorithm	
  
–  Input:	
  training	
  data	
  S	
  =	
  {	
  (xi,	
  yi)	
  }	
  
–  Output:	
  funcNon	
  f(x)	
  which,	
  if	
  there	
  exists	
  (xi,	
  yi)	
  in	
  S	
  such	
  that	
  x=xi,	
  predicts	
  yi,	
  

and	
  otherwise	
  predicts	
  the	
  majority	
  label	
  
–  This	
  learning	
  algorithm	
  will	
  always	
  obtain	
  zero	
  training	
  error	
  

–  But,	
  it	
  will	
  take	
  a	
  huge	
  amount	
  of	
  training	
  data	
  to	
  obtain	
  small	
  test	
  error	
  
(i.e.,	
  its	
  generalizaNon	
  performance	
  is	
  horrible)	
  

•  Linear	
  classifiers	
  are	
  powerful	
  precisely	
  because	
  of	
  their	
  simplicity	
  
–  GeneralizaNon	
  is	
  easy	
  to	
  guarantee	
  



Number of training examples 

Test error 
(percentage 

misclassified) 

Perceptron algorithm 
on spam classification 

Roadmap	
  of	
  lecture	
  

1.  GeneralizaNon	
  of	
  finite	
  hypothesis	
  spaces	
  

2.  VC-­‐dimension	
  

•  Will	
  show	
  that	
  linear	
  classifiers	
  need	
  to	
  see	
  approximately	
  d	
  training	
  points,	
  
where	
  d	
  is	
  the	
  dimension	
  of	
  the	
  feature	
  vectors	
  

•  Explains	
  the	
  good	
  performance	
  we	
  obtained	
  using	
  perceptron!!!!	
  
(we	
  had	
  a	
  few	
  thousand	
  features)	
  

3.  Margin	
  based	
  generalizaNon	
  

•  Applies	
  to	
  infinite	
  dimensional	
  
feature	
  vectors	
  (e.g.,	
  Gaussian	
  kernel)	
  

[Figure from Cynthia Rudin] 



How	
  big	
  should	
  your	
  validaNon	
  set	
  be?	
  

•  In	
  PS1,	
  you	
  tried	
  many	
  configuraNons	
  of	
  your	
  algorithms	
  (avg	
  vs.	
  
regular	
  perceptron,	
  max	
  #	
  of	
  iteraNons)	
  and	
  chose	
  the	
  one	
  that	
  had	
  
smallest	
  validaNon	
  error	
  

•  Suppose	
  in	
  total	
  you	
  tested	
  |H|=40	
  different	
  classifiers	
  on	
  the	
  
validaNon	
  set	
  of	
  m	
  held-­‐out	
  e-­‐mails	
  

•  The	
  best	
  classifier	
  obtains	
  98%	
  accuracy	
  on	
  these	
  m	
  e-­‐mails!!!	
  

•  But,	
  what	
  is	
  the	
  true	
  classificaNon	
  accuracy?	
  

•  How	
  large	
  does	
  m	
  need	
  to	
  be	
  so	
  that	
  we	
  can	
  guarantee	
  that	
  the	
  
best	
  configuraNon	
  (measured	
  on	
  validate)	
  is	
  truly	
  good?	
  



A	
  simple	
  seing…	
  	
  

•  ClassificaNon	
  
–  m	
  data	
  points	
  
–  Finite	
  number	
  of	
  possible	
  hypothesis	
  (e.g.,	
  40	
  spam	
  classifiers)	
  

•  A	
  learner	
  finds	
  a	
  hypothesis	
  h	
  that	
  is	
  consistent	
  with	
  
training	
  data	
  
–  Gets	
  zero	
  error	
  in	
  training:	
  	
  errortrain(h)	
  =	
  0	
  
–  I.e.,	
  assume	
  for	
  now	
  that	
  one	
  of	
  the	
  classifiers	
  gets	
  100%	
  

accuracy	
  on	
  the	
  m	
  e-­‐mails	
  (we’ll	
  handle	
  the	
  98%	
  case	
  ajerward)	
  

•  What	
  is	
  the	
  probability	
  that	
  h	
  has	
  more	
  than	
  ε	
  true	
  error?	
  
–  errortrue(h)	
  ≥	
  ε	



H

Hc ⊆H 
consistent 
with data 



Refresher	
  on	
  probability:	
  outcomes	
  

•  An	
  outcome	
  space	
  specifies	
  the	
  possible	
  outcomes	
  that	
  we	
  would	
  
like	
  to	
  reason	
  about,	
  e.g.	
  

Ω = { } Coin toss , 

Ω = { } Die toss , , , , , 

•  We	
  specify	
  a	
  probability	
  p(x)	
  for	
  each	
  outcome	
  x	
  such	
  that	
  
X

x2⌦

p(x) = 1
p(x) � 0,

E.g.,  p( ) = .6 

p( ) = .4 



Refresher	
  on	
  probability:	
  events	
  

•  An	
  event	
  is	
  a	
  subset	
  of	
  the	
  outcome	
  space,	
  e.g.	
  

O = { } Odd die tosses , , 

E = { } Even die tosses , , 

•  The	
  probability	
  of	
  an	
  event	
  is	
  given	
  by	
  the	
  sum	
  of	
  the	
  probabiliNes	
  
of	
  the	
  outcomes	
  it	
  contains,	
  

p(E) =
X

x2E

p(x) E.g.,  p(E) =  p(         ) + p(        ) + p(        ) 

= 1/2,  if fair die 



Refresher	
  on	
  probability:	
  union	
  bound	
  

•  P(A	
  or	
  B	
  or	
  C	
  or	
  D	
  or	
  …)	
  
≤ P(A) + P(B) + P(C) + P(D) + … 

Q: When is this a tight bound? A: For disjoint events 
(i.e., non-overlapping circles) 

p(A [B) = p(A) + p(B)� p(A \B)

 p(A) + p(B)

D

BA

C



Refresher	
  on	
  probability:	
  independence	
  

•  Two	
  events	
  A	
  and	
  B	
  are	
  independent	
  if	
  
p(A \B) = p(A)p(B)

BA
Are these events independent? 

No! p(A \B) = 0

p(A)p(B) =

✓
1

6

◆2



Refresher	
  on	
  probability:	
  independence	
  

•  Two	
  events	
  A	
  and	
  B	
  are	
  independent	
  if	
  
p(A \B) = p(A)p(B)

•  Suppose	
  our	
  outcome	
  space	
  had	
  two	
  different	
  die:	
  

Ω = { } 2 die tosses , , , … , 
62 = 36 outcomes 

and the probability of each outcome is defined as 

p( ) = a1 b1 p( ) = a1 b2 

a1	
   a2	
   a3	
   a4	
   a5	
   a6	
  
.1	
   .12	
   .18	
   .2	
   .1	
   .3	
  

b1	
   b2	
   b3	
   b4	
   b5	
   b6	
  
.19	
   .11	
   .1	
   .22	
   .18	
   .2	
  

… 

6X

i=1

ai = 1

6X

j=1

bj = 1

Analogy:	
  outcome	
  space	
  defines	
  
all	
  possible	
  sequences	
  of	
  e-­‐mails	
  
in	
  training	
  set	
  



Refresher	
  on	
  probability:	
  independence	
  

•  Two	
  events	
  A	
  and	
  B	
  are	
  independent	
  if	
  

•  Are	
  these	
  events	
  independent?	
  

p(A \B) = p(A)p(B)

A 
B 

p(A) = p( ) p(B) = p( ) 

p(A)p(B) =

✓
1

6

◆2

    p( ) ) p( 

Yes! p(A \B) = 0p( ) 

=
6X

j=1

a1bj = a1

6X

j=1

bj = a1

= b2

Analogy:	
  asking	
  
about	
  first	
  e-­‐mail	
  
in	
  training	
  set	
  

Analogy:	
  asking	
  
about	
  second	
  e-­‐mail	
  
in	
  training	
  set	
  



Refresher	
  of	
  probability:	
  discrete	
  random	
  
variables	
  

Discrete random variables

Often each outcome corresponds to a setting of various attributes

(e.g., “age”, “gender”, “hasPneumonia”, “hasDiabetes”)

A random variable X is a mapping X : ⌦ ! D

D is some set (e.g., the integers)
Induces a partition of all outcomes ⌦

For some x 2 D, we say

p(X = x) = p({! 2 ⌦ : X (!) = x})

“probability that variable X assumes state x”

Notation: Val(X ) = set D of all values assumed by X
(will interchangeably call these the “values” or “states” of variable X )

p(X ) is a distribution:
P

x2Val(X )

p(X = x) = 1

David Sontag (NYU) Graphical Models Lecture 1, January 31, 2013 20 / 44Ω = { } 2 die tosses , , , … , 



Refresher	
  of	
  probability:	
  discrete	
  random	
  
variables	
  

Discrete random variables
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(e.g., “age”, “gender”, “hasPneumonia”, “hasDiabetes”)
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p(X ) is a distribution:
P

x2Val(X )

p(X = x) = 1

David Sontag (NYU) Graphical Models Lecture 1, January 31, 2013 20 / 44

Ω = { } 2 die tosses , , , … , 

•  E.g.	
  X1	
  may	
  refer	
  to	
  the	
  value	
  of	
  the	
  first	
  dice,	
  and	
  X2	
  to	
  the	
  value	
  of	
  the	
  
second	
  dice	
  

•  We	
  call	
  two	
  random	
  variables	
  X	
  and	
  Y	
  iden1cally	
  distributed	
  if	
  Val(X)	
  =	
  
Val(Y)	
  and	
  p(X=s)	
  =	
  p(Y=s)	
  for	
  all	
  s	
  in	
  Val(X)	
  

p( ) = a1 b1 p( ) = a1 b2 

a1	
   a2	
   a3	
   a4	
   a5	
   a6	
  
.1	
   .12	
   .18	
   .2	
   .1	
   .3	
  

b1	
   b2	
   b3	
   b4	
   b5	
   b6	
  
.19	
   .11	
   .1	
   .22	
   .18	
   .2	
  

… 

6X

i=1

ai = 1

6X

j=1

bj = 1

X1	
  and	
  X2	
  NOT	
  
idenNcally	
  
distributed 



Refresher	
  of	
  probability:	
  discrete	
  random	
  
variables	
  

Discrete random variables
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P

x2Val(X )
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Ω = { } 2 die tosses , , , … , 

•  E.g.	
  X1	
  may	
  refer	
  to	
  the	
  value	
  of	
  the	
  first	
  dice,	
  and	
  X2	
  to	
  the	
  value	
  of	
  the	
  
second	
  dice	
  

•  We	
  call	
  two	
  random	
  variables	
  X	
  and	
  Y	
  iden1cally	
  distributed	
  if	
  Val(X)	
  =	
  
Val(Y)	
  and	
  p(X=s)	
  =	
  p(Y=s)	
  for	
  all	
  s	
  in	
  Val(X)	
  

p( ) = a1 a1 p( ) = a1 a2 

a1	
   a2	
   a3	
   a4	
   a5	
   a6	
  
.1	
   .12	
   .18	
   .2	
   .1	
   .3	
  

… 

6X

i=1

ai = 1X1	
  and	
  X2	
  
idenNcally	
  
distributed 



•  X=x	
  is	
  simply	
  an	
  event,	
  so	
  can	
  apply	
  union	
  bound,	
  etc.	
  

•  Two	
  random	
  variables	
  X	
  and	
  Y	
  are	
  independent	
  if:	
  

•  The	
  expectaGon	
  of	
  X	
  is	
  defined	
  as:	
  

•  If	
  X	
  is	
  binary	
  valued,	
  i.e.	
  x	
  is	
  either	
  0	
  or	
  1,	
  then:	
  

p(X = x, Y = y) = p(X = x)p(Y = y) 8x 2 Val(X), y 2 Val(Y )

E[X] =
X

x2Val(X)

p(X = x)x

Refresher	
  of	
  probability:	
  discrete	
  random	
  
variables	
  

E[X] = p(X = 0) · 0 + p(X = 1) · 1
= p(X = 1)

Joint	
  probability.	
  Formally,	
  given	
  by	
  the	
  event	
  
X = x \ Y = y



A	
  simple	
  seing…	
  	
  

•  ClassificaNon	
  
–  m	
  data	
  points	
  
–  Finite	
  number	
  of	
  possible	
  hypothesis	
  (e.g.,	
  40	
  spam	
  classifiers)	
  

•  A	
  learner	
  finds	
  a	
  hypothesis	
  h	
  that	
  is	
  consistent	
  with	
  
training	
  data	
  
–  Gets	
  zero	
  error	
  in	
  training:	
  	
  errortrain(h)	
  =	
  0	
  
–  I.e.,	
  assume	
  for	
  now	
  that	
  one	
  of	
  the	
  classifiers	
  gets	
  100%	
  

accuracy	
  on	
  the	
  m	
  e-­‐mails	
  (we’ll	
  handle	
  the	
  98%	
  case	
  ajerward)	
  

•  What	
  is	
  the	
  probability	
  that	
  h	
  has	
  more	
  than	
  ε	
  true	
  error?	
  
–  errortrue(h)	
  ≥	
  ε	



H

Hc ⊆H 
consistent 
with data 



•  The	
  probability	
  of	
  a	
  hypothesis	
  h	
  incorrectly	
  classifying:	
  

•  Let	
  	
  	
  	
  	
  	
  	
  	
  be	
  a	
  random	
  variable	
  that	
  takes	
  two	
  values:	
  1	
  if	
  h	
  correctly	
  classifies	
  ith	
  	
  

data	
  point,	
  and	
  0	
  otherwise	
  

•  The	
  Zh	
  variables	
  are	
  independent	
  and	
  idenGcally	
  distributed	
  (i.i.d.)	
  with	
  

•  What	
  is	
  the	
  probability	
  that	
  h	
  classifies	
  m	
  data	
  points	
  correctly?	
  

Zh
i

X

(~x,y)

p̂(~x, y)1[h(~x) 6= y]

How	
  likely	
  is	
  a	
  single	
  hypothesis	
  to	
  get	
  
	
  m	
  data	
  points	
  right?	
  

✏h =

Pr(Zh

i

= 0) =
X

(~x,y)

p̂(~x, y)1[h(~x) 6= y] = ✏h

Pr(h gets m iid data points right) = (1� ✏h)
m  e�✏hm



Are	
  we	
  done?	
  

•  Says	
  “if	
  h	
  gets	
  m	
  data	
  points	
  correct,	
  then	
  with	
  very	
  high	
  
probability	
  (i.e.	
  1-­‐e-­‐εm)	
  it	
  is	
  close	
  to	
  perfect	
  (i.e.,	
  will	
  have	
  
error	
  ≤	
  ε)”	
  

•  This	
  only	
  considers	
  one	
  hypothesis!	
  

•  Suppose	
  1	
  billion	
  classifiers	
  were	
  tried,	
  and	
  each	
  was	
  a	
  
random	
  funcNon	
  

•  For	
  m	
  small	
  enough,	
  one	
  of	
  the	
  funcNons	
  will	
  classify	
  all	
  
points	
  correctly	
  –	
  but	
  all	
  have	
  very	
  large	
  true	
  error	
  

Pr(h gets m iid data points right | errortrue(h) ≥ ε) ≤ e-εm 



How	
  likely	
  is	
  learner	
  to	
  pick	
  a	
  bad	
  hypothesis?	
  

Suppose	
  there	
  are	
  |Hc|	
  hypotheses	
  consistent	
  with	
  the	
  training	
  data	
  
–  How	
  likely	
  is	
  learner	
  to	
  pick	
  a	
  bad	
  one,	
  i.e.	
  with	
  true	
  error	
  ≥	
  ε?	
  
–  We	
  need	
  a	
  bound	
  that	
  holds	
  for	
  all	
  of	
  them!	
  

Pr(h gets m iid data points right | errortrue(h) ≥ ε) ≤ e-εm 

P(errortrue(h1) ≥ ε OR	
  errortrue(h2) ≥ ε OR … OR errortrue(h|Hc|) ≥ ε)  

≤ ∑kP(errortrue(hk) ≥ ε)   Union bound 

≤ ∑k(1-ε)m   bound on individual hjs  

≤ |H|(1-ε)m   |Hc| ≤ |H|   

≤ |H| e-mε   (1-ε) ≤ e-ε	
  for	
  0≤ε≤1  



GeneralizaNon	
  error	
  of	
  finite	
  hypothesis	
  spaces	
  
[Haussler	
  ’88]	
  	
  

Theorem:	
  Hypothesis	
  space	
  H	
  finite,	
  dataset	
  D	
  
with	
  m	
  i.i.d.	
  samples,	
  0	
  <	
  ε	
  <	
  1	
  :	
  for	
  any	
  
learned	
  hypothesis	
  h	
  that	
  is	
  consistent	
  on	
  the	
  
training	
  data:	
  

We just proved the following result: 



Using	
  a	
  PAC	
  bound	
  

	
  Typically,	
  2	
  use	
  cases:	
  
–  1:	
  Pick	
  ε	
  and	
  δ,	
  compute	
  m	
  

–  2:	
  Pick	
  m	
  and	
  δ,	
  compute	
  ε	



Argument:	
  Since	
  for	
  all	
  h	
  we	
  know	
  that	
  

…	
  with	
  probability	
  1-­‐δ	
  the	
  following	
  
holds…	
  (either	
  case	
  1	
  or	
  case	
  2)	
  

⌅(x) =

⇤

⌥⌥⌥⌥⌥⌥⌥⌥⌥⌥⌥⇧

x(1)

. . .
x(n)

x(1)x(2)

x(1)x(3)

. . .

ex(1)

. . .

⌅

�����������⌃

⇧L

⇧w
= w �

 

j

�jyjxj

⌅(u).⌅(v) =

�
u1
u2

⇥
.

�
v1
v2

⇥
= u1v1 + u2v2 = u.v

⌅(u).⌅(v) =

⇤

⌥⌥⇧

u21
u1u2
u2u1
u22

⌅

��⌃ .

⇤

⌥⌥⇧

v21
v1v2
v2v1
v22

⌅

��⌃ = u21v
2
1 + 2u1v1u2v2 + u22v

2
2

= (u1v1 + u2v2)
2

= (u.v)2

⌅(u).⌅(v) = (u.v)d

P (errortrue(h) ⇥ ⇤) ⇥ |H|e�m� ⇥ ⇥

7

⌅(x) =

⇧

           ⌥

x(1)

. . .
x(n)

x(1)x(2)

x(1)x(3)

. . .

ex(1)

. . .

⌃

⌦⌦⌦⌦⌦⌦⌦⌦⌦⌦⌦�

⇧L

⇧w
= w �

↵

j

�jyjxj

⌅(u).⌅(v) =

⇤
u1
u2

⌅
.

⇤
v1
v2

⌅
= u1v1 + u2v2 = u.v

⌅(u).⌅(v) =

⇧

  ⌥

u21
u1u2
u2u1
u22

⌃

⌦⌦� .

⇧

  ⌥
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Case 2 

Log	
  dependence	
  on	
  |H|,	
  
OK	
  if	
  exponenNal	
  size	
  (but	
  
not	
  doubly)	
  

ε	
  shrinks	
  at	
  rate	
  O(1/m)	
  
ε has	
  stronger	
  
influence	
  than δ  

Says: we are willing to 
tolerate a δ probability of 
having ≥ ε error  p(errortrue(h) � ✏)  |H|e�m✏

✏ = � = .01, |H| = 40

Need m � 830



LimitaNons	
  of	
  Haussler	
  ‘88	
  bound	
  

•  There	
  may	
  be	
  no	
  consistent	
  hypothesis	
  h	
  (where	
  errortrain(h)=0)	
  

•  Size	
  of	
  hypothesis	
  space	
  

–  What	
  if	
  |H|	
  is	
  really	
  big?	
  
–  What	
  if	
  it	
  is	
  conNnuous?	
  

•  First	
  Goal:	
  Can	
  we	
  get	
  a	
  bound	
  for	
  a	
  learner	
  with	
  errortrain(h)	
  in	
  the	
  
data	
  set?	
  	
  



QuesNon:	
  What’s	
  the	
  expected	
  error	
  of	
  a	
  
hypothesis?	
  

•  The	
  probability	
  of	
  a	
  hypothesis	
  incorrectly	
  classifying:	
  

•  Let’s	
  now	
  let	
  	
  	
  	
  	
  	
  	
  be	
  a	
  random	
  variable	
  that	
  takes	
  two	
  values,	
  1	
  if	
  h	
  correctly	
  
classifies	
  ith	
  	
  data	
  point,	
  and	
  0	
  otherwise	
  

•  The	
  Z	
  variables	
  are	
  independent	
  and	
  idenGcally	
  distributed	
  (i.i.d.)	
  with	
  

•  EsNmaNng	
  the	
  true	
  error	
  probability	
  is	
  like	
  esNmaNng	
  the	
  parameter	
  of	
  a	
  coin!	
  

•  Chernoff	
  bound:	
  for	
  m	
  i.i.d.	
  coin	
  flips,	
  X1,…,Xm,	
  where	
  Xi	
  ∈	
  {0,1}.	
  For	
  0<ε<1:	
  

Zh
i

p(Xi = 1) = ✓

E[
1

m

mX

i=1

Xi] =
1

m

mX

i=1

E[Xi] = ✓
Observed	
  fracNon	
  of	
  

points	
  incorrectly	
  classified	
   (by	
  linearity	
  of	
  expectaNon)	
  

True	
  error	
  
probability	
  

X

(~x,y)

p̂(~x, y)1[h(~x) 6= y]

Pr(Zh

i

= 0) =
X

(~x,y)

p̂(~x, y)1[h(~x) 6= y]



GeneralizaNon	
  bound	
  for	
  |H|	
  hypothesis	
  

Theorem:	
  Hypothesis	
  space	
  H	
  finite,	
  dataset	
  D	
  
with	
  m	
  i.i.d.	
  samples,	
  0	
  <	
  ε	
  <	
  1	
  :	
  for	
  any	
  learned	
  
hypothesis	
  h:	
  

Why? Same reasoning as before. Use the Union 
bound over individual Chernoff bounds  

Pr(errortrue(h)� errorD(h) > ✏)  |H|e�2m✏2



PAC	
  bound	
  and	
  Bias-­‐Variance	
  tradeoff	
  	
  

for all h, with probability at least 1-δ:	



“bias” “variance” 

•  For	
  large	
  |H|	
  
–  low	
  bias	
  (assuming	
  we	
  can	
  find	
  a	
  good	
  h)	
  
–  high	
  variance	
  (because	
  bound	
  is	
  looser)	
  

•  For	
  small	
  |H|	
  
–  high	
  bias	
  (is	
  there	
  a	
  good	
  h?)	
  
–  low	
  variance	
  (Nghter	
  bound)	
  

errortrue(h)  errorD(h) +

s
ln |H|+ ln

1
�

2m



What	
  about	
  conNnuous	
  hypothesis	
  spaces?	
  

•  ConNnuous	
  hypothesis	
  space:	
  	
  
– |H|	
  =	
  ∞	
  
–  Infinite	
  variance???	
  

•  Only	
  care	
  about	
  the	
  maximum	
  number	
  of	
  
points	
  that	
  can	
  be	
  classified	
  exactly!	
  



How	
  many	
  points	
  can	
  a	
  linear	
  boundary	
  classify	
  
exactly?	
  (1-­‐D)	
  

2 Points: 

3 Points: 

etc (8 total) 

Yes!! 

No… 



Sha|ering	
  and	
  Vapnik–Chervonenkis	
  Dimension	
  

A	
  set	
  of	
  points	
  is	
  sha6ered	
  by	
  a	
  hypothesis	
  
space	
  H	
  iff:	
  

– For	
  all	
  ways	
  of	
  spli7ng	
  the	
  examples	
  into	
  
posiNve	
  and	
  negaNve	
  subsets	
  

– There	
  exists	
  some	
  consistent	
  hypothesis	
  h	
  

The	
  VC	
  Dimension	
  of	
  H	
  over	
  input	
  space	
  X	
  
– The	
  size	
  of	
  the	
  largest	
  finite	
  subset	
  of	
  X	
  
sha|ered	
  by	
  H	
  



How	
  many	
  points	
  can	
  a	
  linear	
  boundary	
  classify	
  
exactly?	
  (2-­‐D)	
  

3 Points: 

4 Points: 

Yes!! 

No… 

etc. 

5

Figure 1. Three points in R2, shattered by oriented lines.

2.3. The VC Dimension and the Number of Parameters

The VC dimension thus gives concreteness to the notion of the capacity of a given set
of functions. Intuitively, one might be led to expect that learning machines with many
parameters would have high VC dimension, while learning machines with few parameters
would have low VC dimension. There is a striking counterexample to this, due to E. Levin
and J.S. Denker (Vapnik, 1995): A learning machine with just one parameter, but with
infinite VC dimension (a family of classifiers is said to have infinite VC dimension if it can
shatter l points, no matter how large l). Define the step function θ(x), x ∈ R : {θ(x) =
1 ∀x > 0; θ(x) = −1 ∀x ≤ 0}. Consider the one-parameter family of functions, defined by

f(x, α) ≡ θ(sin(αx)), x, α ∈ R. (4)

You choose some number l, and present me with the task of finding l points that can be
shattered. I choose them to be:

xi = 10−i, i = 1, · · · , l. (5)

You specify any labels you like:

y1, y2, · · · , yl, yi ∈ {−1, 1}. (6)

Then f(α) gives this labeling if I choose α to be

α = π(1 +
l∑

i=1

(1 − yi)10i

2
). (7)

Thus the VC dimension of this machine is infinite.

Interestingly, even though we can shatter an arbitrarily large number of points, we can
also find just four points that cannot be shattered. They simply have to be equally spaced,
and assigned labels as shown in Figure 2. This can be seen as follows: Write the phase at
x1 as φ1 = 2nπ + δ. Then the choice of label y1 = 1 requires 0 < δ < π. The phase at x2,
mod 2π, is 2δ; then y2 = 1 ⇒ 0 < δ < π/2. Similarly, point x3 forces δ > π/3. Then at
x4, π/3 < δ < π/2 implies that f(x4, α) = −1, contrary to the assigned label. These four
points are the analogy, for the set of functions in Eq. (4), of the set of three points lying
along a line, for oriented hyperplanes in Rn. Neither set can be shattered by the chosen
family of functions.

[Figure from Chris Burges] 



How	
  many	
  points	
  can	
  a	
  linear	
  boundary	
  classify	
  
exactly?	
  (d-­‐D)	
  

•  A	
  linear	
  classifier	
  ∑j=1..dwjxj	
  +	
  b	
  	
  can	
  represent	
  all	
  
assignments	
  of	
  possible	
  labels	
  to	
  d+1	
  points	
  	
  
–  But	
  not	
  d+2!!	
  
–  Thus,	
  VC-­‐dimension	
  of	
  d-­‐dimensional	
  linear	
  classifiers	
  is	
  
d+1	
  

–  Bias	
  term	
  b	
  required	
  
–  Rule	
  of	
  Thumb:	
  number	
  of	
  parameters	
  in	
  model	
  ojen	
  
matches	
  max	
  number	
  of	
  points	
  	
  

•  QuesNon:	
  Can	
  we	
  get	
  a	
  bound	
  for	
  error	
  as	
  a	
  funcNon	
  of	
  
the	
  number	
  of	
  points	
  that	
  can	
  be	
  completely	
  labeled?	
  



PAC	
  bound	
  using	
  VC	
  dimension	
  

•  VC	
  dimension:	
  number	
  of	
  training	
  points	
  that	
  can	
  be	
  
classified	
  exactly	
  (sha|ered)	
  by	
  hypothesis	
  space	
  H!!!	
  
–  Measures	
  relevant	
  size	
  of	
  hypothesis	
  space	
  

•  Same	
  bias	
  /	
  variance	
  tradeoff	
  as	
  always	
  
–  Now,	
  just	
  a	
  funcNon	
  of	
  VC(H)	
  

•  Note:	
  all	
  of	
  this	
  theory	
  is	
  for	
  binary	
  classificaNon	
  
–  Can	
  be	
  generalized	
  to	
  mulN-­‐class	
  and	
  also	
  regression	
  



What	
  is	
  the	
  VC-­‐dimension	
  of	
  rectangle	
  
classifiers?	
  

•  First,	
  show	
  that	
  there	
  are	
  4	
  points	
  that	
  can	
  be	
  
sha|ered:	
  

•  Then,	
  show	
  that	
  no	
  set	
  of	
  5	
  points	
  can	
  be	
  
sha|ered:	
  

[Figures from Anand Bhaskar, Ilya Sukhar] 

CS683 Scribe Notes

Anand Bhaskar (ab394), Ilya Sukhar (is56) 4/28/08 (Part 1)

1 VC-dimension

A set system (x, S) consists of a set x along with a collection of subsets of x. A subset containing A ✓ x is
shattered by S if each subset of A can be expressed as the intersection of A with a subset in S.

VC-dimension of a set system is the cardinality of the largest subset of A that can be shattered.

1.1 Rectangles

Let’s try rectangles with horizontal and vertical edges. In order to show that the VC dimension is 4 (in this
case), we need to show two things:

1. There exist 4 points that can be shattered.

It’s clear that capturing just 1 point and all 4 points are both trivial. The figure below shows how we
can capture 2 points and 3 points.

So, yes, there exists an arrangement of 4 points that can be shattered.

2. No set of 5 points can be shattered.

Suppose we have 5 points. A shattering must allow us to select all 5 points and allow us to select 4
points without the 5th.

Our minimum enclosing rectangle that allows us to select all five points is defined by only four points
– one for each edge. So, it is clear that the fifth point must lie either on an edge or on the inside of
the rectangle. This prevents us from selecting four points without the fifth.
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GeneralizaNon	
  bounds	
  using	
  VC	
  dimension	
  

•  Linear	
  classifiers:	
  	
  
– VC(H)	
  =	
  d+1,	
  for	
  d	
  features	
  plus	
  constant	
  term	
  b	
  

•  Classifiers	
  using	
  Gaussian	
  Kernel	
  
– VC(H)	
  =	
   29

Figure 11. Gaussian RBF SVMs of sufficiently small width can classify an arbitrarily large number of
training points correctly, and thus have infinite VC dimension

Now we are left with a striking conundrum. Even though their VC dimension is infinite (if
the data is allowed to take all values in RdL), SVM RBFs can have excellent performance
(Schölkopf et al, 1997). A similar story holds for polynomial SVMs. How come?

7. The Generalization Performance of SVMs

In this Section we collect various arguments and bounds relating to the generalization perfor-
mance of SVMs. We start by presenting a family of SVM-like classifiers for which structural
risk minimization can be rigorously implemented, and which will give us some insight as to
why maximizing the margin is so important.

7.1. VC Dimension of Gap Tolerant Classifiers

Consider a family of classifiers (i.e. a set of functions Φ on Rd) which we will call “gap
tolerant classifiers.” A particular classifier φ ∈ Φ is specified by the location and diameter
of a ball in Rd, and by two hyperplanes, with parallel normals, also in Rd. Call the set of
points lying between, but not on, the hyperplanes the “margin set.” The decision functions
φ are defined as follows: points that lie inside the ball, but not in the margin set, are assigned
class {±1}, depending on which side of the margin set they fall. All other points are simply
defined to be “correct”, that is, they are not assigned a class by the classifier, and do not
contribute to any risk. The situation is summarized, for d = 2, in Figure 12. This rather
odd family of classifiers, together with a condition we will impose on how they are trained,
will result in systems very similar to SVMs, and for which structural risk minimization can
be demonstrated. A rigorous discussion is given in the Appendix.

Label the diameter of the ball D and the perpendicular distance between the two hyper-
planes M . The VC dimension is defined as before to be the maximum number of points that
can be shattered by the family, but by “shattered” we mean that the points can occur as
errors in all possible ways (see the Appendix for further discussion). Clearly we can control
the VC dimension of a family of these classifiers by controlling the minimum margin M
and maximum diameter D that members of the family are allowed to assume. For example,
consider the family of gap tolerant classifiers in R2 with diameter D = 2, shown in Figure
12. Those with margin satisfying M ≤ 3/2 can shatter three points; if 3/2 < M < 2, they
can shatter two; and if M ≥ 2, they can shatter only one. Each of these three families of

[Figure from Chris Burges] 

Euclidean 
distance, 
squared 

[Figure from mblondel.org] 
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Gap	
  tolerant	
  classifiers	
  

•  Suppose	
  data	
  lies	
  in	
  Rd	
  in	
  a	
  ball	
  of	
  diameter	
  D	
  
•  Consider	
  a	
  hypothesis	
  class	
  H	
  of	
  linear	
  classifiers	
  that	
  can	
  only	
  

classify	
  point	
  sets	
  with	
  margin	
  at	
  least	
  M	
  
•  What	
  is	
  the	
  largest	
  set	
  of	
  points	
  that	
  H	
  can	
  sha|er?	
  

30

classifiers corresponds to one of the sets of classifiers in Figure 4, with just three nested
subsets of functions, and with h1 = 1, h2 = 2, and h3 = 3.

M = 3/2D = 2

Φ=0

Φ=0

Φ=1

Φ=−1
Φ=0

Figure 12. A gap tolerant classifier on data in R2.

These ideas can be used to show how gap tolerant classifiers implement structural risk
minimization. The extension of the above example to spaces of arbitrary dimension is
encapsulated in a (modified) theorem of (Vapnik, 1995):

Theorem 6 For data in Rd, the VC dimension h of gap tolerant classifiers of minimum
margin Mmin and maximum diameter Dmax is bounded above19 by min{!D2

max/M2
min", d}+

1.

For the proof we assume the following lemma, which in (Vapnik, 1979) is held to follow
from symmetry arguments20:

Lemma: Consider n ≤ d + 1 points lying in a ball B ∈ Rd. Let the points be shatterable
by gap tolerant classifiers with margin M . Then in order for M to be maximized, the points
must lie on the vertices of an (n − 1)-dimensional symmetric simplex, and must also lie on
the surface of the ball.

Proof: We need only consider the case where the number of points n satisfies n ≤ d + 1.
(n > d+1 points will not be shatterable, since the VC dimension of oriented hyperplanes in
Rd is d+1, and any distribution of points which can be shattered by a gap tolerant classifier
can also be shattered by an oriented hyperplane; this also shows that h ≤ d + 1). Again we
consider points on a sphere of diameter D, where the sphere itself is of dimension d− 2. We
will need two results from Section 3.3, namely (1) if n is even, we can find a distribution of n
points (the vertices of the (n−1)-dimensional symmetric simplex) which can be shattered by
gap tolerant classifiers if D2

max/M2
min = n−1, and (2) if n is odd, we can find a distribution

of n points which can be so shattered if D2
max/M2

min = (n − 1)2(n + 1)/n2.

If n is even, at most n points can be shattered whenever

n − 1 ≤ D2
max/M2

min < n. (83)

Y=+1 

Y=-1 

Y=0 

Y=0 

Y=0 

Cannot	
  sha|er	
  these	
  points:	
  

< M

VC dimension = min

✓
d,

D2

M2

◆
M = 2� = 2

1

||w||
SVM	
  aQempts	
  to	
  
minimize	
  ||w||2,	
  which	
  
minimizes	
  VC-­‐dimension!!!	
  

[Figure from Chris Burges] 
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Lemma: Consider n ≤ d + 1 points lying in a ball B ∈ Rd. Let the points be shatterable
by gap tolerant classifiers with margin M . Then in order for M to be maximized, the points
must lie on the vertices of an (n − 1)-dimensional symmetric simplex, and must also lie on
the surface of the ball.

Proof: We need only consider the case where the number of points n satisfies n ≤ d + 1.
(n > d+1 points will not be shatterable, since the VC dimension of oriented hyperplanes in
Rd is d+1, and any distribution of points which can be shattered by a gap tolerant classifier
can also be shattered by an oriented hyperplane; this also shows that h ≤ d + 1). Again we
consider points on a sphere of diameter D, where the sphere itself is of dimension d− 2. We
will need two results from Section 3.3, namely (1) if n is even, we can find a distribution of n
points (the vertices of the (n−1)-dimensional symmetric simplex) which can be shattered by
gap tolerant classifiers if D2

max/M2
min = n−1, and (2) if n is odd, we can find a distribution

of n points which can be so shattered if D2
max/M2

min = (n − 1)2(n + 1)/n2.

If n is even, at most n points can be shattered whenever

n − 1 ≤ D2
max/M2

min < n. (83)
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[Figure from Chris Burges] 
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