Supplementary Material

for NIPS submission ‘New Outer Bounds on the Marginal Polytope’

1 Mapping from My 13 to cut polytope

Given a graptG = (V, E) andS C V, let§(S) denote the vector & ” defined for(i, j) € E by,
5(S);; =1if |SN{i, 5} =1, and O otherwise 1)
In other words, the sef gives the cut inG which separates the nodesSrfrom the nodes iV \ S;
4(5);; = 1 wheni andj have different assignments. That polytopeprojected ontaG is the
convex hull of the above cut vectors:
CUT?(G) = { 3" As6(S) | 3 As =1andAg > 0forall S C Vn}. @)
SCVn SCVn
The cut polytope for the complete graph:enodes is denoted simply by CUT Let Mo,1) denote
the marginal polytope for Ising models, which we will call thi@ary marginal polytope
Moy ={ne R? | 3p(x) s.t.pi = Eplai], pij = Eplaiz;]} (3

Suppose that we are given a MRF defined on the g@ph (V, E). To give the mapping between
the cut polytope and the binary marginal polytope we need to construstiipension grapbf G,
denotedvVG. LetVG = (V' E’), whereV’' = VU{n+1}andE’ = EU{(i,n+1) | i € V}. The
suspension graph is necessary because a cut VE&pdoes not uniquely define an assignment to
the vertices in — the vertices it could be assigned either 0 or 1. Adding the extra node allows us
to remove this symmetry.

Definition 1. The linear bijectior¢ from y € My 13 to z € CUT™(VG) is given byz; 1 = p;
forieV andxij = Wi + 5 — 25 for (Z,j) € k.

Thus, the marginal polytope for binary pairwise MREsisomorphic to the cut polytope [2, 1, 3].

2 Projection graphs
Theorem. The projection¥.. given by thesingle projection grapli’; is surjective.

Proof. Since¥ is a linear map, it suffices to show that, for every extreme pdirt My 1}, there
exists some: € M such thatV(u) = p'. The extreme points of1 and M 13 correspond one-
to-one with assignments € x" and{0, 1}", respectively. Given an extreme pojut € My 13,
let x'(1’) be its corresponding assignment. For each variabthoose some < y; such that
mi(s) = x'(1');, and assigrx; (') = s. The existence of suchis guaranteed by our construction
of 7 (surjective). Defining: = E[¢p(x(1'))] € M, we have that . (u) = p'. O

2.1 Example

Consider thesingle projection graplshown in Figure 3 and the corresponding cycle inequality (see
eqgns. 7-9 in paper), wheté is illustrated by cut edges. The following is an example of an extreme
point of LOCAL(G) which is violated by this cycle inequality:
His0 = i3 = 5, M1 = Hj2 = .5, Hm;1 = BUm;3 = 5, Hi;2 = Hk;3 = 5
Hij:02 = fbij;31 = -5, Him;01 = Mim;33 = D (4)
k13 = Hjk;22 = .9, Hmk;13 = Mmk;32 = -5

!In the literature on cuts and metrics (e.g. [3]), this is calledcthreelation polytopedenoted by COR.
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Figure 1: lllustration of projection from the marginal polytope of a non-binary MRF to the binary
marginal polytope of a different graph. All valid inequalities for the binary marginal polytope yield
valid inequalities for the marginal polytope, though not all will be facets. These projections map

vertices to vertices, but the map will not always be onto.
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Figure 2: lllustration of thé:=—projection graphfor one edgds, j) € E, wherey; = {0,1,2}. The
nodes and (some of) the edges are labeled with the values given to them by the linear mapping, e.g.
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Figure 3: lllustration of thesingle projection grapltz,. for a square graph, where all variables have
states{0, 1,2, 3}. The three oblique lines indicate an invalid cut, since every cycle must be cut an

even number of times.



3 Complexity

A natural question that is raised in this work is whether it is possible to efficiently test whether a
point is in the marginal polytope.

Theorem. The following decision problem is NP-hard: given a vectore RK"UE”, decide if
we M.

Proof. Using the linear bijectiog, the problem forM 1 is equivalent to the decision problem for
CUT? (the same ag,-embeddability). The latter is shown to be NP-complete in [3]. Membership
in Myo,1y trivially reduces to membership if. O
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