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Abstract. We considerthe problemof nding shortespathsin a graphwith in-

dependentandomlydistributededgelengths.Our goalis to maximizethe proba-
bility thatthe pathlengthdoesnotexceeda giventhresholdvalue (deadline) We

give a surprisingexactn (°9 ") algorithmfor the caseof normally distributed
edgelengths,which is basedon quasi-comex maximization.We thenprove av-

erageand smoothedpolynomialboundsfor this algorithm,which alsotranslate
to averageand smoothedboundsfor the parametricshortestpath problem,and
extendto a more generalnon-cowex optimizationsetting.We also considera

numberotheredgelengthdistributions,giving a rangeof exactandapproxima-
tion schemes.

1 Intr oduction

Finding shortestpathsbetweena given sourceand destinationis a classicandfunda-
mentalproblemin theoreticalcomputersciencewhich hasin uenced a wide array of
other elds. It is lessclearwhata stochasticshortespathwould meanwhenthe edge
lengthsarerandomwith givendistributions.ls it the shortestpath on average,or the
pathminimizing a combinationof meanandvariance,or minimizing someothercri-
terion?ls it found adaptvely or non-adaptrely? A variety of problemvariantshave
appearedn the literature,mostminimizing the expectedlength of a path,or a com-
binationof expectedengthandexpectedcostsuchasbicriterion problems[15], [19].
Adaptive formulationshave prevailed, perhapdecaus@ non-adaptie minimizationof
theexpectedpathlengthtrivially reducego the deterministicshortespathproblem.
Few researcherbave consideredptimizing a non-linearfunction of the (random)
pathlength. Somenotablework includesthat of Loui [12] who seeksthe path maxi-
mizing anexpectedutility of the pathlengthfor a classof monotonedecreasingtility
functions.Fanetal. [6] presentanadaptie heuristicfor pathsthatmaximizethe prob-
ability of arriving on time. Formulationsof this type with nonlinearobjective, though
perhapamostusefulin practice have beensparse pecauselifferentsourcesof hard-
nessarisefrom mary levels: combinatorial distributional,analytic,functional,to list a
few. For example,in the absencef randomnesghe combinatoriahatureof the prob-
lem maybehardto approximatdor certainobjective functions(e.g., longestpath[9]).
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In the absenceof graphstructure,the objective function in itself may be dif cult to
optimize:we cansolve ef ciently linearprogrammingout not even quadraticor more
generallynon-corvex programmingThedistributionsmaybehardto work with: calcu-
lating valuesof the cumulative distribution function of the sumof n Bernoullirandom
variablesis #P-hardasit corrgspondso countingknapsacksolutions[11]. Computing
the expectationE[u(X)] = u(x)f (x)dx of the non-linearutility functionu(:) of
therandompathlengthX with probability densityfunctionf (:) maynot evenhave a
closedform, thusmakingthe standarchotion of computationahardnessnapplicable.
Superimposinghesesource®f dif culty mayultimatelyleadto a problemthathasno
hopeof evenbeingcataeyorizedasto whatlevel of hardnes#t has—partlybecauseave
do notunderstando whatextenteachsourcecontributesto the overall compleity.

We thusfocuson a stochastishortespathsmodelwhich caneffectively factorthe
source®f dif culty aboveandatthesametime hasaninnovative solutiondrawing from
avariety of areaslnspiredby recentformulationsof the stochastiknapsackandother
classicproblemsturnedstochastid5], [7] our goalis to maximizethe probability that
the pathlengthwould not exceedsomethresholdvalue. This is a naturalformulation
which is alsovery practical:For example,this is our objective whenwe are going to
theairportandwantto pick the paththatwould maximizeour probability of arriving on
time for our ight. We considera pre-planninginonadaptre) scenaricandnotethat it
caneasilybe corvertedto anadaptve oneby rerunningour algorithmson the y with
updatednformation.

Apart from the inherentpracticality of the problem,it revealsa deepertheoretic
structureintertwining areassuch as noncowex programmingthe geometryof path
polytopesand combinatorialoptimization. As a preview to someof the openques-
tions,wegiveanexactn (°9 ") algorithmfor ourmainmodelwith edgelengthsdravn
from normaldistributions.It is unknovn whethera polynomialexactalgorithmexistsor
whetherthis problemis completefor the correspondingomplexity classLogNP [21].
OuralgorithmalsorevealsasomeavhatunexpectedconnectiorbetweerkKelner& Spiel-
man'’s recenttechniquedor linearprogramming10] andthe muchmoregeneral eld
of noncorvex optimization.We extendtheir techniquego get polynomial-timeaver-
ageandsmoothedccompleity for our superpolynomiaalgorithms We stresghatthese
smoothedesultsarestrongeithanprevioussmoothedesultsin thatthey donotperturb
thefeasibleset(the pathpolytope),but just the objective function (the planeon which
thepolytopeis projected) Or, in thetermsof the stochasticshortespathsterminology
only the edgemeansandvariancesandnot the solution pathsthemseles,areslightly
perturbedAs anaddedbene t, we revealaconnectiorbetweerthestochastiandpara-
metricshortespathproblemswhichimpliesnew averageandsmoothedesultsfor the
parametricshortespathproblemaswell. Ourresultscanalsogeneralizé¢o awide class
of non-corvex optimizationproblems known aslow-rank quasiconcee minimization
[18].

1.1 Our Results

We de ne amodelfor thestochastishortespathproblemin whichtheedgelengthsare
independentandomvariablesdravn from known distributions. The optimal pathmax-
imizesthe probabilitythatthe pathlengthdoesnot exceeda giventhresholddeadline).



This objective arisesnaturallyin practicewherea userwantsto maximizethe probabil-
ity of arriving ontimeto adestinationln aneffort to decouplehe compleity inherent
in this objective from the distributional and analytic complexity of the problem,our

rst modeldraws the edgesfrom normaldistributions.We shaw thatfor a largerange
of deadlinesour problementailsthe maximizationof a quasi-comex functionoverthe
path polytope.Due to the particularform of our quasi-comex objective, the optimal
pathis attainedat an extremepoint of the dominantof the projection(shadev) of the
pathpolytopeonto a two-dimensionaplane.We thusgive anexactalgorithmfor nd-
ing the optimalpathby walking alongextremepointsof the shadev dominantWe then
establishan equivalencebetweerthe shadev dominantandthe optimal costervelope
of the parametricshortestpath problem.Consequentlythis provesthat our algorithm
hasaworstcaserunningtimen (°9 ") We give a pseudopolynomialgorithmfor the
remainingrangeof deadlines.

In the following sectionwe extendthetechniquegrom Kelner& Spielman[10] to
prove linearaverageandsmootheccompleity of the shadev of the pathpolytopeand
consequentlypolynomialrunningtime of our algorithm.Theseresultsalsoimply new
polynomialaverageandsmoothedoundson the compleity of the parametricshortest
pathproblemandhold for awider classof non-corvex optimizationproblemsthanthe
speci ¢ stochastishortespathobjective.

Finally we extendour modelto distributionsotherthanthenormal.For edgeengths
comingfrom a Poissoror agammadistributionwith a x edsecondparameteror more
generallydistributionswhich are additive and satisfy stochasticdominancewe showv
thatthe problemeasilyreducego the deterministicshortespathproblem.For the case
of exponentialandBernoullirandomvariableswe give polynomial(PTAS) andquasi-
polynomial(QPTAS) approximatiorschemesespectiely basedon a discretizatiorof
the statespaceof therandomedgelengths.

1.2 RelatedWork

The majority of the relatedliteratureon stochasticshortestpathsfocuseson adaptve
algorithms which computethe next besthopbasedn informationaboutrealizededge
lengthssofar[2], [22], [3], [20], [6], [13]. Most of the adaptve formulationsfocuson
minimizing expectedpathlength;few consideminimizing anon-linearfunctionof the
lengthandsettlefor heuristicalgorithms[6].

Themostcloselyrelatednonadaptie formulationto our modelis thatof Loui [12].
Loui considersa generalutility function of pathlengthwhichis monotoneandnonde-
creasingandprovesthatthe expectedutility becomeseparablénto the edgelengths
only whenthe utility functionis linearor exponential.In that casethe paththat maxi-
mizesexpectedutility canbefoundvia traditionalshortespathalgorithms For general
utility functionshe givesan algorithmbasedon an enumeratiorof paths,with a very
largerunningtime O(n"). In aconsequenpaper MirchandaniandSoroushgive expo-
nentialalgorithmsandheuristicsfor quadratiautility functions[14]. For non-monotone
utility functionsNikolova,BrandandKarger[17] give hardnessesultsandpseudopoly-
nomial algorithms.For a separatemodel on bicriteria shortestpathswith monotone
objective, Ackermanetal. [1] give differentaverageandsmoothecdanalyses.



2 Problemde nitions and quasi-corvex maximization

2.1 StochasticShortestPath de nition

ConsideragraphG = (V;E), with jVj = n nodesandjEj = m edgesWe aregiven
a sourceS anddestinationT . Eachedgei hasanindependentandomvariablelength
(travel time) X;. We have a deadlinein time t, andwe would liketo nd an ST -path
which maximizesthe probability thatwe reachthe destinatiorwithin timet. Thus,we
wouldliketo solve

X
max Pr Xi t for paths betweerthesourceanddestination. (1)

i2
In thefollowing sectionswe seethat differentdistributional assumptiongor the edge
lengthsleadto problemcompleity andalgorithmsof very differentnature.

2.2 Parametric ShortestPath de nition

Considera graphG with distinguishedsourceS anddestinationT . Eachedgei hasa
parameterdependentengthu; + w i, whereu;;w; are nonngative constantsand

2 [0;1 ). The parametricshortestpathsproblemlooks for the parametewalues
(breakpoints) 2 (0;1 ) atwhich the shortestpath changesCarstenseid] proved
thatthe numberof breakpointgs atleastn (°9 ") in theworstcase andonecaneasily
shav a matchingupperboundfor generalgraphs(A moreinvolved proof on the upper
boundis alsoavailablein Carstensefd]).

In the next sectionwe will establisha connectionbetweenthe stochasticshortest
pathswith normaldistributionsandthe parametricshortestpathsproblem,which will
enableus to apply our averageand smoothedesultsfor the former to the parametric
shortespathsettingaswell.

2.3 Quasi-corvex maximization

In this sectionwe brie y de ne corvex functionsand their generalizatiorto quasi-
convex functionsandstatethe main propertyof their globalmaxima.
Let C beacorvex set.

De nition 1. Afunctionf : C! (1 ;1 ]Jiscorvexifforallx;y 2 Cand 2 [0;1],
f(x+@ Jy) f)+@ )Hf(y):

Afunctionf :C! (1 ;1 ]isquasi-conexif all itslowerlevelsetsL = fxjx 2
C; f(x) g are Convex.

Informally, quasi-correx functionshave acorvex cross-sectioatany height(level).

De nition 2. We saythatx is an extremepoint of thesetC if it cannotberepresented
asa convex combinationof two other pointsin thesetC,

x=y +(1 )z fory;z2 C; 2 (0;1) ) y=z=x:



The following importantproperty of quasi-corex maximizationseemsto be at-
tributedto folklore. A statemenbf the theoremwithout proof appearsn the Introduc-
tion to Global Optimization[8]; our proofis deferredto thefull versionof this paper

Theorem1. LetC R™ beacompactconvex set.A quasi-cowex functionf : C !
R thatattainsa maximunover C, attainsthe maximunmat someextremepointof C.

We will needa few morede nitions. The shadowof a corvex setin R™ ontoa
two-dimensionakubspaces the orthogonalprojectionof the setonto the subspace.
Thedominantof asetC in R™ is de ned asthe setof all pointsthataregreaterthana
pointinC,fx 2 R™ jx yforsomey 2 Cg.

3 Stochasticshortestpaths with normal distrib utions

In this sectionwe applyquasi-corex maximizationto agraphwith normallydistributed
edgelengths,n which we have to selectthemostcertainrouteto reacha destinatiorby
agiventime.
Assumeeachedgei hasindependennhormallydistributedlengthX; N ( j; 2).
Our problemis to
X
maxPr( X; t) forpaths betweerthesourceanddestination. (2)
i2

For ary path , this probability canbe computedoy

x P P P P
Xi i t i t i
i i i

i2

where (:) is thecumulatve distribution function of the standarchormalrandomvari-
ableN (0; 1). Since is monotonencreasingthe problemis equivalentto nding the
ST -pathwhich maximizests argument,

P
t )

X 3)
2

i2 i
The objective in Eq. (3) cannotbe separatedhto edgecostsanddoesnot satisfysub-
optimality so a dynamicprogrammingapproachbasedon substructurevould fail. To
betterunderstandhe propertiesof the objective function, we formulateit asa contin-
uousoptimizationproblemover the path polytopein R™, wherem is the numberof
edges.

Index all edgeshy 1; 2; :::; m. Representachedgesubsetby its incidencevector
x 2 R™ with x; = 1if edgei isin thesubsetindx; = 0 otherwise All 2™ subsetof
edgescorrespondo the verticesof the unit hypercuben R™ . The ST -path polytope
(or, the path polytopefor short)is the corvex hull of incidencevectorsof (simple)ST -
paths.lt is a subsetof the unit hypercubein R™, andits verticesare a subsetof the
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Fig. 1. Projectionof theunit hypercubdrepresentingll edgesubsetsandthe pathpolytopeonto
the(; ?)-plane.

verticesof thehypercubeThus,the optimal ST -pathis a solutionto

. t X
maximize p—— (4)
X
subjectto x 2 pathpolytope
x 2 f0;1g™;

whereby f0; 1g™ we denotethe setof 0 1 vectorsof lengthm. Projectingthe path
polytopeonto the spanof vectors = ( 1;:; m) and 2 = ( 2;::; 2) denes
a cornvex polygon,which we call the path polytopeshadev. The objective in Eq. (4)
is not separablefar from linear or quadraticand not even corvex. This placesit in a
catggory of mathematicaprogrammingand combinatorialoptimizationproblems for
which thereare no generalef cient algorithms.Although the integer constraintsare
whatusuallycauseshe maindif culty , in this caseit is not clearhow to solve eventhe
fractionalversion.

It turnsout our objective hasspecialstructurewhich forcesits maximumto lie on
theboundaryof thefeasibleset.In particular it is quasi-conex on a subsebf the path
polytopeandmonotonein ~ x and ? x on the remainingsubsetof the polytope.
This is not automaticallygood news sincewe do not have a polynomial description
of the boundaryof the pathpolytopeor evenits shadev. For examplecomputingthe
rightmostanduppermosterticesof the pathpolytopeshadev correspond$o nding
thelongestpath,in termsof the edgemeansandedgevariancegespectiely. Thusthe
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Fig. 2. Correspondencef extremepointsP1 ; P»; ::: of thedominantof theshadev pathpolytope
(left) andlinearsggmentsfrom the parametrigathcost-functiong( ) = infxf x+ ( 2 x)g
(right).

computationof the path corvex hull is in generalstrongly NP-hard[9]. On the other
hand,we canefciently nd the extremepointson the dominantof the shadev hull,
sincethey optimizethelinearobjectve + (1 ) 2for 2 [0;1].

Ourmaintheoren? shovsthatfor sufciently earlydeparturdime (eliminatingthe
incidenceof a longestpathproblem),our objectie is quasi-corex andwe cansolve
the stochasticshortesipathsproblemexactly in timen (°9 ") We rst statealemma
aboutthe correspondencef the stochastiand parametricshortesipathsproblems ts
proofis deferredo the full paperversion.

Lemmal. Thee is a one-to-onecorrespondencéetweernthe extremepointson the
shadowofthepathpolytopedominantontheplanespannedyvectosu = (uz;:::; Um),
w = (Ws;::; W) and the breakpointsof the parametric shortestpath problemwith
edge weightsu; + w ;.

By Lemmal, theresultsfor thecompleity of theparametricshortespathsproblem
[4], [16] imply equivalentboundsfor the numberof extreme points on the shadev
dominant.

Corollary 1. Thedominantof the path polytopeshadowhasn (°9 ") extremepoints
in theworstcase

We now turn to the mainresultin this section.

Theorem 2. Whenthe deadlinet is no lessthanthe meanof the smallest-meaipath,
thesolutionto Eq. (4) is an extremepoint of the dominantof the path polytopeshadow
andcanbefoundin timen (09 )

Proof. We rst considertherelaxedversionof Eq. (4). Denotingz; = x andz, =
2 x, thesystembecomequivalentto

. t
maximize —pzrzzl (5)

subjectto (z1;2z2) 2 pathpolytopeshadav S



We rst show thattheinducedobjectvef (z;;z2) = 592%1 is quasi-conex on a subset
of thefeasiblesetS = S\ fz; j z; < tg (whichis non-emptyassuminghereis a path

with meanlessthant). Sincez; = X < t, thevalueof f (z1;z2) onthis feasible
subsets positive, and mustcontainthe maximum.Considerthelevel setL = fz 2
R2jf(2) 0. This setconsistof points(z;; zz) suchthat

t zp t z1 2

L& () 2 ,

hencefor positve andz; < t, thelevel setL is corvex. Thereforef (z3;2;) is
quasi-conex on S, whichis the partof pathpolytopeshadav to theleft of z; = t. By
Theoreml, the maximumis attainedat anextremepoint of S. Further sincef (z1; z,)
is monotonedecreasingn bothz; andz,, the solutionmustbe anextremepoint of the
dominantof theshadav, to theleft of z; = t.

Now, ary extremepoint of the shadav is the projectionof an extemepoint of the
original path polytope(which hasinteger coordinates)Hencethe optimal solution of
therelaxedprogram(5) is alsoa solutionto theintegerprogram(4).

Next, theextremepointsof thedominantof the shadev canbefoundin time linear
in their number for examplewith a binary searchtype enumeratiorasfollows. Each
extremepoint onthe shadev dominantis the solutionto alinearprogram

min ¢ z (6)
subjectto z 2 shadaev pathpolytope

for somec = (c1;¢2) 0. Equivalently, eachextreme point corresponddo a path
minimizingc;z; + ¢z, wherez; = x isthetotal meanof thepathandz; is thetotal
variancesofor ¢;;c, 0t canbefoundvia ary shortespathalgorithm.To nd all
extremepointson the shadev dominant,we startwith its two endpointsthe leftmost
point, which correspondso the pathwith smallestmean,andthe bottom-mostpoint,
which is the pathof smallestvariance Denotethese 1 = (my;s;); 2 = (M3;Sz) 2
R?, wherem; is the meanands; the varianceof path ;, thensolve Eq. (6) with
(c;€2) = (w3 1)if mz my 6 O, otherwise(Cy; ¢z) = (1;0). Thenew solution
is 3 = (mgs;s3), avertex between ; and , onthe shadev boundary If different
from both ; and »,, we repeatthe procedurdor nding avertex between 1, 3 and
between 3, »,etc.Clearlyin thiswaywe nd all verticesontheshadev dominantin
time linearin their number multiplied by the time to solve the auxiliary program(6).
Similar enumerationmethoddor extremepointsarediscussedn Carstensef].

Finally, sincethereareN = n (°9 ") extremepointsof theshadev dominantin the
worstcaseby Corollary1 andwe can nd eachin polynomialtime, therunningtime of
thealgorithmisn (9 M)

When the departuretime is closerto the deadline,so that ary shortestpath has
meangreaterthant, our objectve is no longerquasi-comex, in factit is increasingn
the variance.Since nding the simple pathwith highestvarianceis strongly NP-hard
[9], we might not expectto nd a good polynomial-timeapproximation.Settling for
potentiallynon-simplepaths,we cangive a pseudopolynomiadlynamicprogramming
solution,which nds the pathof smallestmeanfor every possiblevalueof its variance
andthenselectghe ST-pathwith optimalobjective value.



Theorem 3. For generl deadlinet, thesolutionto Eq.(4) canbefoundin timeO( 2nm)
whee ? is themaximumvarianceof an edge.

4 Averageand SmoothedComplexity

In thissectiorwe shaw thatif theedgeweightvectorsu; w 2 R™ areuniformly random
unit vectorsor x edvectorswhich areslightly perturbedthenthe expectednumberof
extremepoints on the path polytopeshadaev is linear and consequenthour n (9 ")
algorithmfrom the previoussectionwill have alow expectedpolynomialrunningtime.
The techniquedn this sectionare motivatedby the recenttechniquesof Kelnerand
Spielman[10] for the polynomialsimplex algorithmfor linear programming.

Notethattheverticesof the pathpolytopeP area subsebf the verticesof the unit
hypercubein particular:

Fact1 Ead edge of thepolytopeP haslengthat least1.

Fact2 The polytop%D is containedin the unit hypercube which in turn is contained
in a ball with radius™ m=2.

4.1 Averagebounds

Theorem4. Letu;w 2 R™ beuniformlyrandomunit vectos andletV betheir span.
Tlggntheexpectatiomf the numberof edgeson the projectionof P ontoV is at most
2 2 m.

Proof. By Fact2, the perimeterof theshadaev of P ontoV is boundedabove by P m.
Next, for eachedgel of thepolytopeP, denoteby S, (V) theeventthatedgel appears
in theshadav, andletI(l) bethelengthof theedgein theshadev. Thesumof expected
edgelengthsin ;(heshadmv is ?(t mostequalto the biggestpossibleperimeter:

NI = EDO)S (VIPAS (V)]

| |
By Lemma2 below, E[I(1)jSi (V)] 5#%=: Therefore,

X _
E [numberof shadaev edge$ = Pr[sS (V)] 2p 2 m;
|
wherem is the dimensionof the polytopeP, in our caseit is the numberof edgesof
theoriginal graph.

Lemma 2. For all edges! of thepolytopeP, E[I(1)jSi (V)] 5=

Proof. We rst note a direct corollary from Lemma3:8 in Kelner& Spielman[10],

namelythatif anedgel of the polytopeappearsn the shadav, it mustmake a small

angle | (V) with theprojectionplaneV, Pry  cog | (V)) s3=jSi(V) 3
Now, sinceary edgein the polytopeP haslengthat least1 (by Fact 1 above),

thelengthof the edgein the shadev would be atleastcoq | (V)) andits expectation

providedit appearsn theshadev is

EN(S (V)] %1

EZ



4.2 Smoothedbounds

We now provide smoothedesultsfor the maximizationof our quasi-comnex objectie.
In particular we shav thatthe expectechumberof extremepoints(equivalentlyedges)
ontheprojectionof ageneral 1 vertex polytopeontoa perturbedlaneis polynomial
in m and1=, theinverseof our perturbation.
We rst de ne a -perturbationof the vectoru, for > 0. Chooseanangle 2

[0; ] atrandomfrom an exponentialdistribution with mean , restrictedto the range
[0; ]. Setthe -perturbatiorof u to bea unit vectorchoseruniformly atrandomat an
angle to u. The following theoremstatesthatthe expectednumberof edgeson the
polytopeshadav is polynomial.

Theoremb5. Letus;u; 2 R™ begivenvectos andlet v; andv, be their respective
-perturbations DenoteV = sparm;vg). Theexp%ctechumberof edgesof the pro-
jectionof P ontoV isatmost4 = 2m= ,for < 1= m.

Thetheorenfollows similarly to theargumentin Sectiond.1from the next lemma.
Lemma 3. With thevariablesabove, Pry,.y,[coq | (V)) iSI(V)]  4(=)%

This lemmageneralizeshe lemmaof Kelnerand Spielman[10] by allowing bothv;
andv, to bedrawn from -perturbedistributions,asopposedo requiringoneof them
to beuniformly random Its proofis deferredto the full versionof this paper

Naturally, the smallerthe perturbationthe wealer the boundin thetheorem How-
eversetting = p% for example,givesthe linear bound8 m which is just a little
largerthantheboundonthe numberof shadev edgedor theaveragecase Finally note
thatby Lemmal, theseboundsimply linear (in the numberof graphedges)average
andsmoothedoundsfor the numberof optimal pathsin the parametricshortesipaths
problemaswell.

5 Extensionsto other distrib utions

5.1 Poissonand additive stochasticdominant distrib utions—exactsolution

The probability distribution D( ) is calledadditiveif the sumof two independentan-
domvariableswith distributionsD( 1) andD( ») is anotherandomvariablewith the
samedistribution andparameteequalto thesum,D( 1 + 2). With aslight abtuseof
notationwe useD( ) to alsodenotea randomvariablewith this distribution. Assume
in additionthatthe distribution D satis esstodasticdominancethatis Pr(D( 1)
t) Pr(D( 2) t)wheneer ; 2. Examplesof suchdistributionsare Poisson
andgamma(a; b) with constanparameteb.

Supposeherandomlengthof edge isX;  D( ;). Now, despitehenon-separable
objective function,theform of distribution makesthe problemseparable:

X X X
Pr Xi t =Pr D(ij) t =Pr D it PrD(Y t;
i2 i2 i2
wherethe Iastineqlgalityfollows from the stochastidominancepropertyof the distri-
butionfor all © i» i With this, theoptimalpathis the onethathasthe smallest

sum of distribution parameterslongits links and canbe found exactly with a deter
ministic shortespathalgorithm.



5.2 Exponential PTAS and Bernoulli QPTAS

Unlike the Poissonthe exponentialdistribution is not additive andwe cannotwrite a

simple closedform expressionfor the objective function. We proposea polynomial-
time approximationschemepasedon dynamicprogrammingover a discretizationof

the distribution parametespace More precisely we give a bicriterion approximation,
whichis givenalatenesdolerancep andfor > 0it nds anST-path satisfying

X
Pr Xi<t@+ ) >1 p:
i2

Dueto spaceconstraintswe deferthe algorithmdescriptionto the full paperversion
andonly stateits runningtime.

P
Theorem6. Anapproximatelyoptimalpath withPr[ ., X; > (1+ )] p(1+ )
canbecomputedn timeO(n* logn)O '29%=) joqg % O(*log1=),

A similar discretizatiorof the statespaceyieldsa quasi-polynomiabpproximation
schemdor the caseof Bernoulli distributions;we omit the detailsfrom this version.

6 Conclusion

We have considereda novel framework for stochasticshortestpathswith indepen-
dentrandomedgelengths.Whenthe edgesarenormally distributed,we give an exact
n (°9 ") algorithm.Several pointsworth noting are that this is an unusualalgorithm
(not basedon dynamic programming)with an unusualrunning time for the classic
shortestpath problemin the presenceof uncertainty Although the problemis inher
ently discrete,in its corearepropertiesfrom continuousoptimization.One possibility
to prove a polynomial worst-caseboundon our n (°9 " algorithmis to restrictthe
classof graphsunderconsiderationWe conjecturethat the numberof extremepoints
on the correspondinghadev dominantof planargraphsis polynomial(linear) in the
sizeof thegraph.

We presentpolynomial averageand smoothedboundswith respectto the means
andvariancesf the edgelengthdistributionsin the caseof normaldistributions. We
notethattheseboundshold for the maximizationof any quasi-cormex functionof rank
2 (thatis, a function of theform f (a x; b x) for vectorsa;b 2 R™) over general
polytopeswith 0 1 vertex coordinatesOur resultscould be further generalized18]
andapplyto diverseothersettingsaswell assene of independeninterestto non-corvex
optimization.

Other openquestionsfor our stochasticshortestpath model include considering
correlatedaswell asdynamicallyvaryingedgelengthdistributions.

Acknowledgement.We thank Brian Dean,David Karger, Asu Ozdaglarand Santosh
Vempalafor valuablesuggestions.
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