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Abstract. We considertheproblemof �nding shortestpathsin a graphwith in-
dependentrandomlydistributededgelengths.Ourgoalis to maximizetheproba-
bility thatthepathlengthdoesnotexceedagiventhresholdvalue(deadline).We
give a surprisingexact n � (log n ) algorithmfor the caseof normally distributed
edgelengths,which is basedon quasi-convex maximization.We thenprove av-
erageandsmoothedpolynomialboundsfor this algorithm,which alsotranslate
to averageandsmoothedboundsfor the parametricshortestpathproblem,and
extend to a more generalnon-convex optimizationsetting.We alsoconsidera
numberotheredgelengthdistributions,giving a rangeof exact andapproxima-
tion schemes.

1 Intr oduction

Finding shortestpathsbetweena givensourceanddestinationis a classicandfunda-
mentalproblemin theoreticalcomputersciencewhich hasin�uenced a wide arrayof
other�elds. It is lessclearwhata stochasticshortestpathwould mean,whentheedge
lengthsarerandomwith given distributions.Is it the shortestpathon average,or the
pathminimizing a combinationof meanandvariance,or minimizing someothercri-
terion?Is it found adaptively or non-adaptively? A variety of problemvariantshave
appearedin the literature,mostminimizing the expectedlengthof a path,or a com-
binationof expectedlengthandexpectedcostsuchasbicriterionproblems[15], [19].
Adaptiveformulationshaveprevailed,perhapsbecauseanon-adaptiveminimizationof
theexpectedpathlengthtrivially reducesto thedeterministicshortestpathproblem.

Few researchershave consideredoptimizinga non-linearfunctionof the(random)
pathlength.Somenotablework includesthat of Loui [12] who seeksthe pathmaxi-
mizing anexpectedutility of thepathlengthfor a classof monotonedecreasingutility
functions.Fanet al. [6] presentanadaptiveheuristicfor pathsthatmaximizetheprob-
ability of arriving on time. Formulationsof this typewith nonlinearobjective, though
perhapsmostuseful in practice,have beensparse,becausedifferentsourcesof hard-
nessarisefrom many levels:combinatorial,distributional,analytic,functional,to list a
few. For example,in theabsenceof randomness,thecombinatorialnatureof theprob-
lem maybehardto approximatefor certainobjective functions(e.g., longestpath[9]).
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In the absenceof graphstructure,the objective function in itself may be dif�cult to
optimize:we cansolve ef�ciently linearprogrammingbut not evenquadraticor more
generallynon-convex programming.Thedistributionsmaybehardto work with: calcu-
lating valuesof thecumulativedistribution functionof thesumof n Bernoulli random
variablesis #P-hardasit correspondsto countingknapsacksolutions[11]. Computing
the expectationE[u(X )] =

R
u(x)f (x)dx of the non-linearutility function u(:) of

the randompathlengthX with probabilitydensityfunction f (:) maynot evenhave a
closedform, thusmakingthestandardnotionof computationalhardnessinapplicable.
Superimposingthesesourcesof dif�culty mayultimatelyleadto a problemthathasno
hopeof evenbeingcategorizedasto what level of hardnessit has—partlybecausewe
donotunderstandto whatextenteachsourcecontributesto theoverallcomplexity.

We thusfocuson a stochasticshortestpathsmodelwhichcaneffectively factorthe
sourcesof dif�culty aboveandatthesametimehasaninnovativesolutiondrawing from
a varietyof areas.Inspiredby recentformulationsof thestochasticknapsackandother
classicproblemsturnedstochastic[5], [7] our goal is to maximizetheprobability that
the pathlengthwould not exceedsomethresholdvalue.This is a naturalformulation
which is alsovery practical:For example,this is our objective whenwe aregoing to
theairportandwantto pick thepaththatwouldmaximizeourprobabilityof arriving on
time for our �ight. We considera pre-planning(nonadaptive)scenarioandnotethat it
caneasilybeconvertedto anadaptive oneby rerunningour algorithmson the�y with
updatedinformation.

Apart from the inherentpracticalityof the problem,it revealsa deepertheoretic
structureintertwining areassuchas nonconvex programming,the geometryof path
polytopesand combinatorialoptimization.As a preview to someof the openques-
tions,wegiveanexactn � (log n ) algorithmfor ourmainmodelwith edgelengthsdrawn
from normaldistributions.It is unknownwhetherapolynomialexactalgorithmexistsor
whetherthis problemis completefor thecorrespondingcomplexity classLogNP[21].
OuralgorithmalsorevealsasomewhatunexpectedconnectionbetweenKelner& Spiel-
man's recenttechniquesfor linearprogramming[10] andthemuchmoregeneral�eld
of nonconvex optimization.We extendtheir techniquesto get polynomial-timeaver-
ageandsmoothedcomplexity for oursuperpolynomialalgorithms.We stressthatthese
smoothedresultsarestrongerthanprevioussmoothedresultsin thatthey donotperturb
thefeasibleset(thepathpolytope),but just theobjective function(theplaneon which
thepolytopeis projected).Or, in thetermsof thestochasticshortestpathsterminology,
only theedgemeansandvariancesandnot thesolutionpathsthemselves,areslightly
perturbed.As anaddedbene�t, werevealaconnectionbetweenthestochasticandpara-
metricshortestpathproblems,which impliesnew averageandsmoothedresultsfor the
parametricshortestpathproblemaswell. Ourresultscanalsogeneralizeto awideclass
of non-convex optimizationproblems,known aslow-rankquasiconcave minimization
[18].

1.1 Our Results

Wede�ne amodelfor thestochasticshortestpathproblemin whichtheedgelengthsare
independentrandomvariablesdrawn from known distributions.Theoptimalpathmax-
imizestheprobabilitythatthepathlengthdoesnotexceedagiventhreshold(deadline).



Thisobjectivearisesnaturallyin practicewhereauserwantsto maximizetheprobabil-
ity of arriving on time to adestination.In aneffort to decouplethecomplexity inherent
in this objective from the distributional andanalyticcomplexity of the problem,our
�rst modeldraws theedgesfrom normaldistributions.We show that for a largerange
of deadlinesour problementailsthemaximizationof a quasi-convex functionover the
pathpolytope.Due to the particularform of our quasi-convex objective, the optimal
pathis attainedat anextremepoint of thedominantof theprojection(shadow) of the
pathpolytopeontoa two-dimensionalplane.We thusgive anexactalgorithmfor �nd-
ing theoptimalpathby walkingalongextremepointsof theshadow dominant.Wethen
establishan equivalencebetweentheshadow dominantandtheoptimalcostenvelope
of the parametricshortestpathproblem.Consequently, this provesthat our algorithm
hasaworstcaserunningtimen � (log n ) . We giveapseudopolynomialalgorithmfor the
remainingrangeof deadlines.

In thefollowing sectionwe extendthetechniquesfrom Kelner& Spielman[10] to
prove linearaverageandsmoothedcomplexity of theshadow of thepathpolytopeand
consequentlypolynomialrunningtime of our algorithm.Theseresultsalsoimply new
polynomialaverageandsmoothedboundson thecomplexity of theparametricshortest
pathproblemandhold for a wider classof non-convex optimizationproblemsthanthe
speci�c stochasticshortestpathobjective.

Finally weextendourmodelto distributionsotherthanthenormal.For edgelengths
comingfrom aPoissonor agammadistributionwith a �x edsecondparameter, or more
generallydistributionswhich areadditive andsatisfystochasticdominance,we show
thattheproblemeasilyreducesto thedeterministicshortestpathproblem.For thecase
of exponentialandBernoulli randomvariables,we givepolynomial(PTAS) andquasi-
polynomial(QPTAS) approximationschemesrespectively basedon a discretizationof
thestatespaceof therandomedgelengths.

1.2 RelatedWork

The majority of the relatedliteratureon stochasticshortestpathsfocuseson adaptive
algorithms,whichcomputethenext besthopbasedon informationaboutrealizededge
lengthssofar [2], [22], [3], [20], [6], [13]. Most of theadaptive formulationsfocuson
minimizingexpectedpathlength;few considerminimizinganon-linearfunctionof the
lengthandsettlefor heuristicalgorithms[6].

Themostcloselyrelatednonadaptiveformulationto ourmodelis thatof Loui [12].
Loui considersa generalutility functionof pathlengthwhich is monotoneandnonde-
creasing,andprovesthat theexpectedutility becomesseparableinto theedgelengths
only whentheutility functionis linearor exponential.In thatcasethepaththatmaxi-
mizesexpectedutility canbefoundvia traditionalshortestpathalgorithms.For general
utility functionshe givesan algorithmbasedon an enumerationof paths,with a very
largerunningtimeO(nn ). In aconsequentpaper, MirchandaniandSoroushgiveexpo-
nentialalgorithmsandheuristicsfor quadraticutility functions[14]. For non-monotone
utility functionsNikolova,BrandandKarger[17] givehardnessresultsandpseudopoly-
nomial algorithms.For a separatemodel on bicriteria shortestpathswith monotone
objective,Ackermanet al. [1] givedifferentaverageandsmoothedanalyses.



2 Problem de�nitions and quasi-convex maximization

2.1 StochasticShortestPath de�nition

Considera graphG = (V; E), with jV j = n nodesandjE j = m edges.We aregiven
a sourceS anddestinationT. Eachedgei hasan independentrandomvariablelength
(travel time) X i . We have a deadlinein time t, andwe would like to �nd an ST-path
which maximizestheprobabilitythatwe reachthedestinationwithin time t. Thus,we
would like to solve

max
�

Pr
� X

i 2 �

X i � t
�

for paths� betweenthesourceanddestination. (1)

In thefollowing sections,we seethatdifferentdistributionalassumptionsfor theedge
lengthsleadto problemcomplexity andalgorithmsof verydifferentnature.

2.2 Parametric ShortestPath de�nition

Considera graphG with distinguishedsourceS anddestinationT. Eachedgei hasa
parameterdependentlength ui + �w i , whereui ; wi are nonnegative constants.and
� 2 [0; 1 ). The parametricshortestpathsproblemlooks for the parametervalues
(breakpoints)� 2 (0; 1 ) at which the shortestpathchanges.Carstensen[4] proved
thatthenumberof breakpointsis at leastn 
 (log n ) in theworstcase,andonecaneasily
show a matchingupperboundfor generalgraphs(A moreinvolvedproofon theupper
boundis alsoavailablein Carstensen[4]).

In the next sectionwe will establisha connectionbetweenthe stochasticshortest
pathswith normaldistributionsandtheparametricshortestpathsproblem,which will
enableus to apply our averageandsmoothedresultsfor the former to the parametric
shortestpathsettingaswell.

2.3 Quasi-convexmaximization

In this sectionwe brie�y de�ne convex functionsand their generalizationto quasi-
convex functionsandstatethemainpropertyof their globalmaxima.

Let C bea convex set.

De�nition 1. A functionf : C ! (�1 ; 1 ] is convex if for all x; y 2 C and� 2 [0; 1],

f (�x + (1 � � )y) � �f (x) + (1 � � )f (y):

A functionf : C ! (�1 ; 1 ] is quasi-convex if all its lower level setsL 
 = f x j x 2
C; f (x) � 
 g areconvex.

Informally,quasi-convex functionshaveaconvex cross-sectionatany height(level).

De�nition 2. We saythat x is an extremepoint of thesetC if it cannotberepresented
asa convex combinationof two otherpointsin thesetC,

x = �y + (1 � � )z for y; z 2 C; � 2 (0; 1) ) y = z = x:



The following importantpropertyof quasi-convex maximizationseemsto be at-
tributedto folklore. A statementof thetheoremwithout proof appearsin theIntroduc-
tion to Global Optimization[8]; ourproof is deferredto thefull versionof thispaper.

Theorem1. Let C � R m bea compactconvex set.A quasi-convex functionf : C !
R thatattainsa maximumoverC, attainsthemaximumat someextremepointof C.

We will needa few morede�nitions. The shadowof a convex set in R m onto a
two-dimensionalsubspaceis the orthogonalprojectionof the set onto the subspace.
Thedominantof a setC in R m is de�ned asthesetof all pointsthataregreaterthana
point in C, f x 2 R m j x � y for somey 2 Cg.

3 Stochasticshortestpaths with normal distrib utions

In thissectionweapplyquasi-convex maximizationtoagraphwith normallydistributed
edgelengths,in whichwehaveto selectthemostcertainrouteto reachadestinationby
a giventime.

Assumeeachedgei hasindependentnormallydistributedlengthX i � N (� i ; � 2
i ).

Ourproblemis to

max
�

Pr(
X

i 2 �

X i � t) for paths� betweenthesourceanddestination. (2)

For any path� , this probabilitycanbecomputedby

Pr
� X

i 2 �

X i � t
�

= Pr
� P

X i �
P

� ip P
� 2

i

�
t �

P
� ip P

� 2
i

�
= �

� t �
P

� ip P
� 2

i

�
;

where� (:) is thecumulativedistribution functionof thestandardnormalrandomvari-
ableN (0; 1). Since� is monotoneincreasing,theproblemis equivalentto �nding the
ST-pathwhichmaximizesits argument,

max
�

t �
P

i 2 � � iq P
i 2 � � 2

i

: (3)

Theobjective in Eq. (3) cannotbeseparatedinto edgecostsanddoesnot satisfysub-
optimality soa dynamicprogrammingapproachbasedon substructurewould fail. To
betterunderstandthepropertiesof theobjective function,we formulateit asa contin-
uousoptimizationproblemover the pathpolytopein R m , wherem is the numberof
edges.

Index all edgesby 1; 2; :::; m. Representeachedgesubsetby its incidencevector
x 2 R m , with x i = 1 if edgei is in thesubsetandx i = 0 otherwise.All 2m subsetsof
edgescorrespondto theverticesof theunit hypercubein R m . The ST-pathpolytope
(or, thepathpolytopefor short)is theconvex hull of incidencevectorsof (simple)ST-
paths.It is a subsetof the unit hypercubein R m , and its verticesarea subsetof the
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Fig.1.Projectionof theunit hypercube(representingall edgesubsets)andthepathpolytopeonto
the(�; � 2)-plane.

verticesof thehypercube.Thus,theoptimalST-pathis a solutionto

maximize
t � � � x
p

� 2 � x
(4)

subjectto x 2 pathpolytope

x 2 f 0; 1gm ;

whereby f 0; 1gm we denotethe setof 0� 1 vectorsof lengthm. Projectingthe path
polytopeonto the spanof vectors� = (� 1; :::; � m ) and � 2 = (� 2

1 ; :::; � 2
m ) de�nes

a convex polygon,which we call the pathpolytopeshadow. The objective in Eq. (4)
is not separable,far from linear or quadraticandnot even convex. This placesit in a
category of mathematicalprogrammingandcombinatorialoptimizationproblems,for
which thereare no generalef�cient algorithms.Although the integer constraintsare
whatusuallycausesthemaindif�culty , in this caseit is not clearhow to solveeventhe
fractionalversion.

It turnsout our objective hasspecialstructurewhich forcesits maximumto lie on
theboundaryof thefeasibleset.In particular, it is quasi-convex on a subsetof thepath
polytopeandmonotonein � � x and� 2 � x on the remainingsubsetof the polytope.
This is not automaticallygoodnews sincewe do not have a polynomialdescription
of the boundaryof the pathpolytopeor even its shadow. For examplecomputingthe
rightmostanduppermostverticesof thepathpolytopeshadow correspondsto �nding
thelongestpath,in termsof theedgemeansandedgevariancesrespectively. Thusthe
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computationof the pathconvex hull is in generalstronglyNP-hard[9]. On the other
hand,we canef�ciently �nd the extremepointson the dominantof the shadow hull,
sincethey optimizethelinearobjective 
 � + (1 � 
 )� 2 for 
 2 [0; 1].

Ourmaintheorem2 showsthatfor suf�ciently earlydeparturetime(eliminatingthe
incidenceof a longestpathproblem),our objective is quasi-convex andwe cansolve
thestochasticshortestpathsproblemexactly in time n � (log n ) . We �rst statea lemma
aboutthecorrespondenceof thestochasticandparametricshortestpathsproblems.Its
proof is deferredto thefull paperversion.

Lemma 1. There is a one-to-onecorrespondencebetweenthe extremepointson the
shadowof thepathpolytopedominantontheplanespannedbyvectorsu = (u1; :::; um ),
w = (w1; :::; wm ) and the breakpointsof the parametricshortestpath problemwith
edgeweightsui + �w i .

By Lemma1, theresultsfor thecomplexity of theparametricshortestpathsproblem
[4], [16] imply equivalent boundsfor the numberof extremepoints on the shadow
dominant.

Corollary 1. Thedominantof thepathpolytopeshadowhasn � (log n ) extremepoints
in theworst case.

We now turn to themainresultin this section.

Theorem2. Whenthedeadlinet is no lessthan themeanof thesmallest-meanpath,
thesolutionto Eq.(4) is anextremepoint of thedominantof thepathpolytopeshadow
andcanbefoundin timen � (log n ) .

Proof. We �rst considertherelaxedversionof Eq. (4). Denotingz1 = � � x andz2 =
� 2 � x, thesystembecomesequivalentto

maximize
t � z1p

z2
(5)

subjectto (z1; z2) 2 pathpolytopeshadow S



We �rst show that the inducedobjective f (z1; z2) = t � z1p
z2

is quasi-convex on a subset

of thefeasibleset �S = S \ f z1 j z1 < tg (which is non-emptyassumingthereis a path
with meanlessthant). Sincez1 = � � x < t, the valueof f (z1; z2) on this feasible
subsetis positive, andmustcontainthemaximum.Considerthe level setL 
 = f z 2
R 2 j f (z) � 
 g. Thissetconsistsof points(z1; z2) suchthat

t � z1
p

z2
� 
 ( ) z2 �

� t � z1




� 2
;

hencefor positive 
 and z1 < t, the level set L 
 is convex. Thereforef (z1; z2) is
quasi-convex on �S, which is thepartof pathpolytopeshadow to theleft of z1 = t. By
Theorem1, themaximumis attainedat anextremepoint of �S. Further, sincef (z1; z2)
is monotonedecreasingin bothz1 andz2, thesolutionmustbeanextremepoint of the
dominantof theshadow, to theleft of z1 = t.

Now, any extremepoint of theshadow is theprojectionof an extemepoint of the
original pathpolytope(which hasinteger coordinates).Hencethe optimal solutionof
therelaxedprogram(5) is alsoa solutionto theintegerprogram(4).

Next, theextremepointsof thedominantof theshadow canbefoundin time linear
in their number, for examplewith a binary searchtype enumerationasfollows. Each
extremepointon theshadow dominantis thesolutionto a linearprogram

min c � z (6)

subjectto z 2 shadow pathpolytope

for somec = (c1; c2) � 0. Equivalently, eachextremepoint correspondsto a path
minimizingc1z1 + c2z2 wherez1 = � � x is thetotalmeanof thepathandz2 is thetotal
varianceso for c1; c2 � 0 it canbe found via any shortestpathalgorithm.To �nd all
extremepointson theshadow dominant,we startwith its two endpoints:the leftmost
point, which correspondsto the pathwith smallestmean,andthe bottom-mostpoint,
which is thepathof smallestvariance.Denotethese� 1 = (m1; s1); � 2 = (m2; s2) 2
R 2, wherem i is the meanand si the varianceof path � i , then solve Eq. (6) with
(c1; c2) = (� s2 � s1

m 2 � m 1
; 1) if m2 � m1 6= 0, otherwise(c1; c2) = (1; 0). Thenew solution

is � 3 = (m3; s3), a vertex between� 1 and � 2 on the shadow boundary. If different
from both� 1 and� 2, we repeattheprocedurefor �nding a vertex between� 1, � 3 and
between� 3, � 2, etc.Clearlyin thisway we �nd all verticeson theshadow dominantin
time linear in their number, multiplied by the time to solve theauxiliary program(6).
Similarenumerationmethodsfor extremepointsarediscussedin Carstensen[4].

Finally, sincethereareN = n � (log n ) extremepointsof theshadow dominantin the
worstcaseby Corollary1 andwecan�nd eachin polynomialtime,therunningtimeof
thealgorithmis n � (log n ) .

When the departuretime is closerto the deadline,so that any shortestpath has
meangreaterthant, our objective is no longerquasi-convex, in fact it is increasingin
the variance.Since�nding the simplepathwith highestvarianceis stronglyNP-hard
[9], we might not expect to �nd a goodpolynomial-timeapproximation.Settling for
potentiallynon-simplepaths,we cangive a pseudopolynomialdynamicprogramming
solution,which �nds thepathof smallestmeanfor everypossiblevalueof its variance
andthenselectstheST-pathwith optimalobjectivevalue.



Theorem3. For general deadlinet, thesolutiontoEq.(4)canbefoundin timeO(� 2nm)
where � 2 is themaximumvarianceof anedge.

4 Averageand SmoothedComplexity

In thissectionweshow thatif theedgeweightvectorsu; w 2 R m areuniformly random
unit vectorsor �x edvectorswhich areslightly perturbed,thentheexpectednumberof
extremepointson the pathpolytopeshadow is linear andconsequentlyour n � (log n )

algorithmfrom theprevioussectionwill havea low expectedpolynomialrunningtime.
The techniquesin this sectionare motivatedby the recenttechniquesof Kelnerand
Spielman[10] for thepolynomialsimplex algorithmfor linearprogramming.

Notethattheverticesof thepathpolytopeP area subsetof theverticesof theunit
hypercube,in particular:

Fact 1 Each edgeof thepolytopeP haslengthat least1.

Fact 2 ThepolytopeP is containedin theunit hypercube, which in turn is contained
in a ball with radius

p
m=2.

4.1 Averagebounds

Theorem4. Letu; w 2 R m beuniformlyrandomunit vectorsandlet V betheir span.
Thentheexpectationof thenumberof edgeson theprojectionof P ontoV is at most
2
p

2� m.

Proof. By Fact2, theperimeterof theshadow of P ontoV is boundedaboveby �
p

m.
Next, for eachedgeI of thepolytopeP, denoteby SI (V ) theeventthatedgeI appears
in theshadow, andlet l (I ) bethelengthof theedgein theshadow. Thesumof expected
edgelengthsin theshadow is at mostequalto thebiggestpossibleperimeter:

X

I

E[l (I )] =
X

I

E[l (I )jSI (V )] Pr[SI (V )] � �
p

m:

By Lemma2 below, E[l (I )jSI (V )] � 1
2

p
2m

: Therefore,

E[numberof shadow edges] =
X

I

Pr[SI (V )] � 2
p

2� m;

wherem is thedimensionof thepolytopeP, in our caseit is thenumberof edgesof
theoriginalgraph.

Lemma 2. For all edgesI of thepolytopeP, E[l (I )jSI (V )] � 1
2

p
2m

:

Proof. We �rst notea direct corollary from Lemma3:8 in Kelner& Spielman[10],
namelythat if an edgeI of thepolytopeappearsin theshadow, it mustmake a small
angle� I (V ) with theprojectionplaneV , PrV

�
cos(� I (V )) � 1p

2m
j SI (V )

�
� 1

2 :
Now, sinceany edgein the polytopeP haslength at least1 (by Fact 1 above),

the lengthof theedgein theshadow would beat leastcos(� I (V )) andits expectation
providedit appearsin theshadow is

E[l (I )jSI (V )] �
1

p
2m

1
2

:



4.2 Smoothedbounds

We now providesmoothedresultsfor themaximizationof our quasi-convex objective.
In particular, weshow thattheexpectednumberof extremepoints(equivalentlyedges)
ontheprojectionof ageneral0� 1 vertex polytopeontoaperturbedplaneis polynomial
in m and1=� , theinverseof our perturbation.

We �rst de�ne a � -perturbationof the vectoru, for � > 0. Choosean angle� 2
[0; � ] at randomfrom an exponentialdistribution with mean� , restrictedto the range
[0; � ]. Setthe� -perturbationof u to bea unit vectorchosenuniformly at randomat an
angle� to u. The following theoremstatesthat the expectednumberof edgeson the
polytopeshadow is polynomial.

Theorem5. Let u1; u2 2 R m be givenvectors and let v1 and v2 be their respective
� -perturbations.DenoteV = span(v1; v2). Theexpectednumberof edgesof thepro-
jectionof P ontoV is at most4�

p
2m=� , for � < 1=

p
m.

Thetheoremfollowssimilarly to theargumentin Section4.1from thenext lemma.

Lemma 3. With thevariablesabove, Prv1 ; v2 [cos(� I (V )) � � j SI (V )] � 4(�=� )2:

This lemmageneralizesthe lemmaof KelnerandSpielman[10] by allowing both v1

andv2 to bedrawn from � -perturbeddistributions,asopposedto requiringoneof them
to beuniformly random.Its proof is deferredto thefull versionof thispaper.

Naturally, thesmallertheperturbation,theweaker theboundin thetheorem.How-
ever setting� = 1p

2m
for example,givesthe linear bound8� m which is just a little

largerthantheboundonthenumberof shadow edgesfor theaveragecase.Finally note
that by Lemma1, theseboundsimply linear (in the numberof graphedges)average
andsmoothedboundsfor thenumberof optimalpathsin theparametricshortestpaths
problemaswell.

5 Extensionsto other distrib utions

5.1 Poissonand additivestochasticdominant distributions—exactsolution

Theprobabilitydistribution D(� ) is calledadditiveif thesumof two independentran-
domvariableswith distributionsD(� 1) andD(� 2) is anotherrandomvariablewith the
samedistribution andparameterequalto thesum,D(� 1 + � 2). With a slight abuseof
notationwe useD(� ) to alsodenotea randomvariablewith this distribution.Assume
in additionthat thedistribution D satis�esstochasticdominance, that is Pr(D(� 1) �
t) � Pr(D(� 2) � t) whenever � 1 � � 2. Examplesof suchdistributionsarePoisson
andgamma(a; b) with constantparameterb.

Supposetherandomlengthof edgei isX i � D(� i ). Now, despitethenon-separable
objective function,theform of distributionmakestheproblemseparable:

Pr
� X

i 2 �

X i � t
�

= Pr
� X

i 2 �

D(� i ) � t
�

= Pr
�

D
� X

i 2 �

� i
�

� t
�

� Pr
�

D(� 0) � t
�

;

wherethe last inequalityfollows from thestochasticdominancepropertyof thedistri-
bution for all � 0 �

P
i 2 � � i . With this, theoptimalpathis theonethathasthesmallest

sumof distribution parametersalongits links andcanbe found exactly with a deter-
ministicshortestpathalgorithm.



5.2 Exponential PTAS and Bernoulli QPTAS

Unlike thePoisson,the exponentialdistribution is not additive andwe cannotwrite a
simpleclosedform expressionfor the objective function. We proposea polynomial-
time approximationscheme,basedon dynamicprogrammingover a discretizationof
thedistribution parameterspace.More precisely, we give a bicriterionapproximation,
which is givena latenesstolerancep andfor � > 0 it �nds anST-path� satisfying

Pr
� X

i 2 �

X i < t(1 + � )
�

> 1 � �p:

Due to spaceconstraints,we deferthe algorithmdescriptionto the full paperversion
andonly stateits runningtime.

Theorem6. Anapproximatelyoptimalpath� with Pr[
P

i 2 � X i > (1+ � )] � p(1+ � )

canbecomputedin timeO(n4 logn)O
�

log(1 =� )
� 4 log 1

�p

�

 O( 1

� log 1=� ) :

A similardiscretizationof thestatespaceyieldsa quasi-polynomialapproximation
schemefor thecaseof Bernoulli distributions;weomit thedetailsfrom this version.

6 Conclusion

We have considereda novel framework for stochasticshortestpathswith indepen-
dentrandomedgelengths.Whentheedgesarenormallydistributed,we give anexact
n� (log n ) algorithm.Several pointsworth noting arethat this is an unusualalgorithm
(not basedon dynamicprogramming)with an unusualrunning time for the classic
shortestpathproblemin the presenceof uncertainty. Although the problemis inher-
ently discrete,in its corearepropertiesfrom continuousoptimization.Onepossibility
to prove a polynomialworst-caseboundon our n � (log n ) algorithm is to restrict the
classof graphsunderconsideration.We conjecturethat thenumberof extremepoints
on the correspondingshadow dominantof planargraphsis polynomial(linear) in the
sizeof thegraph.

We presentpolynomial averageandsmoothedboundswith respectto the means
andvariancesof the edgelengthdistributionsin the caseof normaldistributions.We
notethattheseboundshold for themaximizationof any quasi-convex functionof rank
2 (that is, a function of the form f (a � x; b � x) for vectorsa; b 2 R m ) over general
polytopeswith 0� 1 vertex coordinates.Our resultscould be further generalized[18]
andapplyto diverseothersettingsaswell asserveof independentinterestto non-convex
optimization.

Other openquestionsfor our stochasticshortestpath model include considering
correlatedaswell asdynamicallyvaryingedgelengthdistributions.

Acknowledgement.We thankBrian Dean,David Karger, Asu OzdaglarandSantosh
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