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Abstract

We presentnen compleity resultsandefcient algorithms
for optimalrouteplanningin the presencef uncertainty We
employ a decisiontheoreticframeawvork for de ning the op-
timal route: for a given sourceS and destinationT in the
graph,we seekan ST -path of lowest expectedcostwhere
the edgetravel times are randomvariablesand the costis
a nonlinearfunction of total travel time. Although this is
a naturalmodel for route-planningon real-world road net-
works, resultsaresparsalueto theanalyticdif culty of nd-
ing closedform expressiondor the expectedcost(Fan, Kal-
aba& Moore), aswell asthe computational/combinatorial
dif culty of efciently nding anoptimal pathwhich mini-
mizesthe expectedcost. We identify a family of appropri-
ate costmodelsandtravel time distributionsthat are closed
undercorvolution andphysicallyvalid. We obtainhardness
resultsfor routing problemswith a given starttime andcost
functionswith a global minimum, in a variety of determin-
istic andstochasticsettings.In generalhe global costis not
separablénto edgecosts precludingclassicshortest-patlap-
proaches.However, using partial minimizationtechniques,
we exhibit an efcient solution via dynamic programming
with low polynomialcompleity.

Keywords: routeplanningunderuncertaintynon-linearob-
jective, stochastishortespath,complexity, algorithms.

Intr oduction

In this paper we presentnen compleity resultsand ef -
cient algorithmsfor path planningunderuncertainty The
motivation for the problemcomesfrom route planningin
roadnetworks. Currentnavigation systemauseinformation
aboutroadlengthsandspeedimits to computedeterminis-
tic shortestor fastestpaths. Whenrealized(driven), these
pathsoften turn out to be quite suboptimal for the simple
reasonthat the deterministicsolution ignoresthe inherent
stochasticityof traf ¢ aswell aschangingrafc conditions.
The statisticsof trafc 0 ws arenow estimablen realtime
from roadsensometworks,thuswe askhow effectively and
efciently suchinformationcanbeexploited.

The static stochasticroute planningproblemasksfor op-
timal routeson a graphwhere travel times on the edges
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are randomvariableswith x ed distributions. In this set-
ting, onemustoptimizeanobjective thatmakessometrade-
off betweenthe speedinesgexpectedtravel time) and re-
liability (variance)of aroute. Optimizing oneor the other,
thoughquitetractable maleslittle senseFor example, nd-
ing the routewith the lowestexpectedtravel time haslittle
valuebecause driver canonly samplea singlerealization
of thatdrive in currenttraf ¢ conditions;with varianceun-
optimized,thatrealizationcouldbe quitefar from themean.
Optimizingalinearcombinationof themeanandvariances
anotherpossibility, thoughit seemsad-hocand not clearly
motivated,interestinglyit turnsout to be a specialcaseof
ourformulation.

Decisiontheory the standardramework for makingop-
timal plans and policies under uncertainty expresseshe
trade-of betweerspeedinesandreliability througha utility
or costfunctionC : R ! R™*. In oursettingC(t) assesses
arewardor penaltyfor arriving attimet relative to a dead-
line. For example,alinear C(t) minimizesexpectedtravel
time; quadraticC(t) minimizesvariance;the minimizer of
theirweightedsumtakesa surprisingform relatedto the cu-
mulant generatingfunction of the travel time distributions
(seelastSection) howeverit cannottell uswhento setout.

We will considera variety of stochasticroute planning
problems,with an emphasison cost functions that value
timelinesswithout time-wasting.E.g. “What is the optimal
starttime androutefor a givendeadline?”and“Now that|
amontheroad,whatis theoptimalroutefor thatdeadline?”
Surprisingly for somecostfunctionsof interest,the former
questionis tractablewhile thelatteris NP-hard.

This highlightsthe dependencef stochasticsolutionson
time. For example,imaginethatwe have a choiceof two
routesand only careto arrive at the destinationbefore a
givendeadline.Maximizing the probability of doing soim-
pliesthat C(t) is a stepfunction. If we setout closeto the
deadline,a slower and highly variable route will actually
be preferableto a fasterand highly reliable route, because
thelesspredictablerouteoffersa greaterchanceof arriving
ontime (seeFigurel). Notethatthis functionis monotone
increasingandassuchcannotbeusedto plananoptimalde-
parturetime: it would imply thatthe besttime to setoutis
thedawn of time.
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Figure 1: The optimal routefrom S to T dependon the
starttime. Routeoneis on averagefaster( ; < ) and
morereliable( 1 < »), butif onestartslessthan3 minutes
beforethe deadline routetwo offers a higher(albeitsmall)
probability of avoiding lateness.

RelatedWork

Traditionally, the work on path planningin stochastimet-
workshasfocusedonthenotionof shortespathsin expecta-
tion (Papadimitriou& Yannakakis991),(Bertseka® Tsit-
siklis 1991). Somemodelshave addedcostson theedgesn
additionto travel timeswherethe costsdependon the re-
alizedtravel timesandin this way can capturea measure
of uncertainty(Chabini 2002), (Miller-Hooks & Mahmas-
sani2000). However therehasbeenlittle work on decision-
theoreticmodelswhich directly incorporateuncertaintyand
outputanoptimalpathonthebasisof acomprehensie mea-
sureof userutility andall availabledistributional informa-
tion of the stochasti@dgeweights.

In particular two lines of work most closely resemble
our setting. The rst (Loui 1983) considersa similar de-
cision theoreticframeavork for optimal pathsunderuncer
tainty, however the authoronly studiesmonotoneincreas-
ing costs. Theseare arguably easiersincethey admit ex-
actef cient solutionsfor a numberof specialcasesinclud-
ing linear and exponentialobjectives (Loui 1983), as well
asarbitrary costswith identically distributed edgeweights
(Nikolova 2005). Mirchandaniand Soroush(1985) extend
Loui's work to a quadraticcostfunction of the travel time,
however their algorithmis essentiallyan exhaustve search
over all potentially optimal paths,and thus exponentialin
theworstcase.

Thesecondine of work (Fan,Kalaba& Moore)considers
aspecialmonotonencreasingcost(the probability of arriv-
ing late)andsuggestshatthe Gammadistribution is natural
for modellingstochastiedgetravel times.

Therearealsotwo relatedproblems,one easierandone
harder First, Markov decisiontheorymostnaturallyleadsto
theconstructiorof on-line policies,thusthe stochasticoute
planningproblemhasbeenconsiderednainlyin the context
of adaptve algorithmsthat computethe optimal next edge
in light of travel timesalreadyrealizeden routeto the cur-
rentnode(Fan, Kalaba& Moore), (Gao& Chabini2002),
(Boyan & Mitzenmacher2001). Someof the resultspre-
sentedbelon canbe adaptedto computethesepoliciesin
closedform. Second,approximationsfor expectedshort-
estpathsin stochasticnetworks with nonstationary(time-
varying)distributionshave alsobeenproposede.g., (Miller -
Hooks & MahmassanR000), (Fu & Rilett 1998), (Gao &
Chabini2002), (Hall 1986). However mostof the approx-
imationsarebasedon heuristicswith unknavn approxima-
tion ratios. This is not surprisingin light of a recentresult
thattheproblemwith time-varyingdistributionsis in general
#P-hard(Nikolova 2005).

Our results

We give a variety of hardnessesultsand algorithmsfor a
naturaldecision-theoretieramework for route planningun-
deruncertainty A major obstaclefor studyingthis frame-
work hasbeenthedif culty of nding closed-formexpres-
sionsfor the expectedcost function, as well as the non-
separabilityof the costfunctioninto the edges precluding
standardlynamicprogrammingechniques.

We identify a family of appropriatecost models for
driversanduncertaintymodelsfor road networks. In a de-
parturefrom the stochasticpath-planningliterature, these
arecontinuousandclosedundercorvolution, sothatthe ex-
pectedcostof any one path canbe computedanalytically
We suney a rangeof stochasticroute-planningproblems,

nding thatsomecanbe corvertedinto classicdeterminis-
tic shortest-pathWe prove hardnes®f approximabilityfor
simple paths(which do not containloops)andNP-hardness
for generapathsfor avery broadclassof costfunctionsand
x ed starttimes. Our hardnessesultsextendin particular
to stochastide.g., Gamma-distribted)travel times. Thisis
notgenerallyimplied by the hardnesgroofsfor determinis-
tic travel timessincethereareknown instance®f problems
which are NP-hardin a deterministicsetting, yet become
polynomially solvable in a stochasticsetting (Bruno et al.
1981).

We considera richer decision-theoretidramework than
(Loui 1983),by de ning the objective bothasa function of
the pathandthe departuretime at the source. This allows
usto distinguishbetweertwo problems, nding theoptimal
pathfor a x eddeparturdime, aswell asplanningan opti-
mal departurgime. We shawv that for somecostfunctions
thelatterproblem(which optimizesovertwo variablespath
and departuretime) reducesto deterministicshortestpath
while the former (optimizing only over path)is NP-hard.
Focusingon the NP-hardinstancesye exhibit pseudopoly-
nomial algorithmswhich have low polynomial compleity
in the size of the graphandthe largestmeantravel time of
anedge.Theaveragetravel timesarealmostcertainlypoly-
nomially boundedin real world roadway networks. With
this, our algorithmoffersthe rst practicalsolution,which



is muchmore ef cient thanthe previous exponentialalgo-
rithmsbasedn exhaustve search.
In the last section,we show that our model admits as

a specialcasea standardobjective in mean-riskanalysis,

which aimsto optimize a linear combinationof the mean
andvarianceof therandomvariables.

Problem Statement& Preliminaries

Let G = fV; Eg beadirectedgraphwith a sourcenodeS
anddestinatiomodeT . Assumethatthetime to traversean
edgee 2 E in the graphfollows a distribution with prob-
ability densityfunctionf ¢(:) andthetravel timeson differ-
entedgesareindependentSupposea driver needsto reach
the destinatiorby a givendeadlinedenotedastime 0. The
penaltyfor arriving attimet is denotedy C(t); t is positive
for latearrivalsandnegative for earlyarrivals.
Letebethelastedgeonapathto thedestinationThenthe
expectedcostE C(t) of startingto travlgrsethls edgeattimet
is givenby thecornvolutionEC(t) = fe(y)C(t + y)dy:
By independencef theedgetravel t|mes the expectedcost
of traversinga pa?P = Eel; H ; & g departingattimet is
1 1

fe(yr):ife (Yr)
i
+yr) dypidyr: (1)
We now distinguishtwo differentproblems:
1. Findthe optimalpathP andoptimalstarttimet:
min E Cp (t): 2)

ECp() = .

C(t+ vy +

2. Findtheoptimal pathfor a givenstarttime.

path 1
— path2
— — path3

EC(t)

time

Figure2: Eachpathhasanassociatedxpectedoenaltyfunc-
tion EC(t) which takesasargumentthe starttime t. If we
departatthetime markedby theverticalarrow, path3 is op-
timal, however the globally optimal starttime is locatedat
theminimumof path2.

If we graphthe expectedcostof eachpathasa function
of starttime, we obtain a family of curves, cartoonedin
Figure 2. The bestpathfor a given starttime is indicated
by the lowestcurve at that point. Note that eachpath may
be optimal over a differentrangeof starttimes. The global
miminum of the lower envelopeof all suchcurvesindexes
theoptimaltime to startout.

Calculating the Costof a Single Path

In generalthe expectedcostexpressiorin equation(1) may
be impossibleto computein a closedform. We will there-
fore focus on two families of costfunctionsfor which the
integral canbe computedexactly, andwhich area sensible
model of userutility: polynomialsand exponentials. We

assumethat the driver valuesher time and doesnot want
to setout too early or arrive too early, thusthe costfunc-
tion shouldbe expressive enoughto (asymmetrically)pe-
nalize both latenessand earlines$. Although mary of the
resultsof subsequensectionsapply to generalpolynomial
functions(and our hardnessesultshold for arbitraryfunc-

tionswith global minima), we will considerherequadratic
andquadratic+&ponentiatostfunctionsfor illustrative pur-

poses.

Quadratic Cost Supposehe costof reachingthe desti-
nationattime t is C(t) = t?. Supposehe pathfrom the
sourceto the destinationconsistsof a singleedgewith ran-
domtravel time Y of densityf (), mean andvariance 2.
Thenthe expectedcostof departingthe sourceattimet is

z 1

EC() f(y)(t+ y)*dy

t>+ 2E[Y]+ E[Y?]= (t+ )%+ ?

If insteadthe pathconsistof r edgeswith randomtravel
timesY; having densityf(:), mean ; andvariance ? for
i = 1;::;r, theniteratingtheabovecalculatiorr timesgives

Z, Zin

EC() = . . fo(ys)fe(yr)
|
C(t+ys+ i+ yr) dyiiidyr
X 2 X
= t+ P+ 2
i=1 i=1

phereforethecostof apathis minimizedatstarttimet =

ir:l i, the (negative) averagetravel time for thatpath.
At this optimum, thpexpectedcostvaluels the varianceof
thepath,ECmin =

Thequadratlcnostfunctlon mightnotberegardedasreal-
istic sinceit assignghe samepenaltyto beingequallyearly
andlate. As we sav above, this leadsto preferringthe most
certainroute, without ary carefor the averagetravel time.
Ontheotherhand linearcostswhichfavoronaverageaster
paths,do not have ary effect whenaddedto the quadratic
costotherthanshiftingtheeffective deadline . Thus,we aug-
mentthe quadraticcostfunction with an exponentialterm
which givesa higherpenaltyto beinglate.

Quadratic+Exponential Cost Consider cost function
C(t) = t?2+ ek, whereagaint is thetime of arrival with

It may male senseto penalizeearly arrival even when the

driveris ontheroadandrequestinga new path,becauseasin the
caseof transportatiordepots the destinatiormay not have the ca-
pacityto acceptearlyarrivals.



respectto deadlineat time 0 and 0 andk are param-
eterswhich determinethe strengthof the penaltyfor being
late. The sign of k canbe negative if oneis moreaverseto
arriving earlythanlate.

In this casewe canstill geta closedform expressiorfor
the expectedcostof a path. For a pathof onelink with den-
sity f (Y), mean %ndvariance 2, weget

1

EC() = f() (t+y)?+ e qy

— (t+ )2+ 2+ ektE[ekY]
whereE [é¢Y ] is themoment-generatinfynctionof theden-
sity of Y. Whenthe pathconsistsof r links with densities

fi(Y;), means ; andvariances ,2 fori = 1;:;r, theex-
pectedcostof departingattimet is
X 2 X Y
EC(t) = t+ Pt F+ ek E[M]
i=1 i=1 i=1

Choiceof Travel Time Distrib utions

Traditionally, thetravel timeson the edgeshave beenmod-
eledby normaldistributions. For anormallydistributedran-
domvariableY N(; ?),wehaeE[eY]= exp(k +
k2 2=2). Thus,the expectedcostof a pathwith r indepen-
dentnormallydistributededgetravel timesis givenby

X 2 X
EC(t)= t+ P+

i=1 i=1

2 kt kP.(i+k 2=9).
i + e e ! ! .
3)
However, the normal distribution is unrealisticasit as-
signspositive probability to negative travel times. A more
physicallyappropriatedistribution is obtainedby observing
thatin ordinary(collision-free)traf ¢, cararrivalsatany par
ticular landmarkcanbe viewedasa Poissorprocesswhich
implies that travel times are Gammadistributed; Gamma
distributions are also proposedn (Fan, Kalaba& Moore).
We write te (ae; ) to indicatethatthetimeto traverse
anedgee in the graphis Gammadistributedwith shapepa-
rametera, andwidth parameteb,. The meanof this distri-
butionis givenby = a.be andthevariances 2 = a.lZ.
The densityof the gammadistributionis givenby

ey - YR e v
= T
where ( a) = ! ta lg tgtis the gammafunction. The
Gammadistribution hasstrictly nonneyative supportandwe
canadditionally specifya minimum travel time by shifting
y. To keepnotationunclutteredwe will useunshifteddistri-
butionsin this paper;the generalizatiorio shiftsis straight-
forward.

For agammarandomvariableY, E[eY] = (1 kb) 2
sothe expectedcostof a pathwith independengammadis-
tributededgetravel timesis givenby

X 2 X hy i
t+ ab + alf+ e (1 kb) ¥ ; (4
i=1 i=1 i=1
which no longer has a simple analytic expressionfor the
minimum.

Optimal Routing and Optimal Start Time

In this sectionwe considerthe subproblemof jointly op-
timizing for the path and starttime. We shav that the
quadraticcost function with generaledgedistributions, as
well asthe quadratic+g&ponentialcost with Gaussiarndis-
tributionsresultin selectingthe lowestvariancepath, and
thusadmit a standardshortestpath solution. On the other
hand, the quadratic+gponentialcost with Gammatravel
distributions doesnot satisfy the sub-pathoptimality prop-
erty neededor a dynamicprogrammingapproachandre-
mainsanopenproblem.

RecallthatwhenC(t) = t?, the expﬁctectostof asingle
pathis minimizedat starttime t = iz1 i thenegative
averagetravel time for the path,andat this optimum,the ex-
pectedbenaltyis qbesumof thevariancevertheindividual
links, ECnin = j—; {. Thereforewe can nd theopti-
mal path—theone of smallesuotal variancewith a simple
applicationof Dijkstra's shortespathalgorithm,whereeach
edgeeis labelledwith its variance 2. Consequentlytheop-
timal departurdime would be givenby themeantravel time
of that path. Thus,the optimal pathand optimal departure
time problemturns out easyin the caseof quadraticcost.
The secondproblemof nding the optimal pathfor a given
departurdgime doesnot bene t from the simpleform of the
expectedcostfunction,we shav in thefollowing sectiornthat
it is NP-hard.

If we add an exponentialpenaltyfor being late by tak-
ing C(t) = t2+ eX!, the expectedcostfor a pathunder
Gammadistributions still hasa simple closedform, given
by Equation(4). However, we losethe separabilityproperty
of the quadraticcostfunctions,which allows for a dynamic
programmingsolution.

Theorem1. Findingtheoptimalpathandoptimalstarttime
(i) under quadnatic cost and generl distributions can be
solvedexactly with a deterministicshortestpath algo-
rithm.
(ii) under quadratic+exponentialcostand normal distribu-
tions can be solvedexactly with a deterministicshortest
pathalgorithm.

(i) underquadmatic+exponentialcostand geneal distribu-

tions, maynot satisfysubpathoptimality for any subpath
andthusprecludesstandad dynamicprogrammingtec-
nigues.

Proof: Part (i) follows from the discussionabore. We
shaw part(iii ) viaacounter&amplein which suboptimality
doesnothold for any subpath.Considerthe graphwith two
parallel pairs of edgesin Tablel1. All edgesare Gamma-
distributed with mean-ariancepairs (12:5; 10) on the top
and(26:8; 15) on the bottom. The optimal pathfrom A to
C consistsof the lower two edges,with optimal starttime
74:79 units beforethe deadline(hencethe negative signin
the table) and minimum cost 52265. However, the best
pathsfrom A to B andfrom B to C bothconsistof thetop
edges,with departuretime 22:18 beforethe deadlineand
minimumcost12314. Thus,no subpattof the optimalpath
from A to C is optimal.

Curiously the samecost function with normally dis-
tributededgetravel timesadmitsdynamicprogramming.n
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( 26:79; 2= 15)

Path Al B Al C
Top edges ( 222;1231) ( 465;5267)
Bottomé& Top - ( 60:7;5246)
Bottomedges | ( 36:3;1250) ( 74:8;5227)

Tablel: In thenetwork above, thetop edgesareidenticalandGammadistributed,andsoarethe bottomedges Whenthe cost
of arriving attimet is C(t) = t?+ €', theoptimalpathfrom A to C useshebottomedgeswhile theoptimalpathsfrom A to B
andfrom B to C usethetop edgesThetableentriesgive the valuesof the optimalstarttime andexpectedcostatthe minimum

for eachpath.

part(ii ), thecostof leaving pathP attimet givenby Equa-
tion (3), canbewrittenas

EC(D) = 2+ s+ efel's2, 5)

pfter the changeof variablest” = t + P eop e ands =
wp <. In particular a pathwith a highertotal variance
will have an expectedcostfunction strictly above that of a
pathwith a lower variance,becausdor s; < s;, k 6 0
andfor any x edt; ektek’s1=2 < gktek®s2=2: Hancethe path
of lowestvariancewill have the lowestminimum expected
cost,andwe can nd it via ary shortespathalgorithmwith
edgeweightsequalto thevariancesThus,whentravel times
are normally distributed, both the quadraticand quadratic
plus exponentialcost functionswill choosethe sameopti-
mal path,althoughthe optimalstarttime would naturallybe
earlierunderthesecondamily of costfunctions. O
The problemof nding the optimal path at a given de-
parturetime is againNP-hard,asin the quadraticcostcase.
However, we shall seethat dynamicprogrammingthereis
morepromisingwhencombinedwith partialminimization.

Optimal Routing with a Given Start Time

In this section,we shov NP-hardnessind hardnesof ap-
proximationresultsfor arbitrary costfunctionswith global
minima. We thengive pseudopolynomialgorithmsfor the
guadraticand quadratic+g&ponentialcost functions, which
generalizeo polynomial(plusexponential)costfunctions.

We maybeinterestedn theoptimalrouteandoptimalde-
parturetime to a destinationwhile planningaheadof time.
Oncewe startour journey, it is naturalto askfor an up-
dategiventhatcurrenttraf c conditionsmay have changed.
Now, we arereally posinga new problem:to nd the path
of lowestexpectedcost, E C(tstar t), fOr a given departure
timetsar ¢t Thismaysoundlik e asimplerquestionthanthe
oneof nding optimalrouteandoptimal starttime thoughit
turnsout to be NP-hardfor a very broadclassof costfunc-
tions.

Complexity of Costswith Global Minimum

Let C(t), the penaltyfor arriving atthedestinatiorattimet,

be any functionwith a globalminimumattn, . In caseof

severalglobalminima,lettn, bethesmallestne.Denote
thenumberof nodesin thegraphby n.

Theorem 2. The problemof nding a lowest-costsimple
ST -pathis NP-had.

Proof:  Supposeall edgeshave deterministicunit edge
lengths. Thenthe costof departingat time t alonga path
with totallengthL is simply C(t + L).

Considerdeparturgime t = tmin (n  n). If there
existsa pathof lengthn  n , it would be optimal sinceits
costwouldbe

Ct+n n)=C(tmn) C(t+1L) (6)

for all otherpathsof any lengthL . In particular sincetmin
is the leftmostglobal minimum, we have a strict inequality
for pathsof lengthL < n n . Now supposéehe optimal
pathis of lengthL . We have threepossibilities:

1.L < n n. Thenbyaboe,thereis no pathof length
n n.

2. L =n n.Thenwehavefoundapathoflengthn n .

3.L > n n.Thenbyremoving edgeswe canobtaina
pathof lengthexactlyn n .

Thereforethe problemof nding anoptimalpathreduces
totheproblemof nding apathoflengthn n where < 1.
Sincethe latter problemis NP-completg(Karger, Motwani
& Ramkumarl997),our problemis NP-hard. O

Intuitively, if weincurahighercostfor earlierarrivalsand
departearlyenoughthe problemof nding anoptimalpath
becomesequivalentto the problemof nding the longest
path. Further if the costfunctionis nottoo at ontheleft
of its minimum, we can seethat an approximationof the
min-costpathautomaticallygivesa correspondingpproxi-
mationonthelongestpath,hencea corollaryto theaboveis
thatthe optimal pathis hardto approximate.

Corollary 1. For anycostfunctionwhich is strictly deceas-
ing and positivewith slopeof absolutevalueat least > 0
onaninterval[ 1 ;tmin ], there doesnotexista polynomial
constantfactor approximationalgorithmfor nding a sim-
ple path of lowestexpectedcostat a givendepartue time
prior to tmin , unlessP = NP,

Proof. Supposehecontrary namelythatwe can nd apath
of costC = (1+ )Cop WhereCoy is thecostof the opti-
malpath,and > Ois aconstant.

Assumeasin the theoremabove thatwe have ann ver
tex graph with unit length edgesand considerdeparture
timet = tmin (n 1) atthe source. Let Loy be the
length of the optimal pathandlet L be the length of the
paththatwe nd. ThenL Lopt SO Lopt is the longest

pathbetweenthe sourceand destinationand EWL"I‘_ ,



otherwisetherewould be a pointin [1 ;tmn ] of abso-
lute slopelessthan . HencelLgy L C opt and
SO Lopt=L 1+ (C opt=L) 1+ C opt; where
Copt = C(tmin ) is constantso this would give a polyno-
mial constanfactorapproximatioralgorithmfor thelongest
pathproblem whichdoesnotexistunless® = N P (Karger,
Motwani & Ramkumarl997).

Remark 1. We canobtaina stronger inapproximability re-
sult, basedon the fact that nding a pathoflengthn n
is NP-completgfor any < 1 (Karger, Motwani& Ramku-
mar 1997).However, our goalis simplyto showtheconnec-
tion betweenthe inapproximability of our problemto that
of thelongestpath problemand showthe needto settlefor
non-simplepathsin the algorithmsof the following section.

The NP-hardnesgesultin Theorem?2 crucially relies
on simple paths,andit makes optimal pathsequialentto
longestpaths(dueto a very early departurdime), which is
notusuallythecase We canshav that nding optimalpaths
is NP-hardeven for more reasonablestarttimes and non-
simplepaths,via a reductionfrom the subset-sunproblem,
for arny costfunctionwith a uniqueglobalminimum.

Theorem 3. Supposeave havea costfunctionC(t) with a
uniqueminimumattmin , which givesthepenaltyof arriving
at the destinationat time t. Thenfor a starttimet at the
source, it is NP-completdo determindf thereis a pathP to
thedestinationof expectedcostECp (1) K, where

Z,
ECp(1) = fr(Y)C(t+ y)dy;

andf p (y) is thetraveltimedistribution on pathP.

Proof. Theproblemisin NP sincethereis ashortcerti cate
for it, givenby theactualpathif it exists.

To shov NP-hardnesswe reducefrom the SubsetSum
problem, namely given a set of integersfxs;:::;Xpg and
atametintegert, is therea subsetwhich sumsexactly to
t? The subsetsum problem, which is a special caseof
the knapsaclkproblem,is NP-completg Chvatal 1980). Set

0 0 0
o
X1 X2 Xn

Figure3: If we cansolve for the optimal pathwith a given
starttime t in this graph,thenwe cansolve the subsetsum
problemwith integersxy; :::; X, andtamgett.

K = C(tmin ). Considerthe graphin Figure 3 with deter
ministic edgetravel timesxy; :::; X, onthebottomandO on
thetop. Any pathP from Sgo T in thisgraphhastravel time

i»p Xi andcostC(t°+ ., ;) if we leave the source
attimet = tpmin t. Sincethe costfunction C(t) hasa
uniqueglobal minimum at tp,n , thereis a path of costat
mostK = C(tmin ) if andonly if thereis a pathwith travel

. o P o .
time satisfyingt%+ i2p Xi = tmin , 1., if andonlyif there
is asubsebf thex;'s summingexactlyto t. O

Remark 2. Notethat Theoem2 only showsthat it is NP-
hard to nd a simpleoptimal path. Theoem3 on the other
hand appliesto non-simplepathsas well sincethe subset
sumproblemis NP-completevenif it allowsfor repetitions
(Chvatal1980).

Complexity of StochasticTravel Times

Thetheoremsn theprecedingectionshowv thatthestochas-
tic routing problem containsinstanceswith deterministic
subgraphghat make routing NP-hard, thoughwe do not

know whetherthe classof purely stochasticrouting prob-
lems(with non-zerovariances)s alsoNP-hardwith general
costobjectvesandtravel time distributions. Indeed,there
areknown problemsin schedulingwherethe scenariowith

deterministicprocessingimesis NP-hard,while its variant
with stochastic.exponentiallydistributed processingimes
canbesolvedin polynomialtime (Brunoetal. 1981).

It maybedif cult to extendTheorems and3 to thenon-
zerovariancecasepartly becausehe integral de ning the
expectedcostwill likely nothaveaclosedform for mostcost
functions.However, we canprove NP-hardnessimilarly to
Theorem3 for stochastidnstancesndthe function classes
we considereckarlier, for which we know the form of the
expectedcostsfunctions.

Recall that under quadraticcost, the expectedcost of
departingat time t, along a path P with generaledge

2

tPra\/eItimedistrimtions,isECp(t)= t+ oop e *

wp o, Where ¢ and . arethe meanand varianceof
edgee. De ne Stochastic Cost Routing to bethe
problemof decidingwhether for a x ed departureime t,
thereis a path of expectedcostlessthanK for somecon-
stantk .

Corollary 2. Stochastic Cost Routing isNP-had
for quadmatic cost with genemal edge distributions and
quadratic+exponentialkcostwith Gammadistributions.

Proof Sketch: In both casesthe proof reducedo that of
Theorem3, by choosinghe meansandvarianceon thetop
andbottomedgescarefully sothatthe partsof the expected
costfunctionwhich containthe variancedecomeesqualfor
eachpath.

For the quadratic cost case, this is straightforward
by choosing the same variance 2 to each pair i =
1;::;;n of top and bottom edgesin Figure 3. The
quadratic+gponentialcostwith Gammatravel timestakes
alittle morework sincethe meansandvariancesarenot so
well separatedn the exponentialterm. The full proof for
this caseis givenin theappendix. O

Algorithms for the Optimal Path with Fixed Start
Time

We have shown that nding simple optimal pathswith a
given departuretime is hardto approximatewithin a con-

stantfactor, asit is similarto nding thelongestpath.When
we remove the restrictionto simple paths,we cangive a



/I Initialize
path variance
for each vertex v

(v;m):=minw v (Vv%m

/I Find the lowest cost path

opt = (T;mopt) ’’’’’
ECmin (t) = (t+ mopt)2 + ( T;mopt)

paths out of source
( S;0):= 0; predecessor node

if v is a neighbor of S and
(v;0):= &; (vi0):=S
else
(v;0):=null ; (v;0):=null
/I Fill in the rest of the table
for m=1to M
for each vertex v with

neighbors  v°
VOV) + \%Ov
(v;m) := argminy  ( v%&m

from S to T at departure time t

S with mean 1
(5;0):=S

w=1

VOV) + \%Ov

Figure4: Pseudopolynomiahlgorithm for Quadraticcostand x eddeparturdgime. M is the upperboundon the meantravel

time of a path.

pseudopolynomiadlynamicprogrammingalgorithm,which

dependgolynomially on the largestmeantravel time of a
pathM (or equivalently on the maximum expectedtravel

time of alink). For realworld applicationssuchascarnav-

igation,M will likely be polynomialin the size of the net-
work, hencethis algorithm would be efcient in practice,
andsigni cantly betterthanthe previous algorithmsbased
on exhaustie searchMirchandani& Soroushl1985).

For clarity, we presentin detail algorithms for the
guadraticand quadratic+&ponentialcost function families
under generaltravel time distributions, for which we de-
rived simple closedform expressionshowever the algo-
rithms canreadily extendto generalpolynomialsandpoly-
nomials+e&ponentials.

Quadratic Costs

First,considetthecaseof quadratiﬁgost,wherethﬁexpected
costofapathP iSECp (1) = t+ p o+ op 2
We areinterestedn nding the pathof smallestE Cp (t),
for a x edt. Denoteby (v;m) the predecessoof nodev
on the pathfrom the sourceS to v of meanm andsmall-
estvariance. Denoteby ( v;m) the varianceof this path.
Thenwe can nd (v;m) and ( v;m) for all v andall
m = 0;1;:::;M by consideringthe neighborsv® of v (de-
noted v° v) and choosingthe predecessoteading to
smallestvarianceof thepathfrom s to v:

(vim)y=min (Vim )+ Gy

(vim) = argmin (vim e)+ By

where o, and 50\, denotethe meanand varianceof the
travel time on thelink (v%v). Notethatby our assumption
of independencef thetravel times,thevarianceof eachpath

is givenby the sumof variancef the edgeshencesubop-
timality holds—thepath of smallestvariancefrom S to v
throoughv0 mustbe usinga pathof smallestvariancefrom S
to v~

Supposethe maximumdegreein the graphis d. Then
computingthe pathsof smallestarianceabove for eachver-
tex andeachpossibleexpectedravel timefrom 0to M can
bedoneintime O(M dn). Finally, we nd thepathfrom S to
destinatioriT by takingtheminimumof (t+ m)2+ ( T;m)
overall m = 0;1;::; M, sothatthe total runningtime of
the algorithmis O(M dn). If insteadof integer, the travel
timemeansarediscretewith discretestep , therunningtime
would be O(M dn=) for smalldegreesd, or O(M n?=) in
general.Thealgorithmis summarizedn Figure4.

Quadratic+Exponential Costs

We cansolve thecaseof quadratic+&ponentiapenaltysim-
ilarly, only this time our dynamicprogrammingablewould
have an extra dimensionfor possiblevaluesof the vari-
anceof a pathandthetable entrd'?swould containthe path
with smallestexponentialterm ~ ,, E[e"*]. Denoteby
(v;m; 2) the predecessoof nodev on the path from
the sources to v of total mea@tra\/el time m, total vari-
ance 2 andsmallestvalueof -, E[e'¢]. Furtherde-
noteby ( v;m; 2)thevalueof ~ ,, E[e"s] onthispath.
Then as before, oncewe have computed ( v; ; 2) and
(v; ; ?)forallnodesv, pathmeans m 1andvari-
ances 2 = 0;1;::;M, we cancompute ( v;m; 2) and
(v;m; ?)forallvand 2= 0;1;::;M by setting

(vim: ) =min (Vim va; 2 ) E[];

(v;m; 2)= argwir\ll (Vom o 2 Z,) E[e"™];
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Figure5: Minimum-costervelopedor thesamenetwork un-
derquadratiqtopleft) andquadratic+&ponentialtop right)

costfunctions. The ernvelopesaresuperimposeth the bot-
tom graphin a neighborhoof their global optima.

where Y,o, is the randomvariablerepresentinghe travel
timeonlink (v% v) andwe assumehatthevarianceof apath
is upperboundedoy its expectedravel time, soit is atmost
M. Correctnesk)llowsasabcyf by notingthatthe subpath-
optimality propertyholdsfor ~ _,, E[e"]. Similarly, we
nd the pathof lowestexpectedcostfrom the sourceto the
destinationT by takingthe minimumoverm = 0;1;::;;M
and 2=0;L;:;Mof (t+ m)2+ 2+ e Y(T;m; 2.
The runningtime is now O((M = )?dn) for discretetravel
timeswith discretestep .

The standardtechniqueof scaling, which turns a pseu-
dopolynomial algorithm into a fully polynomial approx-
imation schemesuch as in the knapsackproblem (Vazi-
rani 2001) would work hereif the ratio of the maximum
meanof an edgeto the costof the optimal solutionis poly-
nomially boundedandit would fail otherwise.If we do not
have a boundon this ratio, we cannotachiese a polynomial
approximationscheme either Note that the ratio can be
arbitrarily largeif the optimalpathhasarbitrarily smallvari-
ance sayunderaquadraticcostfunction. Evenif welift the
costfunctionby a constansoasto avoid zerovaluesaspart
of its de nition, we may still have a constanbptimumcost
comparedo large meantravel timesof edgessowe cannot
eliminatethe dependancef therunningtimesabove onthe

Cost

] ——— Opt Quad+Exp Cost
Min Variance Path
— — — Min Mean Path

— — Min Mean+Var Path

10 i i i .
70 65 60 55 50 45 40

Departure time

maximumpathmeanM .

General Polynomial plus Exponential Costs

The abore dynamicprogrammingalgorithmsextendto the
casewhenthe expectedcostis a generalpolynomial (plus
exponentialwith aconstannhumberof terms.Sinceit is not
clearhow thevarioustermstrade-of, wewould haveto keep
trackof eachtermindividually in aseparatelimensiorof the
dynamicprogrammingtable, and the running time would
scaleasM to the power of the numberof terms. Scenar
ios which would fall in this category include generalpoly-

nomial (plus exponential)costfunctionsand additive edge
distributions,suchas GaussianGammawith a x edwidth

parameteretc. Underthesedistributions,the expectedcost
of pathtravel time Y would dependonly on the distribu-

tion of Y asopposedo thatof eachindividual link on the
path,andwould thereforehave a constannumberof terms.
For example,whenthe costC(Y) is a polynomial of de-
greel, theexpectedcostE [C(Y)] is alinearcombinationof

therandomvariableY's rst | momentsasnotedby Loui

(Loui 1983),andin this casethe dynamicprogrammingal-

gorithmwould have runningtime proportionato M ' if each
momentis boundedy M .

Experimental Evaluation

We ran the pseudopolynomiahlgorithmson grid graphs
with up to 1600nodesfor the quadraticobjective andup to

100nodesfor quadratic+&ponentialobjective. Theformer
graphinstancesanbe viewed asthe problemof navigating
from onecornerof Manhattarto anotherithe latteras nd-

ing a patharounda city througha highway network. Run-
timesweretypically a few secondswhile memoryturned
out to be limiting factor: In the caseof quadraticobjec-
tivethedynamicprogrammingableis two-dimensionaland
in the quadratic+&ponential objective the table is three-
dimensional,i.e., cubic in the size of the graph. Given
the memory constraintwe had the largestedge meanset
to 10 on the graphswith 1600 nodesand 4 on the graphs
with 100 nodes. The edgemeansandvariancesveregen-
erateduniformly at random. The memory usageof the
algorithmswas not optimized; it could be madean order
of magnitudesmaller(linear for C(t) = t2, quadraticfor



C(t) = t2+ ek!)if oneonly wantedto computethe objec-
tive functionvalueswithout outputtingthe actualpaths.

For the sale of comparisonFigure5 shavs the result-
ing optimal costfor the samegraphwith 100 nodesunder
both quadraticand quadratic+&ponential objectives with
Gammadistributedtravel times. Recallthatthe optimal cost
ervelopefor agraphundera givenobjective is thein mum
of the costfunctionsof eachpathin the graph. Eachplot
on the top shows the min-costernvelope and the expected
costfunctionof threepaths—thosbaving smallestvariance,
smallestmean,and smallestmean-+ariance.As predicted,
the pathwith smallestvarianceyields the globally optimal
costin the quadraticcasebut this is not necessarilftrue in
thequadratic+&ponentiakcase.

We notethatthe basicquadratic+g&ponentialobjective

X 2 X hy I
t+ ab + abf+é 1 b) & ;

i=1 i=1 i=1
tendsto be dominatedby the quadraticterm nearthe func-
tion's minimumsothatits plot is almostidenticalto the plot
of the quadraticobjective casefor the interval of departure
timesaroundthe global minimum. However, a biggerposi-
tive coefcient in front of the exponentialterm (featuredat
the top right of Figure5) balanceghe quadraticand expo-
nentialin uence andillustratesa situationwherethe small-
estvariancepath is not globally optimal and the smallest
meanor mean-+ariancepathsarenot evenlocally optimal,
i.e., donot participatein the min-costervelope.

The third plot in the Figuresuperimposethe two differ-
entobjectvesandzoomsinto their globalminima. The plot
demonstrateslearly the qualitative differencebetweenthe
two objective costs,not only in the factthatthe global op-
timum is attainedon differentpathsbut alsoin that differ-
ent pathsmay be locally optimal at the same x ed depar
turetime. For example,at departures1 minutes(units) be-
fore the deadlinea quadraticobjective would recommend
the smallestvariancepathwhile the quadratic+gponential
objective would recommendsomeotherpath. We seesimi-
lar differencef recommendatiomt time alittle over 52.5
minutes before the deadline. Naturally, since the expo-
nential term assignsa more severe penaltyfor being late,
the quadratic+&ponentialobjectve recommendsn earlier
globally optimaldeparturdime.

Monotone Incr easingCosts

Theoptimalpathproblembecomesigni cantly easieiif we
considersomenaturalmonotoneincreasingcosts,suchas
linearandexponential for whichtheglobalcostis separable
into edgecosts. As notedabove linear costwith a given
starttime translate$o minimizingtheexpectedravel time,a
basicallyuninterestingjuantityin this stochastisetting.An
exponentialcostC(t) = €' ontheotherhandiis interesting
becauset givesriseto the expectedpathcost

ECp (t) = €t
e2P

whereY, is the travel-time randomvariableat edgee. We
male this separabléy moving into the log domain,where

E[eY]:

nding the path of lowestexpectedcost startingfrom the
sourceat time t turns out to be equivalentto nding the
shortespathon the samegraphwith edgeweightssetto the
cumulant-generatinfunctionK (k) = log E[eé<Y¢] . The
cumulant-generatinfyinctionis aseriessumovercumulants
thatis dominatedby the lowestcentralmomentsof the dis-
tribution; for mary distributionsit is effectively a weighted
sum of meanand variance,a commonobjective in portfo-
lio selectiorandmean-riskanalysisn general For gamma-
distributedtravel times,K (k) = alog(1=(1 kb)); compare
with the morefamiliarK (k) = k + k2 2=2for normally
distributedvariables.

Discussion

We have obtainedcomplexity resultsandalgorithmsfor two
problemsof routeplanningunderuncertaintyin a decision-
theoreticframework: planningan optimal pathfor a given
departuretime as well as planning an optimal departure
time. Path and starttime are jointly optimizablebecause
therearepenaltiesfor both late andearly arrivals. Surpris-
ingly, someinstance®f thejoint optimizationarereducible
to classicshortespathalgorithms while the seeminglyeas-
ier problemof nding anoptimalpathfor a givenstarttime
is NP-hard,andit is hard even to approximatefor simple
paths. For x ed starttimesandnon-simplepaths,we have
presentegbseudopolynomiahlgorithms which are polyno-
mial in the numberof nodesin the graphand the largest
meantravel time of anedge.Thesewill likely performvery
well in practicesincethe averagetravel timeson edgesin
realworld networks arerelatively small. We would like to
extend the full analysisto the caseof dynamicnetworks,
wherebothtopologyanddistributionschangen time. Other
openquestiongncludecomparingthe optimalnon-adaptie
to the optimal adaptve solution, underboth staticand dy-
namic travel time distributions, and modeling correlations
betweerthe edgetravel times.
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Appendix

Corollary. 2. Stochastic Cost Routing is NP-
hard for quadmatic+exponentialcostwith Gammadistribu-
tions.

Proof: Recallthatwhenthe penaltyof arriving at the des-
tinationt minutesbeforethedeadlineis C(t) = t? + €', the
expectedcostof a pathat starttimet beforethe deadlineis
givenby

X0 2 X hyn [
(1 b)) @ e

i=1 i=1 i=1

Considerthe chaingraphin Figure 3 with distributions
( &;hb) onthebottomedgesand ( a% k) onthetop ones.

It sufces to shaw thatthereexist positive a; ; by ; &% bP such
that

ab = z+g
af = g
atf = af
. 0
@ B = @ "
foralli = 1;::;n. Notealsobecausef the lastequation,
we needto restrictthe domainof by andk to (0; 1). From
the rst two equationsa; = % andal = &. If z +

G;q;hb; P areall positive, thena; anda’ will bepositive as
well. Recallalsothatq is a positive constanf our choice
suchthatz + g > 0. Henceforth,we drop the indexes
to easenotation. Then,it sufces to shawv that thereexist
b;°2 (0; 1) suchthat

b(z + q) b’
1 PP = @ PHE
Fromthe rst equatiorin (7), %= bZ‘;Tq = b(1+£) = bk
andrecallthatq is aconstanbf our choicewhichwe canset

ashigh aswe want. Substitutingin the secondequationin
(7), weget

(1 bP¥=(1 kh¥=KD: @)

If z > 0, we canpick for examplek = 1=0:9 > 1 and
this immediatelyyields a solutionb = :676948 With this,
b’ = b=0:9 = :752165andwe can nd the corresponding
andaP. Notethatthis bandb®will work for all pairsof links
for whichz > 0. Similarly, if z < 0, wehavek < 1in
Equation(7) andpicking k = 0:9 givesthe samevaluesfor
bandb’but reversedb = :752165b° = :676948 O



