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Abstract

We presentnew complexity resultsandef�cient algorithms
for optimalrouteplanningin thepresenceof uncertainty. We
employ a decisiontheoreticframework for de�ning the op-
timal route: for a given sourceS and destinationT in the
graph,we seekan ST-path of lowest expectedcost where
the edgetravel times are randomvariablesand the cost is
a nonlinearfunction of total travel time. Although this is
a naturalmodel for route-planningon real-world road net-
works,resultsaresparsedueto theanalyticdif�culty of �nd-
ing closedform expressionsfor theexpectedcost(Fan,Kal-
aba& Moore), as well as the computational/combinatorial
dif�culty of ef�ciently �nding an optimal pathwhich mini-
mizesthe expectedcost. We identify a family of appropri-
atecostmodelsandtravel time distributionsthat areclosed
underconvolution andphysicallyvalid. We obtainhardness
resultsfor routingproblemswith a given starttime andcost
functionswith a global minimum, in a variety of determin-
istic andstochasticsettings.In generaltheglobalcostis not
separableinto edgecosts,precludingclassicshortest-pathap-
proaches.However, usingpartial minimization techniques,
we exhibit an ef�cient solution via dynamic programming
with low polynomialcomplexity.

Keywords: routeplanningunderuncertainty, non-linearob-
jective,stochasticshortestpath,complexity, algorithms.

Intr oduction
In this paper, we presentnew complexity resultsandef�-
cient algorithmsfor pathplanningunderuncertainty. The
motivation for the problemcomesfrom route planningin
roadnetworks. Currentnavigationsystemsuseinformation
aboutroadlengthsandspeedlimits to computedeterminis-
tic shortestor fastestpaths. Whenrealized(driven), these
pathsoften turn out to be quite suboptimal,for the simple
reasonthat the deterministicsolution ignoresthe inherent
stochasticityof traf�c aswell aschangingtraf�c conditions.
Thestatisticsof traf�c �o ws arenow estimablein real time
from roadsensornetworks,thusweaskhow effectively and
ef�ciently suchinformationcanbeexploited.

Thestaticstochasticrouteplanningproblemasksfor op-
timal routeson a graph where travel times on the edges
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are randomvariableswith �x ed distributions. In this set-
ting, onemustoptimizeanobjectivethatmakessometrade-
off betweenthe speediness(expectedtravel time) and re-
liability (variance)of a route. Optimizingoneor theother,
thoughquitetractable,makeslittle sense.For example,�nd-
ing the routewith the lowestexpectedtravel time haslittle
valuebecausea driver canonly samplea singlerealization
of thatdrive in currenttraf�c conditions;with varianceun-
optimized,thatrealizationcouldbequitefar from themean.
Optimizingalinearcombinationof themeanandvarianceis
anotherpossibility, thoughit seemsad-hocandnot clearly
motivated,interestinglyit turnsout to be a specialcaseof
our formulation.

Decisiontheory, thestandardframework for makingop-
timal plans and policies under uncertainty, expressesthe
trade-off betweenspeedinessandreliability throughautility
or costfunctionC : R ! R + . In our settingC(t) assesses
a rewardor penaltyfor arriving at time t relative to a dead-
line. For example,a linearC(t) minimizesexpectedtravel
time; quadraticC(t) minimizesvariance;theminimizer of
theirweightedsumtakesasurprisingform relatedto thecu-
mulantgeneratingfunction of the travel time distributions
(seelastSection),however it cannottell uswhento setout.

We will considera variety of stochasticroute planning
problems,with an emphasison cost functions that value
timelinesswithout time-wasting.E.g. “What is theoptimal
starttime androutefor a givendeadline?”and“Now that I
amontheroad,whatis theoptimalroutefor thatdeadline?”
Surprisingly, for somecostfunctionsof interest,theformer
questionis tractablewhile thelatteris NP-hard.

This highlightsthedependenceof stochasticsolutionson
time. For example,imaginethat we have a choiceof two
routesand only care to arrive at the destinationbeforea
givendeadline.Maximizing theprobabilityof doingsoim-
plies thatC(t) is a stepfunction. If we setout closeto the
deadline,a slower and highly variable route will actually
be preferableto a fasterandhighly reliableroute,because
thelesspredictablerouteoffersa greaterchanceof arriving
on time (seeFigure1). Notethat this functionis monotone
increasingandassuchcannotbeusedto plananoptimalde-
parturetime: it would imply that thebesttime to setout is
thedawn of time.
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Figure 1: The optimal route from S to T dependson the
start time. Routeone is on averagefaster(� 1 < � 2) and
morereliable(� 1 < � 2), but if onestartslessthan3 minutes
beforethedeadline,routetwo offersa higher(albeitsmall)
probabilityof avoiding lateness.

RelatedWork

Traditionally, the work on pathplanningin stochasticnet-
workshasfocusedonthenotionof shortestpathsin expecta-
tion (Papadimitriou& Yannakakis1991),(Bertsekas& Tsit-
siklis 1991).Somemodelshaveaddedcostson theedgesin
addition to travel timeswherethe costsdependon the re-
alized travel times and in this way can capturea measure
of uncertainty(Chabini 2002), (Miller-Hooks& Mahmas-
sani2000).However therehasbeenlittle work ondecision-
theoreticmodelswhich directly incorporateuncertaintyand
outputanoptimalpathonthebasisof acomprehensivemea-
sureof userutility andall availabledistributional informa-
tion of thestochasticedgeweights.

In particular, two lines of work most closely resemble
our setting. The �rst (Loui 1983) considersa similar de-
cision theoreticframework for optimal pathsunderuncer-
tainty, however the authoronly studiesmonotoneincreas-
ing costs. Theseare arguablyeasiersincethey admit ex-
actef�cient solutionsfor a numberof specialcases,includ-
ing linear andexponentialobjectives(Loui 1983),as well
asarbitrarycostswith identically distributededgeweights
(Nikolova 2005). MirchandaniandSoroush(1985)extend
Loui's work to a quadraticcostfunction of the travel time,
however their algorithmis essentiallyan exhaustive search
over all potentiallyoptimal paths,and thusexponentialin
theworstcase.

Thesecondline of work (Fan,Kalaba& Moore)considers
a specialmonotoneincreasingcost(theprobabilityof arriv-
ing late)andsuggeststhattheGammadistribution is natural
for modellingstochasticedgetravel times.

Therearealsotwo relatedproblems,oneeasierandone
harder. First,Markov decisiontheorymostnaturallyleadsto
theconstructionof on-linepolicies,thusthestochasticroute
planningproblemhasbeenconsideredmainly in thecontext
of adaptive algorithmsthat computethe optimal next edge
in light of travel timesalreadyrealizeden routeto thecur-
rent node(Fan, Kalaba& Moore), (Gao& Chabini2002),
(Boyan & Mitzenmacher2001). Someof the resultspre-
sentedbelow can be adaptedto computethesepolicies in
closedform. Second,approximationsfor expectedshort-
est pathsin stochasticnetworks with nonstationary(time-
varying)distributionshavealsobeenproposed,e.g., (Miller-
Hooks& Mahmassani2000), (Fu & Rilett 1998), (Gao&
Chabini2002),(Hall 1986). However mostof the approx-
imationsarebasedon heuristicswith unknown approxima-
tion ratios. This is not surprisingin light of a recentresult
thattheproblemwith time-varyingdistributionsis in general
#P-hard(Nikolova2005).

Our results
We give a variety of hardnessresultsandalgorithmsfor a
naturaldecision-theoreticframework for routeplanningun-
der uncertainty. A major obstaclefor studyingthis frame-
work hasbeenthedif�culty of �nding closed-formexpres-
sions for the expectedcost function, as well as the non-
separabilityof the cost function into the edges,precluding
standarddynamicprogrammingtechniques.

We identify a family of appropriatecost models for
driversanduncertaintymodelsfor roadnetworks. In a de-
parturefrom the stochasticpath-planningliterature, these
arecontinuousandclosedunderconvolution,sothattheex-
pectedcostof any onepathcanbe computedanalytically.
We survey a rangeof stochasticroute-planningproblems,
�nding that somecanbe convertedinto classicdeterminis-
tic shortest-path.We provehardnessof approximabilityfor
simplepaths(which do not containloops)andNP-hardness
for generalpathsfor averybroadclassof costfunctionsand
�x ed start times. Our hardnessresultsextendin particular
to stochastic(e.g., Gamma-distributed)travel times.This is
notgenerallyimpliedby thehardnessproofsfor determinis-
tic travel timessincethereareknown instancesof problems
which are NP-hardin a deterministicsetting,yet become
polynomially solvable in a stochasticsetting(Bruno et al.
1981).

We considera richer decision-theoreticframework than
(Loui 1983),by de�ning theobjective bothasa functionof
the pathandthe departuretime at the source. This allows
usto distinguishbetweentwo problems,�nding theoptimal
pathfor a �x eddeparturetime, aswell asplanninganopti-
mal departuretime. We show that for somecost functions
thelatterproblem(whichoptimizesovertwo variables,path
and departuretime) reducesto deterministicshortestpath
while the former (optimizing only over path) is NP-hard.
Focusingon theNP-hardinstances,we exhibit pseudopoly-
nomial algorithmswhich have low polynomialcomplexity
in thesizeof thegraphandthe largestmeantravel time of
anedge.Theaveragetravel timesarealmostcertainlypoly-
nomially boundedin real world roadway networks. With
this, our algorithmoffers the �rst practicalsolution,which



is muchmoreef�cient thanthe previous exponentialalgo-
rithmsbasedonexhaustivesearch.

In the last section,we show that our model admits as
a specialcasea standardobjective in mean-riskanalysis,
which aims to optimize a linear combinationof the mean
andvarianceof therandomvariables.

ProblemStatement& Preliminaries
Let G = f V; Eg be a directedgraphwith a sourcenodeS
anddestinationnodeT. Assumethatthetime to traversean
edgee 2 E in the graphfollows a distribution with prob-
ability densityfunction f e(:) andthetravel timeson differ-
entedgesareindependent.Supposea driver needsto reach
thedestinationby a givendeadline,denotedastime 0. The
penaltyfor arrivingat timet is denotedby C(t); t is positive
for latearrivalsandnegativefor earlyarrivals.

Letebethelastedgeonapathto thedestination.Thenthe
expectedcostEC(t) of startingto traversethisedgeattimet
is givenby theconvolutionEC(t) =

R1
0 f e(y)C(t + y)dy:

By independenceof theedgetravel times,theexpectedcost
of traversingapathP = f e1; � � � ; er g departingat time t is

ECP (t) =
Z 1

0
:::

Z 1

0

h
f e1 (y1):::f er (yr )

C(t + y1 + ::: + yr )
i
dy1:::dyr : (1)

We now distinguishtwo differentproblems:
1. Find theoptimalpathP andoptimalstarttime t:

min
P;t

ECP (t): (2)

2. Find theoptimalpathfor a givenstarttime.

           
time

E
C
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)
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Figure2: Eachpathhasanassociatedexpectedpenaltyfunc-
tion EC(t) which takesasargumentthestarttime t. If we
departat thetimemarkedby theverticalarrow, path3 is op-
timal, however the globally optimal starttime is locatedat
theminimumof path2.

If we graphtheexpectedcostof eachpathasa function
of start time, we obtain a family of curves, cartoonedin
Figure2. The bestpath for a given start time is indicated
by the lowestcurve at that point. Note that eachpathmay
beoptimalover a differentrangeof starttimes. Theglobal
miminum of the lower envelopeof all suchcurvesindexes
theoptimaltime to startout.

Calculating the Costof a SinglePath
In general,theexpectedcostexpressionin equation(1) may
be impossibleto computein a closedform. We will there-
fore focuson two familiesof cost functionsfor which the
integral canbe computedexactly, andwhich area sensible
model of userutility: polynomialsand exponentials. We
assumethat the driver valuesher time and doesnot want
to setout too early or arrive too early, thus the cost func-
tion shouldbe expressive enoughto (asymmetrically)pe-
nalizeboth latenessandearliness1. Although many of the
resultsof subsequentsectionsapply to generalpolynomial
functions(andour hardnessresultshold for arbitraryfunc-
tionswith globalminima),we will considerherequadratic
andquadratic+exponentialcostfunctionsfor illustrativepur-
poses.

Quadratic Cost Supposethe cost of reachingthe desti-
nationat time t is C(t) = t2. Supposethe path from the
sourceto thedestinationconsistsof a singleedgewith ran-
domtravel time Y of densityf (:), mean� andvariance� 2.
Thentheexpectedcostof departingthesourceat time t is

EC(t) =
Z 1

0
f (y)( t + y)2dy

= t2 + 2tE [Y ] + E[Y 2] = (t + � )2 + � 2

If insteadthepathconsistsof r edgeswith randomtravel
timesYi having densityf i (:), mean� i andvariance� 2

i for
i = 1; :::; r , theniteratingtheabovecalculationr timesgives

EC(t) =
Z 1

0
:::

Z 1

0

h
f 1(y1):::f r (yr )

C(t + y1 + ::: + yr )
i
dy1:::dyr

=
�

t +
rX

i =1

� i

� 2
+

rX

i =1

� 2
i :

Therefore,thecostof apathis minimizedatstarttimet =
�

P r
i =1 � i , the(negative)averagetravel time for thatpath.

At this optimum,theexpectedcostvalueis thevarianceof
thepath,ECmin =

P r
i =1 � 2

i .
Thequadraticcostfunctionmightnotberegardedasreal-

istic sinceit assignsthesamepenaltyto beingequallyearly
andlate. As we saw above,this leadsto preferringthemost
certainroute,without any carefor the averagetravel time.
Ontheotherhand,linearcosts,whichfavoronaveragefaster
paths,do not have any effect whenaddedto the quadratic
costotherthanshiftingtheeffectivedeadline.Thus,weaug-
ment the quadraticcost function with an exponentialterm
whichgivesahigherpenaltyto beinglate.

Quadratic+Exponential Cost Consider cost function
C(t) = t2 + �e k t , whereagaint is thetime of arrival with

1It may make senseto penalizeearly arrival even when the
driver is on theroadandrequestinga new path,because,asin the
caseof transportationdepots,thedestinationmaynot have theca-
pacityto acceptearlyarrivals.



respectto deadlineat time 0 and� � 0 andk areparam-
eterswhich determinethestrengthof the penaltyfor being
late. Thesignof k canbenegative if oneis moreaverseto
arriving earlythanlate.

In this case,we canstill geta closedform expressionfor
theexpectedcostof a path.For a pathof onelink with den-
sity f (Y ), mean� andvariance� 2, we get

EC(t) =
Z 1

0
f (y)

�
(t + y)2 + �e k( t + y) � dy

= (t + � )2 + � 2 + �e k t E[ekY ]

whereE[ekY ] is themoment-generatingfunctionof theden-
sity of Y . Whenthepathconsistsof r links with densities
f i (Yi ), means� i andvariances� 2

i , for i = 1; ::; r , the ex-
pectedcostof departingat time t is

EC(t) =
�

t +
rX

i =1

� i

� 2
+

rX

i =1

� 2
i + �e k t

rY

i =1

E[ekYi ]:

Choiceof Travel Time Distributions
Traditionally, thetravel timeson theedgeshave beenmod-
eledby normaldistributions.For anormallydistributedran-
domvariableY � N (�; � 2), we have E[ekY ] = exp(k� +
k2� 2=2). Thus,theexpectedcostof a pathwith r indepen-
dentnormallydistributededgetravel timesis givenby

EC(t) =
�

t +
rX

i =1

� i

� 2
+

rX

i =1

� 2
i + �e k t ek

P
i ( � i + k � 2

i =2) :

(3)
However, the normal distribution is unrealisticas it as-

signspositive probability to negative travel times. A more
physicallyappropriatedistribution is obtainedby observing
thatin ordinary(collision-free)traf�c, cararrivalsatany par-
ticular landmarkcanbeviewedasa Poissonprocess,which
implies that travel times are Gammadistributed; Gamma
distributionsarealsoproposedin (Fan, Kalaba& Moore).
We write te � 
 (ae; be) to indicatethat thetime to traverse
anedgee in thegraphis Gammadistributedwith shapepa-
rameterae andwidth parameterbe. Themeanof this distri-
bution is givenby � e = aebe andthevarianceis � 2

e = aeb2
e.

Thedensityof thegammadistribution is givenby


 (a; b;y) =
ya� 1e� y=b

ba �( a)
;

where�( a) =
R1

0 ta� 1e� t dt is the gammafunction. The
Gammadistributionhasstrictly nonnegativesupportandwe
canadditionallyspecifya minimum travel time by shifting
y. To keepnotationuncluttered,wewill useunshifteddistri-
butionsin this paper;thegeneralizationto shifts is straight-
forward.

For a gammarandomvariableY , E [ekY ] = (1 � kb) � a

sotheexpectedcostof a pathwith independentgammadis-
tributededgetravel timesis givenby
�

t +
rX

i =1

ai bi

� 2
+

rX

i =1

ai b2
i + �e k t

h rY

i =1

(1 � kbi )� a i

i
; (4)

which no longer hasa simple analytic expressionfor the
minimum.

Optimal Routing and Optimal Start Time
In this sectionwe considerthe subproblemof jointly op-
timizing for the path and start time. We show that the
quadraticcost function with generaledgedistributions,as
well as the quadratic+exponentialcost with Gaussiandis-
tributions result in selectingthe lowestvariancepath, and
thusadmit a standardshortestpathsolution. On the other
hand, the quadratic+exponentialcost with Gammatravel
distributionsdoesnot satisfythe sub-pathoptimality prop-
erty neededfor a dynamicprogrammingapproach,andre-
mainsanopenproblem.

RecallthatwhenC(t) = t2, theexpectedcostof a single
pathis minimizedat starttime t = �

P r
i =1 � i , thenegative

averagetravel timefor thepath,andat thisoptimum,theex-
pectedpenaltyis thesumof thevariancesovertheindividual
links, ECmin =

P r
i =1 � 2

i . Therefore,we can�nd theopti-
mal path—theoneof smallesttotal variance,with a simple
applicationof Dijkstra'sshortestpathalgorithm,whereeach
edgeeis labelledwith its variance� 2

e . Consequently, theop-
timal departuretimewouldbegivenby themeantravel time
of that path. Thus,the optimal pathandoptimal departure
time problemturnsout easyin the caseof quadraticcost.
Thesecondproblemof �nding theoptimalpathfor a given
departuretime doesnot bene�t from thesimpleform of the
expectedcostfunction,weshow in thefollowingsectionthat
it is NP-hard.

If we add an exponentialpenaltyfor being late by tak-
ing C(t) = t2 + �e k t , the expectedcost for a pathunder
Gammadistributionsstill hasa simpleclosedform, given
by Equation(4). However, we losetheseparabilityproperty
of thequadraticcostfunctions,which allows for a dynamic
programmingsolution.
Theorem1. Findingtheoptimalpathandoptimalstarttime

(i) under quadratic cost and general distributions can be
solvedexactly with a deterministicshortestpath algo-
rithm.

(ii) under quadratic+exponentialcost and normal distribu-
tions can be solvedexactly with a deterministicshortest
pathalgorithm.

(iii) underquadratic+exponentialcost and general distribu-
tions,maynot satisfysubpathoptimality for anysubpath
andthusprecludesstandard dynamicprogrammingtech-
niques.

Proof: Part (i ) follows from the discussionabove. We
show part(iii ) via acounterexamplein whichsuboptimality
doesnothold for any subpath.Considerthegraphwith two
parallelpairs of edgesin Table 1. All edgesare Gamma-
distributedwith mean-variancepairs (12:5; 10) on the top
and(26:8; 15) on the bottom. The optimal pathfrom A to
C consistsof the lower two edges,with optimal start time
74:79 units beforethe deadline(hencethe negative sign in
the table) and minimum cost 522:65. However, the best
pathsfrom A to B andfrom B to C bothconsistof thetop
edges,with departuretime 22:18 beforethe deadlineand
minimumcost123:14. Thus,nosubpathof theoptimalpath
from A to C is optimal.

Curiously, the samecost function with normally dis-
tributededgetravel timesadmitsdynamicprogramming.In
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Path A ! B A ! C
Topedges (� 22:2; 123:1) (� 46:5; 526:7)
Bottom& Top - (� 60:7; 524:6)
Bottomedges (� 36:3; 125:0) (� 74:8; 522:7)

Table1: In thenetwork above,thetopedgesareidenticalandGammadistributed,andsoarethebottomedges.Whenthecost
of arriving at timet is C(t) = t2 + et , theoptimalpathfrom A to C usesthebottomedgeswhile theoptimalpathsfrom A to B
andfrom B to C usethetopedges.Thetableentriesgivethevaluesof theoptimalstarttimeandexpectedcostat theminimum
for eachpath.

part(ii ), thecostof leaving pathP at time t givenby Equa-
tion (3), canbewrittenas

EC(~t) = ~t2 + s + ek ~t ek 2 s=2; (5)

after the changeof variables~t = t +
P

e2 P � e and s =P
e2 P � 2

e . In particular, a pathwith a highertotal variance
will have an expectedcostfunction strictly above that of a
path with a lower variance,becausefor s1 < s2, k 6= 0
andfor any �x ed~t, ek ~t ek 2 s1 =2 < ek ~t ek 2 s2 =2: Hencethepath
of lowestvariancewill have the lowestminimum expected
cost,andwe can�nd it via any shortestpathalgorithmwith
edgeweightsequalto thevariances.Thus,whentravel times
are normally distributed, both the quadraticand quadratic
plus exponentialcost functionswill choosethe sameopti-
malpath,althoughtheoptimalstarttimewouldnaturallybe
earlierunderthesecondfamily of costfunctions.

The problemof �nding the optimal path at a given de-
parturetime is againNP-hard,asin thequadraticcostcase.
However, we shall seethat dynamicprogrammingthereis
morepromisingwhencombinedwith partialminimization.

Optimal Routing with a GivenStart Time
In this section,we show NP-hardnessandhardnessof ap-
proximationresultsfor arbitrarycostfunctionswith global
minima.We thengivepseudopolynomialalgorithmsfor the
quadraticandquadratic+exponentialcost functions,which
generalizeto polynomial(plusexponential)costfunctions.

Wemaybeinterestedin theoptimalrouteandoptimalde-
parturetime to a destination,while planningaheadof time.
Oncewe start our journey, it is natural to ask for an up-
dategiventhatcurrenttraf�c conditionsmayhavechanged.
Now, we arereally posinga new problem: to �nd the path
of lowestexpectedcost,EC(tstar t ), for a given departure
time tstar t . Thismaysoundlike asimplerquestionthanthe
oneof �nding optimalrouteandoptimalstarttimethoughit
turnsout to beNP-hardfor a very broadclassof costfunc-
tions.

Complexity of Costswith Global Minimum
Let C(t), thepenaltyfor arriving at thedestinationat timet,
beany functionwith a globalminimumat tmin . In caseof
severalglobalminima,let tmin bethesmallestone.Denote
thenumberof nodesin thegraphby n.

Theorem 2. The problemof �nding a lowest-costsimple
ST-pathis NP-hard.

Proof: Supposeall edgeshave deterministicunit edge
lengths. Thenthe costof departingat time t alonga path
with total lengthL is simplyC(t + L ).

Considerdeparturetime t = tmin � (n � n� ). If there
existsa pathof lengthn � n � , it would beoptimalsinceits
costwouldbe

C(t + n � n� ) = C(tmin ) � C(t + L ) (6)

for all otherpathsof any lengthL . In particular, sincetmin
is the leftmostglobalminimum,we have a strict inequality
for pathsof lengthL < n � n � . Now supposetheoptimal
pathis of lengthL � . We have threepossibilities:

1. L � < n � n� . Thenby above, thereis no pathof length
n � n� .

2. L � = n � n� . Thenwehavefoundapathof lengthn � n � .

3. L � > n � n� . Thenby removing edges,we canobtaina
pathof lengthexactlyn � n � .

Therefore,theproblemof �nding anoptimalpathreduces
to theproblemof �nding apathof lengthn� n � where� < 1.
Sincethe latter problemis NP-complete(Karger, Motwani
& Ramkumar1997),ourproblemis NP-hard.

Intuitively, if weincurahighercostfor earlierarrivalsand
departearlyenough,theproblemof �nding anoptimalpath
becomesequivalent to the problemof �nding the longest
path. Further, if the costfunction is not too �at on the left
of its minimum, we can seethat an approximationof the
min-costpathautomaticallygivesa correspondingapproxi-
mationon thelongestpath,henceacorollaryto theaboveis
thattheoptimalpathis hardto approximate.

Corollary 1. For anycostfunctionwhich is strictly decreas-
ing andpositivewith slopeof absolutevalueat least� > 0
onaninterval [�1 ; tmin ], theredoesnotexista polynomial
constantfactor approximationalgorithm for �nding a sim-
ple path of lowestexpectedcostat a givendeparture time
prior to tmin , unlessP = N P.

Proof. Supposethecontrary, namelythatwecan�nd apath
of costC = (1 + � )Copt whereCopt is thecostof theopti-
malpath,and� > 0 is a constant.

Assumeasin the theoremabove that we have an n ver-
tex graph with unit length edgesand considerdeparture
time t = tmin � (n � 1) at the source. Let L opt be the
length of the optimal path and let L be the length of the
path that we �nd. Then L � L opt so L opt is the longest
pathbetweenthe sourceanddestinationand C � Copt

L opt � L � � ,



otherwisetherewould be a point in [�1 ; tmin ] of abso-
lute slope less than � . HenceL opt � L � ��C opt and
so L opt =L � 1 + (��C opt =L) � 1 + ��C opt ; where
Copt = C(tmin ) is constant,so this would give a polyno-
mial constantfactorapproximationalgorithmfor thelongest
pathproblem,whichdoesnotexist unlessP = N P (Karger,
Motwani& Ramkumar1997).

Remark 1. We canobtaina stronger inapproximabilityre-
sult, basedon the fact that �nding a pathof lengthn � n �

is NP-complete, for any� < 1 (Karger, Motwani& Ramku-
mar1997).However, our goal is simplyto showtheconnec-
tion betweenthe inapproximability of our problemto that
of the longestpathproblemandshowtheneedto settlefor
non-simplepathsin thealgorithmsof thefollowing section.

The NP-hardnessresult in Theorem2 crucially relies
on simple paths,and it makesoptimal pathsequivalent to
longestpaths(dueto a very earlydeparturetime), which is
notusuallythecase.Wecanshow that�nding optimalpaths
is NP-hardeven for more reasonablestart times and non-
simplepaths,via a reductionfrom thesubset-sumproblem,
for any costfunctionwith a uniqueglobalminimum.

Theorem 3. Supposewe havea cost functionC(~t) with a
uniqueminimumat tmin , which givesthepenaltyof arriving
at the destinationat time ~t. Thenfor a start time t at the
source, it is NP-completeto determineif there is a pathP to
thedestinationof expectedcostECP (t) � K , where

ECP (t) =
Z 1

0
f P (y)C(t + y)dy;

andf P (y) is thetraveltimedistributiononpathP.

Proof. Theproblemis in NPsincethereis ashortcerti�cate
for it, givenby theactualpathif it exists.

To show NP-hardness,we reducefrom the SubsetSum
problem, namelygiven a set of integers f x1; :::; xn g and
a target integer t, is therea subsetwhich sumsexactly to
t? The subsetsum problem, which is a specialcaseof
theknapsackproblem,is NP-complete(Chvatal1980). Set

........

x1 x2 xn

00 0

S T

Figure3: If we cansolve for theoptimalpathwith a given
starttime t in this graph,thenwe cansolve thesubsetsum
problemwith integersx1; :::; xn andtargett.

K = C(tmin ). Considerthegraphin Figure3 with deter-
ministic edgetravel timesx1; :::; xn on thebottomand0 on
thetop. Any pathP from S to T in thisgraphhastravel timeP

i 2 P x i andcostC(t0 +
P

i 2 P x i ) if we leave thesource
at time t0 = tmin � t . Sincethe cost function C(t) hasa
uniqueglobal minimum at tmin , thereis a pathof cost at
mostK = C(tmin ) if andonly if thereis a pathwith travel

timesatisfyingt0+
P

i 2 P x i = tmin , i.e., if andonly if there
is asubsetof thex i 's summingexactly to t.

Remark 2. Notethat Theorem2 only showsthat it is NP-
hard to �nd a simpleoptimalpath. Theorem3 on theother
handappliesto non-simplepathsas well sincethe subset
sumproblemis NP-completeevenif it allowsfor repetitions
(Chvatal1980).

Complexity of StochasticTravel Times
Thetheoremsin theprecedingsectionshow thatthestochas-
tic routing problem containsinstanceswith deterministic
subgraphsthat make routing NP-hard, though we do not
know whetherthe classof purely stochasticrouting prob-
lems(with non-zerovariances)is alsoNP-hardwith general
costobjectivesandtravel time distributions. Indeed,there
areknown problemsin schedulingwherethescenariowith
deterministicprocessingtimesis NP-hard,while its variant
with stochastic,exponentiallydistributedprocessingtimes
canbesolvedin polynomialtime (Brunoetal. 1981).

It maybedif�cult to extendTheorems2 and3 to thenon-
zerovariancecasepartly becausethe integral de�ning the
expectedcostwill likely nothaveaclosedform for mostcost
functions.However, we canproveNP-hardnesssimilarly to
Theorem3 for stochasticinstancesandthefunctionclasses
we consideredearlier, for which we know the form of the
expectedcostsfunctions.

Recall that under quadraticcost, the expectedcost of
departingat time t, along a path P with generaledge

travel time distributions,is ECP (t) =
�

t +
P

e2 P � e

� 2
+

P
e2 P � 2

e , where� e and � e are the meanandvarianceof
edgee. De�ne Stochastic Cost Routing to be the
problemof decidingwhether, for a �x ed departuretime t,
thereis a pathof expectedcost lessthanK for somecon-
stantK .

Corollary 2. Stochastic Cost Routing is NP-hard
for quadratic cost with general edge distributions and
quadratic+exponentialcostwith Gammadistributions.

Proof Sketch: In both cases,the proof reducesto that of
Theorem3, by choosingthemeansandvarianceson thetop
andbottomedgescarefullysothatthepartsof theexpected
costfunctionwhich containthevariancesbecomeequalfor
eachpath.

For the quadratic cost case, this is straightforward
by choosing the same variance � 2

i to each pair i =
1; :::; n of top and bottom edges in Figure 3. The
quadratic+exponentialcostwith Gammatravel timestakes
a little morework sincethemeansandvariancesarenot so
well separatedin the exponentialterm. The full proof for
thiscaseis givenin theappendix.

Algorithms for the Optimal Path with Fixed Start
Time
We have shown that �nding simple optimal pathswith a
given departuretime is hard to approximatewithin a con-
stantfactor, asit is similar to �nding thelongestpath.When
we remove the restriction to simple paths,we can give a



// Initialize paths out of source S with mean 1
path variance �( S;0) := 0; predecessor node � (S;0) := S
for each vertex v

if v is a neighbor of S and � sv = 1
�( v; 0) := � sv ; � (v; 0) := S

else
�( v; 0) := null ; � (v; 0) := null

// Fill in the rest of the table
for m = 1 to M

for each vertex v with neighbors v0

�( v; m) := minv0� v
�
�( v0; m � � v0v ) + � 2

v0v

�

� (v; m) := argminv0� v
�
�( v0; m � � v0v ) + � 2

v0v

�

// Find the lowest cost path from S to T at departure time t
mopt = argminm 2f 0;:::;M gf (t + m)2 + �( T; m)g
� opt = � (T; mopt )
ECmin (t) = (t + mopt )2 + �( T; mopt )

Figure4: PseudopolynomialAlgorithm for Quadraticcostand�x eddeparturetime. M is theupperboundon themeantravel
timeof a path.

pseudopolynomialdynamicprogrammingalgorithm,which
dependspolynomially on the largestmeantravel time of a
path M (or equivalently on the maximumexpectedtravel
time of a link). For realworld applicationssuchascarnav-
igation,M will likely bepolynomialin thesizeof thenet-
work, hencethis algorithm would be ef�cient in practice,
andsigni�cantly betterthanthe previous algorithmsbased
onexhaustivesearch(Mirchandani& Soroush1985).

For clarity, we present in detail algorithms for the
quadraticandquadratic+exponentialcost function families
undergeneraltravel time distributions, for which we de-
rived simple closedform expressions,however the algo-
rithmscanreadilyextendto generalpolynomialsandpoly-
nomials+exponentials.

Quadratic Costs
First,considerthecaseof quadraticcost,wheretheexpected
costof apathP is ECP (t) =

�
t +

P
e2 P � e

� 2
+

P
e2 P � 2

e .
We are interestedin �nding the pathof smallestECP (t),
for a �x ed t. Denoteby � (v; m) thepredecessorof nodev
on the pathfrom the sourceS to v of meanm andsmall-
estvariance.Denoteby �( v; m) the varianceof this path.
Then we can �nd � (v; m) and �( v; m) for all v and all
m = 0; 1; :::; M by consideringthe neighborsv0 of v (de-
noted v0 � v) and choosingthe predecessorleading to
smallestvarianceof thepathfrom s to v:

�( v; m) = min
v0� v

�
�( v0; m � � v0v ) + � 2

v0v

�
;

� (v; m) = arg min
v0� v

�
�( v0; m � � v0v ) + � 2

v0v

�
;

where� v0v and � 2
v0v denotethe meanandvarianceof the

travel time on the link (v0; v). Note thatby our assumption
of independenceof thetravel times,thevarianceof eachpath

is givenby thesumof variancesof theedges,hencesubop-
timality holds—thepathof smallestvariancefrom S to v
throughv0 mustbeusingapathof smallestvariancefrom S
to v0.

Supposethe maximumdegreein the graphis d. Then
computingthepathsof smallestvarianceabovefor eachver-
tex andeachpossibleexpectedtravel time from 0 to M can
bedonein timeO(M dn). Finally, we�nd thepathfromS to
destinationT by takingtheminimumof (t + m)2 + �( T; m)
over all m = 0; 1; :::; M , so that the total runningtime of
the algorithmis O(M dn). If insteadof integer, the travel
timemeansarediscretewith discretestep� , therunningtime
would beO(M dn=�) for smalldegreesd, or O(M n2=�) in
general.Thealgorithmis summarizedin Figure4.

Quadratic+Exponential Costs
Wecansolvethecaseof quadratic+exponentialpenaltysim-
ilarly, only this timeourdynamicprogrammingtablewould
have an extra dimensionfor possiblevaluesof the vari-
anceof a pathandthe tableentrieswould containthepath
with smallestexponentialterm

Q
e2 P E[eYe ]. Denoteby

� (v; m; � 2) the predecessorof node v on the path from
the sources to v of total meantravel time m, total vari-
ance� 2 and smallestvalue of

Q
e2 P E[eYe ]. Furtherde-

noteby �( v; m; � 2) thevalueof
Q

e2 P E[eYe ] on this path.
Then as before, oncewe have computed�( v; �; � 2) and
� (v; �; � 2) for all nodesv, pathmeans� � m � 1 andvari-
ances� 2 = 0; 1; :::; M , we cancompute�( v; m; � 2) and
� (v; m; � 2) for all v and� 2 = 0; 1; :::; M by setting

�( v; m; � 2) = min
v0� v

�
�( v0; m � � v0v ; � 2 � � 2

v0v ) � E [eYv 0v ]
�
;

� (v; m; � 2) = arg min
v0� v

�
�( v0; m� � v0v ; � 2� � 2

v0v )� E [eYv 0v ]
�
;
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Figure5: Minimum-costenvelopesfor thesamenetworkun-
derquadratic(topleft) andquadratic+exponential(topright)
costfunctions.Theenvelopesaresuperimposedin thebot-
tomgraphin a neighborhoodof theirglobaloptima.

whereYv0v is the randomvariablerepresentingthe travel
timeonlink (v0; v) andweassumethatthevarianceof apath
is upperboundedby its expectedtravel time,soit is at most
M . Correctnessfollowsasaboveby notingthatthesubpath-
optimality propertyholds for

Q
e2 P E[eYe ]. Similarly, we

�nd thepathof lowestexpectedcostfrom thesourceto the
destinationT by takingtheminimumover m = 0; 1; :::; M
and� 2 = 0; 1; :::; M of (t + m)2 + � 2 + �e � t �( T; m; � 2).
The runningtime is now O((M =�)2dn) for discretetravel
timeswith discretestep� .

The standardtechniqueof scaling,which turns a pseu-
dopolynomial algorithm into a fully polynomial approx-
imation schemesuch as in the knapsackproblem (Vazi-
rani 2001) would work here if the ratio of the maximum
meanof anedgeto thecostof theoptimalsolutionis poly-
nomially boundedandit would fail otherwise.If we do not
have a boundon this ratio,we cannotachieve a polynomial
approximationscheme,either. Note that the ratio can be
arbitrarily largeif theoptimalpathhasarbitrarilysmallvari-
ance,sayunderaquadraticcostfunction.Evenif we lift the
costfunctionby aconstantsoasto avoid zerovaluesaspart
of its de�nition, we maystill have a constantoptimumcost
comparedto largemeantravel timesof edgessowe cannot
eliminatethedependanceof therunningtimesaboveon the
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GeneralPolynomial plus Exponential Costs

The above dynamicprogrammingalgorithmsextendto the
casewhenthe expectedcost is a generalpolynomial (plus
exponential)with aconstantnumberof terms.Sinceit is not
clearhow thevarioustermstrade-off, wewouldhaveto keep
trackof eachtermindividually in aseparatedimensionof the
dynamicprogrammingtable, and the running time would
scaleasM to the power of the numberof terms. Scenar-
ios which would fall in this category includegeneralpoly-
nomial (plus exponential)cost functionsandadditive edge
distributions,suchasGaussian,Gammawith a �x edwidth
parameter, etc. Underthesedistributions,theexpectedcost
of path travel time Y would dependonly on the distribu-
tion of Y asopposedto that of eachindividual link on the
path,andwould thereforehave a constantnumberof terms.
For example,when the cost C(Y ) is a polynomial of de-
greel , theexpectedcostE [C(Y )] is a linearcombinationof
the randomvariableY 's �rst l moments,asnotedby Loui
(Loui 1983),andin this casethedynamicprogrammingal-
gorithmwouldhaverunningtimeproportionalto M l if each
momentis boundedby M .

Experimental Evaluation

We ran the pseudopolynomialalgorithmson grid graphs
with up to 1600nodesfor thequadraticobjective andup to
100nodesfor quadratic+exponentialobjective. Theformer
graphinstancescanbeviewedastheproblemof navigating
from onecornerof Manhattanto another;the latteras�nd-
ing a patharounda city througha highway network. Run-
timeswere typically a few seconds,while memoryturned
out to be limiting factor: In the caseof quadraticobjec-
tivethedynamicprogrammingtableis two-dimensional,and
in the quadratic+exponentialobjective the table is three-
dimensional,i.e., cubic in the size of the graph. Given
the memory constraintwe had the largestedgemeanset
to 10 on the graphswith 1600nodesand4 on the graphs
with 100 nodes.The edgemeansandvariancesweregen-
erateduniformly at random. The memory usageof the
algorithmswas not optimized; it could be madean order
of magnitudesmaller(linear for C(t) = t2, quadraticfor



C(t) = t2 + �e k t ) if oneonly wantedto computetheobjec-
tive functionvalueswithout outputtingtheactualpaths.

For the sake of comparison,Figure 5 shows the result-
ing optimal cost for the samegraphwith 100 nodesunder
both quadraticand quadratic+exponentialobjectives with
Gammadistributedtravel times.Recallthattheoptimalcost
envelopefor a graphundera givenobjective is thein�mum
of the cost functionsof eachpath in the graph. Eachplot
on the top shows the min-costenvelopeand the expected
costfunctionof threepaths—thosehavingsmallestvariance,
smallestmean,andsmallestmean+variance.As predicted,
the pathwith smallestvarianceyields the globally optimal
costin thequadraticcasebut this is not necessarilytrue in
thequadratic+exponentialcase.

We notethatthebasicquadratic+exponentialobjective
�

t +
rX

i =1

ai bi

� 2
+

rX

i =1

ai b2
i + et

h rY

i =1

(1 � bi )� a i

i
;

tendsto bedominatedby thequadratictermnearthe func-
tion'sminimumsothatits plot is almostidenticalto theplot
of thequadraticobjective casefor the interval of departure
timesaroundtheglobalminimum. However, a biggerposi-
tive coef�cient in front of theexponentialterm(featuredat
the top right of Figure5) balancesthe quadraticandexpo-
nentialin�uence andillustratesa situationwherethesmall-
est variancepath is not globally optimal and the smallest
meanor mean+variancepathsarenot even locally optimal,
i.e., donotparticipatein themin-costenvelope.

The third plot in theFiguresuperimposesthe two differ-
entobjectivesandzoomsinto their globalminima.Theplot
demonstratesclearly the qualitative differencebetweenthe
two objective costs,not only in the fact that theglobal op-
timum is attainedon differentpathsbut alsoin that differ-
ent pathsmay be locally optimal at the same�x ed depar-
ture time. For example,at departure51 minutes(units)be-
fore the deadlinea quadraticobjective would recommend
the smallestvariancepathwhile the quadratic+exponential
objective would recommendsomeotherpath.We seesimi-
lar differencesof recommendationat time a little over 52.5
minutesbefore the deadline. Naturally, since the expo-
nential term assignsa more severe penaltyfor being late,
thequadratic+exponentialobjective recommendsan earlier
globallyoptimaldeparturetime.

Monotone IncreasingCosts
Theoptimalpathproblembecomessigni�cantly easierif we
considersomenaturalmonotoneincreasingcosts,suchas
linearandexponential,for whichtheglobalcostis separable
into edgecosts. As notedabove linear cost with a given
starttimetranslatesto minimizingtheexpectedtravel time,a
basicallyuninterestingquantityin thisstochasticsetting.An
exponentialcostC(t) = ek t ontheotherhand,is interesting
becauseit givesriseto theexpectedpathcost

ECP (t) = ek t
Y

e2 P

E[ekYe ]:

whereYe is the travel-timerandomvariableat edgee. We
make this separableby moving into the log domain,where

�nding the path of lowest expectedcost startingfrom the
sourceat time t turns out to be equivalent to �nding the
shortestpathon thesamegraphwith edgeweightssetto the
cumulant-generatingfunction K (k) = log

�
E [ekYe ]

�
. The

cumulant-generatingfunctionis aseriessumovercumulants
that is dominatedby the lowestcentralmomentsof thedis-
tribution; for many distributionsit is effectively a weighted
sumof meanandvariance,a commonobjective in portfo-
lio selectionandmean-riskanalysisin general.For gamma-
distributedtravel times,K (k) = a log(1=(1� kb)) ; compare
with themorefamiliar K (k) = k� + k2� 2=2 for normally
distributedvariables.

Discussion
Wehaveobtainedcomplexity resultsandalgorithmsfor two
problemsof routeplanningunderuncertaintyin a decision-
theoreticframework: planningan optimal pathfor a given
departuretime as well as planning an optimal departure
time. Path and start time are jointly optimizablebecause
therearepenaltiesfor both lateandearly arrivals. Surpris-
ingly, someinstancesof thejoint optimizationarereducible
to classicshortestpathalgorithms,while theseeminglyeas-
ier problemof �nding anoptimalpathfor a givenstarttime
is NP-hard,and it is hard even to approximatefor simple
paths.For �x edstarttimesandnon-simplepaths,we have
presentedpseudopolynomialalgorithms,which arepolyno-
mial in the numberof nodesin the graphand the largest
meantravel time of anedge.Thesewill likely performvery
well in practicesincethe averagetravel timeson edgesin
realworld networks arerelatively small. We would like to
extend the full analysisto the caseof dynamicnetworks,
wherebothtopologyanddistributionschangein time. Other
openquestionsincludecomparingtheoptimalnon-adaptive
to the optimal adaptive solution,underboth staticanddy-
namic travel time distributions, and modelingcorrelations
betweentheedgetravel times.
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Appendix
Corollary. 2. Stochastic Cost Routing is NP-
hard for quadratic+exponentialcostwith Gammadistribu-
tions.

Proof: Recallthatwhenthepenaltyof arriving at thedes-
tinationt minutesbeforethedeadlineis C(t) = t2 + et , the
expectedcostof a pathat starttime t beforethedeadlineis
givenby

�
t +

nX

i =1

ai bi

� 2
+

nX

i =1

ai b2
i +

h nY

i =1

(1 � bi )� a i

i
et :

Considerthe chain graphin Figure 3 with distributions
�( ai ; bi ) on thebottomedgesand�( a0

i ; b0
i ) on thetop ones.

It suf�ces to show thatthereexist positive ai ; bi ; a0
i ; b0

i such
that

ai bi = zi + qi

a0
i b

0
i = qi

ai b2
i = a0

i b
02
i

(1 � bi )� a i = (1 � b0
i )

� a0
i

for all i = 1; :::; n. Notealsobecauseof the last equation,
we needto restrictthedomainof bi andb0

i to (0; 1). From
the �rst two equations,ai = z i + qi

bi
anda0

i = qi
b0

i
. If zi +

qi ; qi ; bi ; b0
i areall positive,thenai anda0

i will bepositiveas
well. Recallalsothatqi is a positive constantof our choice
suchthat zi + qi > 0. Henceforth,we drop the indexes
to easenotation. Then, it suf�ces to show that thereexist
b;b0 2 (0; 1) suchthat

b(z + q) = b0q

(1 � b)(z+ q)=b = (1 � b0)q=b0

:

Fromthe�rst equationin (7),b0 = bz+ q
q = b(1+ z

q ) = bk
andrecallthatq is aconstantof ourchoicewhichwecanset
ashigh aswe want. Substitutingin thesecondequationin
(7), weget

(1 � b)1=b = (1 � kb)1=(k 2 b) : (7)

If z > 0, we canpick for examplek = 1=0:9 > 1 and
this immediatelyyields a solutionb = :676948. With this,
b0 = b=0:9 = :752165andwe can�nd thecorrespondinga
anda0. Notethatthis bandb0 will work for all pairsof links
for which z > 0. Similarly, if z < 0, we have k < 1 in
Equation(7) andpicking k = 0:9 givesthesamevaluesfor
bandb0 but reversed:b = :752165, b0 = :676948.


