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Abstract

The Canadian Traveller problem is a stochastic shortebsgabblem in which one learns the cost
of an edge only when arriving at one of its endpoints. The go#d find an adaptive policy (adjusting
as one learns more edge lengths) that minimizes the expeasedf travel. The problem is known to be
#P hard. Since there has been no significant progress omampgaitimn algorithms for several decades,
we have chosen to seek out special cases for which exactos@xist, in the hope of demonstrating
techniques that could lead to further progress. Applyicgméques from the theory of Markov Decision
Processes, we give an exact solution for graphs of paralteli(ected) paths from source to destination
with random two-valued edge costs. We also offer a partinkgaization to traversing perfect binary
trees.
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1 Introduction

The Canadian traveller problem was first defined by Papaiiimi& Yannakakis [13] to describe a situation
commonly encountered by Canadian travellers: once a dreaghes an intersection, he sees whether the
incident roads are snowed out or not and consequently deeilieh road to take. In a graph instance, we
are given distributions for the costs of the edges, and upavireg at a node we see the actual cost values
of incident edges. The goal is to find an optinpalicy (adaptive algorithm) for reaching from sour§eo
destinatior!” that minimizes expected cost.

The Canadian Traveller problem is exemplar of several@sterg and important issues in optimization.
It is a stochastic optimizatioproblem, in which some details of the input (the edge lerjggihs unknown
when the problem is being solved. Itaslaptive—decisions are made as the algorithm is running, based
on new information that arrives during that time. There ioat to gather informatior-one must travel
to a vertex to discover its incident edge costs. It therefovelves the classic problem @xploration
versus exploitatiofl7], in which one must decide whether to exploit the (pdgsslnboptimal) information
acquired so far, or invest further cost in exploration inlile@e of acquiring better information.

While it is a simple and elegant theoretical model, the Cemattaveller problem has been (indepen-
dently) considered by different communities in additiorthieoretical computer science such as electrical
engineering [15] and artificial intelligence [2]. This pteim and similar formulations finds application in
transportation, planning, robot navigation and othersréig importance is convincingly demonstrated by
the diversity of fields of research that have consideredyit[@& 2, 1].

Despite its importance, very little progress has been madermal approaches to the problem. Cana-
dian Traveller was shown to be #P-hard [13] via a reductioth&S7T -reliability problem: given ar5T
reliability problem, a trivial construction yields a grapiose expected Canadian Traveller cost is equal
to the probability the graph disconnects. While the coriords clear, there are also clear differences: ST
reliability is easy to solve on series-parallel graphs,levhb algorithm is known for Canadian Traveller on
such graphs; conversely, Canadian Traveller is trivial &@&B (as we show below) while n®7'-reliability
algorithm is known for such graphs.

Because of this negative result, the focus falls naturaflyapproximation algorithms. But to date,
none have been developed. Indeed, even simpler questichsasuwhether there is a polynomial size
descriptionof an optimal or approximately optimal policy, regardlegswinether it can be constructed,
remain unanswered.

Our ResultsIn light of the lack of progress on approximation algorithme have chosen to exploexact
solution on special classes of graphs. Our aim is to begimderstand the structure of good solutions, and
the barriers to finding them, as a first step towards more gemestances. We explain the connection of
our problem toMarkov Decision Processes (MDPs) general model involving state spaceand a set of
actionsthat move you probabilistically from state to state and irgpecified costs. The goal is to find a
policy (choice of action at each state) that optimizes totast. MDPs can be solved in time polynomial in
the size of the state space. The problem is that for Canadé&ueller, the obvious state space is exponential
in the size of the graph: there is one state for each possablefso far) observations of values of any
reachable subset of the edges.

We begin with the (well understood) result that if incidedge costs are resampled each time we visit a
vertex, the problem becomes a standdiatkov Decision Processolvable in polynomial time. Similarly, in
the case of a DAG, the problem is trivially solved by dynamicgrgamming. In both cases, the state space
is small because we need not remember edge—in the case ofplesg the edges will be different each
time we look, and in the case of DAGs, we will never return toedge. But as soon as one can return to



edges of fixed value, this approach fails.

It became clear that a core question in Canadian travelighén to turn back and seek a different route.
To separate this question from the more general problem afhamliay to go forward, we considered the
special case of a graph made of parallel paths. We give am algeithm for the case where the edges take
on two distinct values at random. When one of the values i @gtimum policy has a simple closed form
description; when both values are nonzero we show how taahe problem in amallMDP. We then
begin to extend our results to consider multiple ways fodvave give a closed form solution for a perfect
binary tree whose edges are 0-1 random variables.

While these results are limited in scope we believe they aamimgful in light of the negligible progress
on algorithms for Canadian Travelling. They demonstratasiings and techniques that may be useful for
exact or approximation algorithms on more general classgsaphs.

Related Work Since each field has used a different term for the same prafleimas théridge probleni2]

and others, related work is sometimes difficult to recognixemong the work most closely related to ours
after Papadimitriou & Yannakakis [13], is that of Bar-NoydaSchieber [1] who analyze an adversarial
version of the problem from a worst-case perspective. Thwasialso consider a stochastic version, though
overall their assumptions alter the nature of the problgmicantly and allow for an efficient solution. We
assume that once an edge cost is observed, it remains fixell fione and remark in Section 2 on the much
easier version in which a new value for the edge is resampdeal its distribution at each new visit. Blei and
Kaelbing [2] consider the same version of the Canadian ieaveroblem discussed here and offer solutions
based on Markov Decision Processes, though they note #iastiiutions are exponential in the worst case.

A different perspective of adaptive routing problems isoéfd by the framework of competitive analy-
sis [9]. Other work on adaptive routing includes [5, 7, 4,@®, 14, 3], etc.

A key difficulty of the Canadian traveller problem is thatsiidaptive. Since our objective is to minimize
the expected cost of the route (namely the sum of the costs eflges), in an offline setting the solution
would trivially reduce to a deterministic shortest pathshbpem with edge weights equal to their expected
cost (in contrast to a formulation where the cost of a pathrisrdinear function of the individual random
edge costs [11, 12] and thus the offline solution is nontrigrahard). On the other hand, although the
objective here is linear, the ability to look one edge inte filnture implicitly brings about considerations of
path dependence and variance disguised in the path expactat

2 Problem formulation and Preliminaries

Consider a grapt¥ (V, E') with a specified sourcg and destinatiofi’. The edges in the graph have uncertain
costs, coming from known probability distributions. Foged, we shall denote its random variable cost by
X, and its realized value by, or simply cost(e).! Upon reaching a node, an agent observes the realized
values of all edges adjacent to that node. The objective fismitbthe optimal policy for routing from the
source to the destination, which minimizes the expectetiafdke route.

2.1 Background on Markov Decision Processes

We first briefly describe Markov Decision Processes (MDP#jicivwe will use in the following sections
for the design and analysis of some of our algorithms.

IWe distinguish between the cost of a path, which is the surhetosts of its edges, and its length, which is the number of
edges on the path.



In an MDP we are given atate spacéeach state comprising our knowledge of where we curremdy a
and any other information we have), action spaceprobabilities of transitioningrom one state to another
given an action, and eostor reward which is a function of the state. The goal is to fingblcy, that is
a mapping of states to actions, that minimizes the expeastiaf getting from the specified initial to the
final state? It is known that the optimal policy of MDPs can be found in padynial time in the size of the
MDP (the number of states and actions), for example via tipeagramming [16]. However, most often,
the size of the MDP blows up and such exact solutions aredifpiexponential, unless there is a clever way
of defining the MDP which reduces its size.

For our problem the optimal policy means the same as the epédaptive algorithm, which aims to get
from the source to the destination via a route of least eggenbst. Sometimes we also call that the optimal
strategy.

The Canadian traveller problem can be reduced to a finite-st®P in which a state is a node together
with values of observed edges so far—note though that dueetortfolding history, even on a simple graph
with Bernoulli edges this would lead to exponentially mamgtes, and thus inefficient solution for the
optimal policy.

2.2 Aneasy version: Canadian Traveller with resampling

Consider the Canadian Traveller problem as defined abovethét additional assumption that every time
we come back to a node, we observe newly resampled valuelefondident edges. In this case, there a
natural choice for an MDP that solves the problem in polyradriiime.

Define an MDP in which is a state is simply the node of curresttmm. An action is the choice of which
next node to visit. Then the number of state§li$, the number of vertices, and the MDP can be solved in
polynomial time: in particular, we can find in polynomial #nthe expected cost(v) of the optimal policy
for getting from each node to the destination (prior to having seen the costs of edgaedent tov). The
optimal action once we arrive at a nodés then to choose its next neighbgrminimizing the cost of edge
(v,v") plus the optimal cost(v') to the destination.

2.3 Canadian Traveler on DAGs

For the rest of the paper, we consider the standard versithe @@anadian Traveller problem, in which once
observed, an edge cost remains fixed. In this section we staivihte special case of directed acyclic graphs
(DAGS) can be solved in polynomial time.

In general the Canadian Traveller problem with fixed obdemwma is much harder than the version with
resampling: perhaps surprisingly, since in essence weaaveoatter informed of the costs of all previously
unobserved edges. From the point of view of MDPs, a correipgriMDP maodeling this version requires a
much bigger state space since a state needs to reflect adljsst/ations. An exact solution would therefore
require exponential time.

In a DAG on the other hand, we can never return to an edge tisabd@n previously visited, so the
versions with and without resampling are essentially idahproblems. Thus we can solve DAGs in poly-
nomial time with the same MDP as in Section 2.2. We now giveectifaster polynomial-time solution (in
the Appendix) for general DAGs based on dynamic programming

Theorem 1. The Canadian traveller problem on a directed acyclic grapthwE| edges can be solved
exactly in timeO(|E).

2For more background on MDPs, seg.,Puterman [16].



3 Propertiesof Digoint-Path Graphs

In this section, we derive a key monotonicity property of titimal policy on undirected disjoint-path
graphs (consisting of disjoiri7-paths), with independent identically distributed edges.

Consider an undirected graph with sousedestination’, consisting ofc node-disjoint paths between
S andT. Any algorithm would follow one path up to a point, then pb$sireturn through the source to
explore a part of the second path, etc. until it reaches thtr@ion. In the worst case, it may turn at every
node, reaching the next unexplored node on another path,tdineing back to reach the next unexplored
node on a third path, etc. At every step of the algorithm wivat a configuration where we know the
distance ahead of ug andn; unexplored edges on theth path fori = 1,..., k, as shown in Figure 1.
In this configuration, we denote the expected cost to reaelidstination under the optimal algorithm by
w({a;,n;}%_;). With a slight abuse of notation, we will use the same natafar a configuration with
current position inside a path. Then for a different path; will stand for the sum of distances from the
current location back to the source and from the source téirftainexplored edge on path

Figure 1:w(a, b, m,n) is the optimal expected cost to get fraghto 7.

Lemma 2. [Monotonicity] The following properties hold for the optaalgorithm and its expected cost
w({a;,n;i}i,):
1. The optimal expected cost is symmetric with respect tpaties,w(a;, n;, a;,n;, ...) = w(a;, nj, a;, g, ...).
2. The optimal expected cost is monotone nondecreasiagandn;, foralli =1, ..., k.

Proof. Part(1) follows from the isomorphism of the graphs with tite and;th paths exchanged.

For part(2), we first show that the optimal expected cost is monotone exredsing im;. By symmetry,
it suffices to show this for;. We need to show (a1, n1,{a;,n;};21) < w(ai,n + n,{aj,n;};z1) for
n > 0. Denote the configurations,, = (a1,n1,{a;j,n;}jx1), Coy4n = (a1,n1 +n,{aj,n;};+) and
Critn = (a1,m1 +n,{aj,n;};21) where the last edges on the first path have cost

Suppose the optimal algorithm @h, ,, is A. Consider algorithm4* on configuratior(fm+n defined
as follows:

(¢) Run.A until it reaches the destinatidh or the nodel” on the first path, which immediately precedes the
n zero edges;

(1) If reachT beforeT”, terminate;

(#i1) Else, proceed frorfi” to 7" along the bottom edges at cést

On every realization of the edge random variables in cordiwam C,,, 4, Algorithm A* incurs the
same or smaller co$im+n than Algorithm A on C,,,+,,. On the other hand, the cost of runninty on



configuratiorﬁn1+n Is precisely the same as the cost of runnihgn configuratiorC,,, . Therefore,

w(ar,n,{aj, ni}jz) < walar,na,{aj,n;}j21)
= wax (én1+n)
< w(ar,n +n,{a;,n;}jz1)-
We can show similarly that the optimal expected cost is mamotnon-decreasing im; for all ¢ =
1,....,k. We explain this briefly for;. Denote configuratio@,, = (ai,n1,{a;,n;};+1), Cata, = (a +
ai,ni,{a;,n;};+1) for somea > 0. Run the optimal algorithrod for C,,, on this configuration, except

when we record the cost it incurs, we recOrdhenever it traverses the links of toEaI distarcalong the
first path—call this algorithrod*. Clearly then, the expected casi(Cyp+q,) > wa+(Cq, ), hence

w(ar,n1,{aj,n;}jz1) < war(Cay)
wA(Ca+a1)
w(a +ar,ng, {a;,n;}jL1),

IN

this concludes the proof. O

Theorem 3. Supposer; = mina; andn; = minn;. Suppose also that the cost of every edge is a non-
negative random variable. Then it is optimal to proceed gltime first path up to the first unseen edge on
the path.

Proof. We first show this for the special casg= n forall i = 1, ..., k. We have two choices, routing along
the first path or along thé&h path, for some # 1. In the first case, the expected cost under an optimal
consequent strategy would be+ Er, w({L,n — 1}, {a; + a1,n}, {a; +a1};21,). Inthe second case, the
expected cost is

ai+Erw({L,n —1},{a1 + a;,n}, {a; + ai};jz1,)
> a1+ Erw({L,n—1},{a1 + ai,n}, {a; + a1}j£1,),

sincew({xz,n — 1}, {a1 + ai,n}, {aj + ai}jx1:) > w{zx,n — 1}, {a1 + a;,n}, {a; + a;};21,:) for every
x by the symmetry and monotonicity ef(.). Thus, it is always optimal to go along the first path, and it is
strictly optimal ifa; < a; forall 7 # 1.

Next, we show the statement for genemnal Sincen; > nq, for all : and every realization of the first
n; — ny edges along théh path the resulting configuration would be , n1, {a}, n1 }i~1) Wherea, > a;,
by nonnegativity of the edges. Thus, < « for all i so in every realization it is optimal to proceed along

the first path. Hence in the original configuratitfu;, nj}é‘?:l) it is optimal to proceed along the first path,
which concludes the proof. O

4 Optimal policy on Digoint-path graphs

4.1 (0,1)Bernoulli edges

In this section, we compute exactly the optimal cost whenetthges have co$t with probability p and 1
(equivalentlya) otherwise.

Theorem 3 immediately establishes that the optimal styageglores all paths until it reaches edges of
cost1 on each path, at which point it comes back to the path with $eweexplored edges and follows it
until the end.



Theorem 4 (Optimal Adaptive Algorithm). Suppose we have a graph withparallel paths and edges
with independent identically distributed edge cdsts 1. The optimal strategy explores d@lledges at the
beginning of each path until it reacheslaedge on the path (or the destination), then returns to thé pa
with fewest unexplored edges and continues without turtarige end of the path.

With this, we can compute exactly the expected cost of thiengtroute. The case of general length
paths is given in Theorem 14 in the Appendix and the followdngpllary follows from it.

Corollary 5. When the graph consists bfundirected disjoint paths with edges each, and all edges are
independent and identically distributéd, 1) Bernoulli variables, the expected cost of the optimal sggt
is

n—1
n—i\k n—i—1\k :
So[a-p = - (14 iRIXD),
i=0
whereE[X] = 1 — p is the mean of a single edge.

4.2 Digoint-path graphswith positive Bernoulli edges

In this section we compute an optimal policy based on MDPgjémeral positive Bernoulli edges, without
loss of generality taking valug with probability p and valueKk’ otherwise. Defining MDPs in the natural
way yields exponentially large state space as explaine@atic 2; combining it with the special structure
of the optimal policy here lets us define a more parsimonioldNhat is efficiently solvable.

A property of the optimal policy here is that once we have sedsa/K -edge, we will never cross it
again. This follows from a distribution-dominance argumeomewhat similar to the monotonicity lemma
in Section 3. Similarly, once we have chosen to follow a p#ie, optimal policy would dictate to keep
following it until the first K -edge.

Lemma 6. Suppose the optimal policy chooses a path out of severaldiggent paths from the source to
the destination. Then it is optimal to follow this path ustleing the first cosk edge on the path. Further,
once the optimal algorithm crosses a cdstedge, it is optimal to continue along the same path until the
destination.

Proof. (Sketch) When the optimal policy chooses a particular adpath), it does so assuming that the cost
1 of crossing the current edge plus the expected cost of thmalgbolicy at the next node dominates (is no
greater than) those of the remaining actions. If the nexeeadgthe current path is aldg this is the best
possible scenario, which would decrease the expected toshtinuing along the path and dominate the
action of turning back and proceeding along a different paktus, it is optimal to proceed along the current
path at least until seeing a castedge.

Further, suppose the optimal policy has crossdd-adge. Again the action of continuing along the
current path dominates the action of turning back sincedtterlwould now incur cost at least greater
than prior to crossing thé&'-edge, and the configuration (cost of next edge plus ren@innseen edges)
along the current path still dominates the configurationh@rémaining paths. O

The properties of the optimal policy allow for a very simpksdription of it: explore one or more of the
paths up to the first cogdt- edge along them, then pick one and follow it until the end. pblcy just has
to decide in what order to explore the paths, and how mangréefommitting to a path. This allows us to
capture it as the solution of an MDP with concise represiemtat

6



4.2.1 Two paths
In order to solve the general case, the optimal policy needdbeoutine for comparing two paths.

Lemma7. The optimal policy on a graph with two node-disjoint pathsl aositive Bernoulli edges can be
found in polynomial time.

Proof. At each instant prior to committing to a path, our knowledgete graph can be described concisely
as the tuplgay, z1,n1; az, 2, n2; i), Wwherea; is the number of cost-edges we have observed along path
1; x; = 1 or K is the last observation on that path;is the number of unobserved edges remaining on the
path andi = 1,2 is the index of the current path. Clearly these are polyntynmany O(| E|*) states and

in each state there are only two actions: to continue aloagtirent path or turn back to the other path.
(|E| is the number of edges in the graph, as usual.) Thus, the algioficy can be obtained as the solution
to that MDP in polynomial time. O

As a corollary from the two paths case, we have an efficientosttime for comparing two paths with
configurations(a;, z;, n;) using the notation above, in terms of which one would yieldwaer expected
policy cost.

4.2.2 Arbitrary many paths
We can now derive the optimal policy for the general case afentltan two paths.

Theorem 8. The optimal policy on a disjoint-path graph with positiverBaulli edges can be found in
polynomial time.

Proof. Using the subroutine for two paths, as soon as we explore tharetwo paths in the given graph, it
suffices to keep information about the best explored patlarso f

Initially, order the paths which start with a casiedge in order of increasing length. By dominance, it
would be optimal to explore them in this order. If there is entiran one path starting witld, keep only the
one with fewest edges (since by dominance, we would choosepiore this path before the others starting
with K, but once we cross A, we would commit to the first such path).

We have two possibilities. If all paths start witfi, by dominance it is optimal to commit to the path
with fewest edges. Otherwise, at least one path startsivatid we proceed as follows. Consider an MDP
in which the state is given by the tuple;, x1,n1; as, 2, ne; i) wherea, is the number of ones we have
observed along the best explored path sosfar= K if the path has been explored (= 1 only initially),
ny is the number of unobserved edges along the best pathrs, ne) are the corresponding values of the
current pathi. Again, there are at mos?(|E|°) states in the MDP; for each state there are three possible
actions: continue along the current path, go back to thedvestously explored path or continue to the next
unexplored path. Thus, the optimal policy can be found irypamial time. O

5 Series-parallel graphs

In this section we show that we may sometimes turn back alawst edge in a series-parallel graph, so
the optimal policy for disjoint-path graphs no longer applhere.

Consider the series-parallel graph in Figure 2, in which gena starting atS has a choice of two
directions, toA or B. The graph fromA to T consists of: paths withlog n edges each, and there is a single
edge fromB to T'. Further suppose that each edge @ 1 with probability% each.

7
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Figure 2: The optimal policy may return along a traverseceanfgcostl.

Lemma9. The optimal routing strategy on the given graph configuraficst goes ta4, and upon observing
all cost 1 edges a#l, goes back t&, then towardsB and 7.

Proof. First consider only the disjoint-path graph betweteandT'. Since it consists of, paths withlogn
edges each, the expected cost of the optimal algorithm ergthph is

logn—1

Z [(1 _ plogN—i)" —(1— plogn—i—l)"] <1 n %) < 45

1=0

forp = % andn > 5. Therefore the expected cost of the optimal strategy,ancluding the possibility of
going back and using the path throughis no more than45. On the other hand, once we reaBhit would
be optimal to continue until” and so the expected cost/atis the expected cost of edd&r’, that is.5.

Hence it is initially optimal to go tod. However upon seeing that all incident edgesidiave costl,
the optimal cost of continuing one more step along one of #tlegis at least + % = 3, assuming we have
(logn) > 5 edges per path. That is because each path(lvihe) edges fromA to T' is weakly dominated
by the path we proceed along, as in the proof of the Monotiyni@mma. Hence we would either proceed
until the end of the path at expected cost of at I@ast turn back ta4, S, B at cost at leasi.

On the other hand, the expected optimal cost of returningn fAioto S, B, T is 2.5. Therefore, upon
seeing alll-edges at4, it is optimal to cross back edgéS and proceed t@" via B. O

6 Treeswith (0,1) Bernoulli edges

The results in the previous sections suggest that the Camddaveller problem has an inherent difficulty
when subsequent paths can cross and have dependent vakiestgn of the algorithms also crucially
revolves around branching inside the graph—the points eviaer decide to continue or turn back. This
leads us to examine trees as a natural generalization digmiph disjoint paths, where the goal is to reach
from the root toanyleaf while minimizing the expected cost of the route.

In this section, we compute the optimal policy efficiently fierfect binary trees witk0, 1) Bernoulli
edges and show that as in series-parallel graphs, geneeal tinfortunately do not conform to the same
simple form of optimal policy.

6.1 Optimal policy on perfect binary trees

Consider perfect binary trees with Bernoulli edges whi@hlawith probability p and0 otherwise. As in the
case of parallel paths, it is optimal to explore @kdges out of the root; if we reach a leaf in this way, we
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Figure 3: Gap from the optimal policy by: (left) the minimumpected distance heuristic and (right) the
expected minimum distance heuristic.

are done. Otherwise, the question is whieldge to cross. By a similar dominance argument as in the case
of disjoint paths, it is optimal to commit to the branch of tihee of smallest depth of unexplored edges.
In addition, by the same dominance argument it is never @btimcross back a costedge. Finally, once

we commit to a sub-branch of the tree, the optimal policy agpan exploration of all-edges, commits to
crossing al-edge leading to a further subbranch of smallest depth, etc.

Theorem 10. The optimal policy on perfect binary trees can be computgzblpnomial time.

6.2 Nonoptimality for general trees

Unfortunately the simple optimal policy above does not edteo more general trees with, 1)-Bernoulli
edges. A similar counterexample to the series-parallgbtgia Section 5 shows that the optimal policy
may sometimes cross back on a cbostdge (consider the tree corresponding to the series-plagaiph

in Figure 2 in which the different paths branch out into lesaxather than ending at the destinatibh It
remains open to see whether a polynomial-size MDP existaddliie optimal policy efficiently.

7 Adaptive Heuristics

In the absence of an efficient algorithm for the Canadiandltavproblem on general graphs, we examine
two natural heuristics for the optimal routing policy. Theames reflect precisely what they do: tha-
imum expected distandesuristic chooses to go to the next node, such that the egppecdtance from the
current node to the destination is minimized. On the othadhtheexpected minimum distanbeuristic
goes to the next node, minimizing the sum of the current edgeand the expected minimum distance from
the next node to the destination.

7.1 Minimum Expected Distance Heuristic

We will show that the Minimum Expected Distance Heuristic @ exponential gap from the optimal
routing algorithm, that is it may result in a route with an erpntially higher cost than that of the optimal
route, and should therefore be avoided.

Consider the graph in Figure 3. Any route from the source eéodisstination consists of the direct link
on the top or of thé-cost link on the bottom and one of the subsequeparallel links, whose costs are
given by the random variablek, ..., X,,. Suppose the direct link on the top has aash; E[X;] — .

SupposeX; are Bernoulli random variables, which aravith probability p > 0 and0 otherwise. If at
least one of the: links on the bottom i, the bottom route would have cdstotherwise it would have cost



1. Thus,E[min X;] = p™. On the other hand, if we follow a partially adaptive algomit which replaces the
unseen edges with their expectation, we would take the taje r@nd the expected cost of the trip would be
min E[X;] — e = p — e. With e — 0, we see that this gap is exponential:

minE[X;]—¢ p 1
E[minX;] — pr  prl

Lemma 11. The minimum expected distance heuristic has exponentfrge the optimal policy.

7.2 Expected Minimum Distance Heuristic

In this section we show that the expected minimum distanceiste may yield(log n)-suboptimal routes,
although it is significantly better and coincides with theimgl policy on disjoint-path graphs. Note that
the expected minimum distance can be approximated ailyitvegll in polynomial time via sampling.

Lemma 12. The expected minimum distance rule is optimal on disjcati-graphs.
Proof. See Appendix. O
Lemma 13. The expected minimum distance heuristic Q@®g n) gap from the optimal policy.

Proof. (Sketch) Consider the graph on the right in Figure 3, in wihete are: paths of{log n) independent
identically distributed edges each framto 7". With this, the minimum distance heuristic would prefer
to B since it is highly likely that there is a zero-cost route freinto 7'. However this route cannot be found
in practice, and the expected cost of the bottom routéijsn ), while that of the top route is constant. The
optimal policy would naturally select the top route, andsthine gap of the expected minimum distance
heuristic to the optimal policy can be as hight&3og n). O

8 Conclusion

We have considered the Canadian traveller problem, in wiiehgoal is to find an optimal adaptive al-
gorithm for reaching from a source to a destination, whereedwve stochastic (Bernoulli) costs and are
revealed upon reaching an incident vertex, prior to trangrthe edge. This slight change from traditional
stochastic routing problems, giving an ability to look athemakes the problem particularly hard in that
even minimizing a linear function—the expected cost of thee, implicitly involves the variance of costs
and path dependence. Nevertheless, we identify classeamigon which the problem can be solved effi-
ciently. Our solutions are based on a combination of stratfuroperties of the graphs and optimal policies,
and Markov decision processes.

Since the problem is in general hard, it remains open to dbe ijraphs we consider can be extended to
a more general class that admits exact polynomial-timetisols; or otherwise to provide hardness results
for generalizations of these classes, for example for s@@eallel graphs. Given the importance of the
problem in practice, it is also key to understand the effeciess and limitations of the heuristics considered
here and others, in theory and practice.

The current status of the general Canadian traveller pmoidestill widely open with respect to approx-
imability. Perhaps related to the latter, it would be infiitgg to understand the mutual relationship and
complexity between the Canadian traveller andSfiereliability problem.
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Appendix

Proof of Theorem 1Denote byw(v) the expected cost of following the optimal policy from nadéo the
destination, before we have reache(.e., we have not observed the costs of the edges outgoing fi)om
The algorithm traverses the nodes of the graph in reversddgical order and computes(v) for each
nodev as

w(v) = Bmin{ X, +w(v)}],

where X, is the random cost of edde, v'). The calculation of a minimum of several random variables is
standard in statistics. In the graph, we can compute thecesgbeninimum by sampling or, if the edge costs
have finite constant support, then we can compute it dir@stly c; + (1 — p1)[p2c2 + (1 — p2)[pses + ...]],
wherec; < ¢p < ... are the possible values pY,,, +w(v')] andpy, po, ... their corresponding probabilities.

Having computed the optimal policy costgv) for every nodev, the optimal adaptive algorithm upon
reaching a node chooses to go to its neighbef minimizing cost(v,v") + w(v’). Since we go through
each edge no more than twice, the total running time of therigkgm isO(|E)).

The optimality of this algorithm critically follows from #hfact that the graph is directed and acyclic,
thus the optimal policy cost(v) at every node only depends on the children ofand hence it is computed
correctly (proof by induction, starting from the last nod8)nce our goal is to minimize the expected cost
of the route, the optimal action at each nadeould be to go next to the neighbof minimizing the sum of
the cost of edgév, v') and the optimal cosb(v') from v’ to the destination. O

Theorem 14. When the graph consists bfundirected disjoint paths with, < ... < n; edges respectively,
and all edges are independent and identically distributedBulli (a, p) variables, the expected cost of the
optimal strategy is

ni—:z [ k (1—ph ) — ﬁ (1 _p"j—i—l)} (a +iE[L]>
=0  j=1 . j=1
—l—(l—p)m[ H (1—p—m=h—

. j=m+1

H (1 —p"j_"l)} (a +(n1 — 1)E[L]),

Jj=m+1
whereE[L] = a(1 — p) is the mean of a single edge and< k is the number of paths with; edges.

Proof. According to the optimal strategy, we explore each pathl wsireach the destination or the first
edge of cost: and then proceed along the path with fewest unexplored edgétthe end. If some path
has all zero edges until the end, the cost of the algorithnerig.zOtherwise, the cost is ¢ i E[L]) since
we cross one edgeand then followi edges of meal[L] each until the end.
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Now we just need to compute the probability that thereiare0 unexplored edges along the path with
fewest unexplored edges. There are at leastexplored edges after the first edgen pathj if there is at
least one edge among the first; —i edges; this happens with probability—p™ ~*). Thus, the probability
that there are at leastuinexplored edges on the path with fewest unexplored edggsign by

Pr(# unexplored edge$> i)
= Pr(on each patl, the firstn; — i

edges have least least ome
k

= JTa-w,

j=1
Now, the probability that there are exactly= 0,1,...,n1 — 2 unexplored edges on the path with fewest
unexplored edges, is
Pr(# unexplored edges- i)
= Pr(# unexplored edge$ i)
- Pr(# unexplored edges i+ 1)

_ H 1_ nj—z H nj—z 1
j=1

There are exactly = n; — 1 unexplored edges when there isaadge at the beginning of each path with
ny total edges (say there ame < k such pathsi.e.,thatn; = ... = n;, < npy1 < ... < ny), and there
are at leash; — 1 unexplored edges on each of the remaining paths. The plitpdbat there arer; — 1
unexplored edges is therefore

Pr(# unexplored edges=n; — 1) =
k k
a-p"| IT 0= = I a-p):
j=m+1 j=m+1
and the result follows. O

Proof of Lemma 12This can be verified by examining what the two algorithms ddhim three possible
situations:

(i) Top first edge isl, bottom first edge i$). Say the next node on the top i and the next node
on the bottom isB. Since atB we can reach the destination by going back throgghand A,

min distance(B,T) < 14+min distance( A, T'), thereforeE[min distance(B,T)] < 14+E[min distance(A,T)]

so the expected minimum distance algorithm will choose toogB next, as will the optimal algo-
rithm.

(i) Top first edge isl, bottom first edge id. ThenE[min distance(B,T)] < E[mindistance(A,T)]
whenever there are fewer edges fraéio 7" hence the two algorithms again coincide.

(i) We have crossed an edge with vallleand we have to show that the expected minimum distance
algorithm will continue along the corresponding path uthié destination. This reduces to the two
cases above.

O
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