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Abstract

Motiv ated by the increasing needto price networks, we study the prices resulting from of
a variant of the VCG medanism, speci cally de ned for networks [11]. This VCG mecanism
is the unique e cien t and strategyproof medanism, however it is not budget-balancedand in
fact it is known to result in arbitrarily bad overpayments for somegraphs [1, 8]. In corntrast,
we study more commontypesof graphs and show that the VCG overpaymert is not too high,
soit is still an attractiv e pricing candidate. We prove that the averageoverpayment in Erdps-
Renyi random graphswith unit costsis px2 p) for any n, when the averagedegreeis higher
than a given threshold. Our simulations show that the overpayment is greater than p=2 p)
below this threshold, hence,together with the constart upper bound from Mihail et al. [12], the
overpayment is constart regardlessof graph size. We then nd empirically that the complete
graph with random edge costs has worse overpaymerts, higher than ((log n)®). Again from
simulations, we seethat the power-law graph with unit costs has overpayments that decrease
with graph size and nally , the power-law graph with uniformly random costs has a small
constart overpaymert.

1 Intro duction

With the rapid growth of the Internet, there is an increasingneedto automatize the labor-intensive
policy setting for inter-domain routing. This can be resolved by appropriate pricing mecanisms.
Integration of priceswith routing protocolsmay alsoo er successfulmodelsfor congestioncortrol.
Feigerbaum et al. [11] o er a medanism for lowest-cost routing which integrates well with the
current routing protocol. Their medanism falls in the class of the celebrated Vickrey-Clarke-
Groves (VCG) medanisms. As sud, it may require payments much larger than the true routing
costs[1, 8].

Motiv ated by the idea of integrating the VCG medanism into the Internet inter-domain routing
graph, we turn to studying the e ect of graph topology on the VCG payments. Our work is
independent of the Internet routing graph per se and can be applied to any equivalert network.
It can alsobe applied to a more generalsetting of interaction among multiple agers suc astask
allocation to teams of sel sh agens.

1.1 Our Results.

An important part of our work is to formally de ne the concept of VCG overpayment in path
auctions and to distinguish the notions of edgebonus, path bonus and average overpaymert.



We study three main typesof graphs: Erdps-Reryi random graphs,in which eat edgeis presen
with probability p; completegraphsand power-law graphs. We prove that the averageoverpaymernt
in Erdps-Reryi random graphs with unit costsis p2 p) for any n, when the averagedegreeis
higher than a giventhreshold. Our simulations show that the overpaymert is greaterthan p=2 p)
below this threshold, hencetogether with the constart upper bound from Mihail et al. [12], the
overpayment is constart regardlessof graph size. A corollary of our result is that, contrary to
intuition, overpayments becomelarger asthe graph becomesdenserand more competitiv e.

We then nd empirically that again, cortrary to intuition, the complete graph with uniformly
random costs, which is perfectly competitiv e, has much worse overpaymerts, higher than order of
(logn)*>.

Lastly, our simulation results for the preferertial attachment model show that power-law graphs
with unit costshave small overpayment which decreasesith graph size,and those with uniformly
random costshave a constart overpaymert.

Tangmunarunkit et al. [15] shaw that network topology generatorsbasedon degreedistribution
model the Internet graph much more closelythan do structural generators. With this, our results
suggestthat the VCG medanism, when implemented on real world networks, will result in very
reasonableprices, cortrary to the numerous criticisms it has received about requiring arbitrarily
high payments.

1.2 Related Work.

From the Computer Scienceliterature, Archer and Tardos [1] were perhapsthe rst to delve into
how bad VCG payments can get. In fact they showed that a more general classof truth-telling
medanismsis doomedto require arbitrarily high payments and Elkind et al. [8] strengthenedthis
result to include all truth-telling medanisms. Recerily, Elkind [9] also noted that payments can
be reduced by removing edgesfrom a given graph, however it is NP-hard to decide which is the
optimal set of edgesto remove in order to obtain the lowest possibleVCG paymernts.

On the other hand, Feigerbaum et al. [11] computed the averageVCG overpayment (over all
source-sinkdestination pairs and edgeson the shortest paths) on the Internet inter-domain routing
graph to be 44% of the cost when all edgeshave unit cost. This overpayment is intriguingly low,
consideringthe size of the graph and the results of the above papers. The authors suggestedthat
this low overpayment may be due to the fact that the Internet is very well connectedand hence
quite competitiv e.

In an unrelated study, Chung and Lu [6] shaoved that the averagedistancein a power-law graph
such asthe Internet (with power-law exponert between2 and 3) is very low: O(loglogn), wheren is
the number of verticesin the graph. Shortly afterwards, while studying VCG overpaymerts, Mihail
et al. [12] noted that as a corollary of the averagedistance result, the averageVCG overpaymert
per unit cost is also upper-bounded by O(loglogn) in the corresponding power-law model with
unit edgecosts. In the samework, the authors proved that the average VCG overpayment in
Erdps-Reryi random graphsis between (1 =np) and O(1). They also stated a conjecture that the
overpaymernt is exactly (1 =np), i.e., the overpayment decreasessthe graph getsbigger and more
dense. A secondconjecture in the samepaper was that the overpayment in power-law graphsis
constart.

Note that our resultsdisprovethe rst conjectureabout Erdps-Reryi graphs, while our empirical
ndings conrm the secondconjecture and give rise to a stronger conjecture, that in power-law
graphswith unit costs,the overpayment decreasewith the size of the graph.



2 Denitions and the VCG Mechanism

We describe the statemert of the problem after Feigerbaum et al. [11]. We are given a network
with n nodesand a set of bidirectional links betweenthe nodes. We are interested in selectingthe
cheapest possibleroute betweena sourceand a destination node. Sincethis problem is trivial when
there is only one possibleroute, we will only concernourseheswith the biconnected componerts
of graphs, namely the componerts in which there are at least two routes betweenany sourceand
destination. Note that from a pricing point of view, we can only draw meaningful conclusionsfor
biconnected networks since a monopolist can charge in nite prices.

Eadh edgedeclaresa transit cost which is private information to that edge. The cost of a route
is the sum of the costsof its edges. A pricing medanism consistsof possiblecost reports or bids
for eath edge, an allocation rule (say, the cheapest possible path from a sourceto a destination)
and a paymernt rule (how much we pay eat edgeon or o the chosenpath). In general,it is hard
to designa medhanism that would minimize payment to the edgesand would guarartee low costto
consumers. This is why we focus on e cien t medanisms, which selectthe lowest-cost paths and
thus minimize the systemcost. In addition, we would like to have a strategyproof medanism, that
is a mechanism in which it is optimal for ead edgeto reveal its true cost, regardlessof what other
edgesdo.

It turns out that there is a unique strategyproof and e cien t medanism, which falls in the
family of the Vickrey-Clarke-Groves mecanisms.

For a given sources and destination t, denote by LC P(G; s;t) the cost of the lowest cost path
from sto t in the graph G.

Theorem 1 [11] When routing picks lowest-@st paths, and the network is biconnected, there is a
unique strategyproof pricing mechanism that givesno payment to edgesthat carry no transit tra c.
The payment to each edgee on the lowestcost path from s to t is given by

v(e;s;t) = cost(le) + LCP(G e;s;t) LCP(G;s;t): D

From here on we refer to this mecanism as the VCG medanism. (G e) above stands for
the graph G with edgee deleted. Note that ead edgeon a winning path is paid its cost plus an
extra term LCP(G e;s;t) LCP(G;s;t), which we will refer to asbonus. The bonus payment
to an edgeis preciselythe marginal cost reduction of a route from adding the edgeto the network.
Another interpretation by Elkind [9] is that v(e;s;t) is the threshold bid of an edgee, i.e. the
highest possiblebid that the edgemay announceand still be on the winning lowest-costpath from
stot.

De nition 1 The edgebonusis givenby LCP(G e;s;t) LCP(G;s;t), for everyedgee on the
lowest cost path from s to t. The path bonus is the sum of the bonusesof all edgeson the path.

Next, we de ne the notion of VCG overpayment. In all graphswe simulate uniform trac, i.e.,
we have a unit ow betweenead pair of nodes. To be precise,assumea unit ow between ead
pair in one direction only, although this will not make a di erence. Let V be the set of verticesin
the graph G.

De nition 2 The total cost of trac is the sum of costs of all least cost paths,
X
TC= LCP(G;s;t):
s6t2V



The total paymentis the sum of all payments,

X X
TP = v(e;s;t):
s6t2V e2LC P (G;s;t)

The total bonus s the di er ence of total payment and total cost,

TB=TP TC:

We may want to study seweral metrics|the averageoverpayment (and payment) per path, per
unit cost, or per edge. In the caseof unit costs, the last two metrics are of coursethe same. We
de ne the averageoverpayment per unit cost, which we will just refer to as average overpaymert,
to be the ratio of total bonus to total cost.

De nition 3 The average VCG overmyment in a graph G with uniform trac between all pairs

of nodes, is given by
TC

TC
The average VCG payment is the ratio of total payment to total cost, % = 1+ avg overpayment:

avg overpayment =

Note that there are alternative ways to measurethe average overpayment. For example, we
may divide for eath edgethe bonus over its cost, and then averageover all such edges. Howeer,
with this approad it is not clear if we should rst sum bonusesfor a single edgewhich participates
in sewral LCPs or if we should sum bonusesover ead LCP, then divide by its length and then
averageover LCPs. Eadh of these possibilities may give a slightly di erent result. We chooseto
work with total bonus over total cost sinceit is a simple and unambiguous metric to both de ne
and measure.

De nition 4 The average path bonusin a given graph G is the total bonus divided by the numker

of paths, %; similarly the average path payment is % and the average path cost or the
average distance is #ﬁhs:

Note that the averagepath bonus can readily be inferred from the averageoverpayment TB=TC
through multiplying the latter by the averagedistance, TC=# paths.

We needto be careful when extending the overpayment de nition to a family of random graphs.
De nition 5 The averageVCG overmyment in a random graph is

E[TP TC].

avg overpayment =
g Pay E[TC]

We choosethis de nition instead of E[TF-=-<] for analytical corvenience,sincein the latter case
the expectedoverpayment may be arti cially blown o by a few unlikely graphswith very low total
cost. In the caseof Erdps-Reryi graphs with a large number of verticesn, TP and TC are well
concernrated around their meansso both measuresgive almost the sameresults in practice.

One of the criticisms of the VCG mecanism is that it may give payments that are much higher
than true costs. In the caseof the VCG medanism, this is easyto seein the following example.

Imagine a network with only two parallel paths, one consisting of n edgesof cost 1 and the other
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consisting of 2n edgesof cost 1. In this case,the rst path is of lowest total cost, n, however eah
edgereceivesa bonus of n sothe extra paymernt to the path becomesn?, a factor of n times larger
than the true cost. Thus, the averageoverpayment to this single path is essenially aslarge asthe
size of the graph.

This examplesuggestghat even short paths may receiwe a very high overpayment, if the second
best paths are much longer than the LCP. This may altogether defeatthe practical useof the VCG
medanism. A recert calculation [11] shaws, however, that the averageoverpaymert in the Internet
graph is only 0:44 (assuming all edgecosts are the same), which is incredibly low in light of the
size of the Internet and the above pessimistic example. Feigerbaum et al. [11] explain this low
overpayment by relating it to competition in the presenceof network formation: as soon asa link
gets a high price, a competing provider will establish another link to capture someof the reverue,
thereby reducing overall payments.

As noted by Elkind [9], the economicsliterature typically requires that ead payment to an
edgeis in the support of its cost distribution. Thus if edgecosts are bounded, payment should
not be higher than the upper bound on the costs. Howewer, this also requiresthat the medanism
knows the support or cost distribution of ead agert, something that will not necessarilyhold in
reality. Thus, we will not cap payments and will presene the payment structure speci ed by Eq.
1 regardlessof cost distributions.

Theoretical insight is often gainedthrough the simplest examples,and in light of this we study
the caseof unit costs. We alsostudy a scenarioof complete graphswith uniform edgecostsin [0; 1].

3 VCG Overpayment in the Graph G(n;p)

3.1 A formula for VCG overpayment

We begin by studying VCG overpayment in the Erdps-Reryi random graphs with n nodes and
edgeprobability p, G(n; p). Their structure and equal node degree(n 1)p have beenconsidered
unrealistic, in view of the recert literature on the power-law structure of small world networks, the
collaboration graphs,the Internet graph, etc. [6, 14]. Nevertheless,the Erdps-Reryi graphs provide
important insight for studying more generalrandom graph models, and were useduntil recenly to
generatevarious network topologies[10].

In the ertire section, we restrict attention to the caseof unit edgecosts.

Recall that LC P(G; u; V) stands for (the cost of) the lowest-cost path betweenu and v and
wheneer the graph in question is clear from the corntext, we will simply write LC P(u;v). Also
recall that in a random graph, the averageoverpaymernt is the ratio of expected total bonus and
total cost, E[TB]=E[TC].

Theorem 2 For G 2 G(n;p) with np=! (p nlogn), with probability (1 n ©) for someconstant
c> 0, the average VCG overpayment is 2_pp
Pro of:  Our proof is basedon the following two obsenations.

Claim 3 For G 2 G(n;p) with np = ! (IO nlogn), with prokability (1 n ©) for some constant
c> 0, the graph G has at least two length 2 paths between every pair of vertices.

Claim 4 For any graph with two length-2 paths between every pair of vertices, the total bonusis m
and the total costis n(n 1) m, whete n and m are the number of nodesand edgesin the graph.
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From here, the result follows immediately by noting that the expected number of edgesin
G(n;p) isn(n 1)p=2, sothe averageoverpayment in a random Erdps-Reryi graph is

E[m] _ n(n 1)p=2 _ b .
E[nn 1) m] n(n 1) n(n 1p=2 2 p

We rst prove Claim 4. Assumewe have a graph with two length 2 paths betweenevery pair
of vertices. Then for every pair of verticesf u;vg, there are two possibilities:

There is an edge(u;v). Therefore LCP(u;v) = 1, bonugqu;Vv) = 1 sincethe secondshortest
path betweenu, v is of lenth 2, sothe contribution of (u;v) to TB islandto TC is 1.

There is no edge (u;v). Therefore LCP(u;v) = 2, path bonuqu;v) = 0 since the second
shortest path betweenu, v is also of length 2. Sothe cortribution of (u;v) to TB is 0 and to
TCis 2.

Therefore, if the number of edgesin the graph is m, the total costis

1
TC=1 m+2 % m =n(n 1) m
and the total bonus is TB = m: This concludesthe proof of Claim 4. Note that the average

overpayment in this particular graph is given precisely by

m___ m .
TC n(n 1) m’

We now turn to Claim 3. We will show that when p? > kclogn=n for a constart ke = k > 0
to be speci ed later, any pair of verticesin a random graph G(n; p) are connectedby two lenth 2
paths with probability (1 n ©) for agivenc> 0.

Consider vertices u, v. The probability that they are both connectedto a given third vertex w
is p? and so the probability that they are connectedto exactly k of the remainingn 2 vertices is

n 2
e ek

In particular, the probability that u and v are connectedby at least two paths of length 2 is
1@ P2 (n 2p*@ p)" 3

which approades1 asn grows to in nit y and p is constar.
Now supposep? = k'o%. Then the probability that there are lessthan two length 2 paths
betweena given pair of nodesis

2 3
1 " 2+(n 2p?A pA" 2 = 1 klc:]gn n +(n 2)kIC;Qn 1 klcr:gn n
eklogn + k(Iog n)ek logn (2)
1 1
=1+ klogn)F W:
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Figure 1. Averageoverpayment in G(n; p).

p Edges TC TClpath TP  TP/path TB TB/TC
0.1 496 11011 2,22 15299 3.1 4288 0.39
0.2 1001 8962 1.81 10495 2.1 1533 0.17
0.3 1493 8407 1.70 9910 2.0 1503 0.18
0.4 2002 7898 1.60 9900 2.0 2002 0.25
05 2471 7429 1.50 9900 2.0 2471 0.33
0.6 3002 6898 1.39 9900 2.0 3002 0.44
0.7 3459 6441 1.30 9900 2.0 3459 0.54
0.8 3938 5962 1.20 9900 2.0 3938 0.66
0.9 4464 5436 1.10 9900 2.0 4464 0.82
1.0 4950 4950 1.00 9900 2.0 4950 1.00

Table 1: AverageVCG overpayment for G(n,p) with 100 nodes

Sincethe probability aboveis a decreasingunction in p, the samebound would apply for p? > k'o%.
By the union bound, the probability that any of the pairs in the graph G have lessthan two length
2 paths connectingthem is upper-bounded by

n2 1

Setting k = ¢+ 4 for the given constart ¢ concludesthe proof of the claim and of our theorem. 2
Note that a higher threshold for p would improve the probability of occurrenceof two length 2
paths betweenewery pair of vertices, on the other hand our simulation results (seeFinge 1) suggest

Prob(given pair haslessthan two length 2 paths)

that the threshold for which the formula starts to hold occurs approximately at p = '0%

3.2 Average VCG payments in G(n;p)

Note that average VCG overpayment, de ned as the ratio of total bonus to total cost, is also
equal to the ratio of the average path bonus to average path cost (dividing the numerator and
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denominator by the number of vertex pairs in the graph). From Theorem 2, when p > P logn=n,

TB _ Avg Path Bonus _  p |
TC  Avg Path Cost 2 p’

with high probability. When we are assuredof having at least two paths of length 2 between any
given pair, the averagepath bonusis precisely p and the averagepath costis 2 p. This is because
the average path costis 1 with probability p, when there is an edge between the pair of nodes,
and 2 with probability 1 p. Similarly the averagepath bonusis 1 with probability p and 0 with
probability 1 p.

Consequetly, the average path payment, which is the sum of the average path bonus and
averagepath cost, is alwaysp+ (2 p) = 2.

Corollary 1 With high prolability, whenp > P logn=n, the average path bonus is p and the
average path paymentis 2.

Lastly, the average payment per unit costis exactly 1 plus the average overpayment, namely
zip. Sojust like the average overpayment, averagepayment also riseswhen p does. We are now
armedto explain this counterintuitiv e phenomenon.Whenewer p is above the given threshold which
guararteesthe existenceof paths of length 2, the bonus of ead edgeis upper-boundedby 1. On
the other hand, in terms of overpaymert, it is better to have two paths of length 2 than an edge
and a secondpath of length 2 between a pair of vertices, sincein the rst caseeven though the
lowest cost path is longer, it getszerobonus. Similarly, the averagepayment per unit costis higher
becauseof the presenceof more edges,and not becauseof having longer LCPs of length 2.

To appreciatethesetheoretical predictions, we have included Table 1 with simulation results for
random graphs with n = 100 nodes. We seethat initially the total payment TP and the average
path payment, TP/path, fall (with the increasein competition for small valuesof p) and afterwards
as predicted, they remain constart. Also the TC/path column which shows the averagedistance,
becomesequalto 2 pfor p 0:2. For the samevaluesof p, the average overpayment TB/TC,
is equal to ZL Note that ead line in the table correspondsto a single generatedrandom graph
with 100 verticesand thus it is remarkable how well concertrated around the meanthe results are.
In Figure 1, we have plotted the average overpayment for n = 100, as well as for seweral more
valuesof n and seethat the greater the number of vertices, the greater the range of p for which the
overpayment is equalto p=2 p). Also note that p<2 p) is a lower bound on the overpaymert,
sotogether the constart upper bound from Mihail et al. [12], the averageoverpayment in G(n; p)
is (1).

3.3 An algorithm for optimal VCG overpayment in G(n;p)

Elkind shawved recertly [9] that it is possibleto lower the average VCG paymernts by deleting a
subset of edgesfrom the original network, howewver it is NP-hard to determine what is the best
subsetof edgesto delete, or even whether a given graph can bene t from edgedeletion.

We note in passingthat the phenomenonof reducing the VCG overpayment through deleting
edges that is, e ectiv ely through eliminating competition, is similar to Braess'sParadax for tra c
ow. The latter statesthat sometimesclosing down roads may help lower trac delays [5].

While in generalit is hard to determine the optimal set of edgesto delete,in the caseof G(n; p)
our results on overpayment and the simulation results in Fig. 1 suggesta simple strategy to do so.
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Figure 2. AverageVCG overpaymert vs (logN) in complete graphswith uniformly random edge
costs. Linear regressionts: (left) :291+ :341(logN)®; (right) :118+ :902(logN)?;

First obsene from Figure 1 that the lowest VCG overpayment occurs at a threshold value
for p, approximately when overpayment becomesz—pp. This threshold occurs approximately at
np="nlogn. We o er the following simple randomized algorithm. If the current averagedegree
is below the threshold value, add edgesuniformly at random until the averagedegreereatesthe
threshold and vice versa, if the current average degreeis above threshold, delete edgesuniformly

at random, until we reducethe degreeto that level.

4 Complete graph with random edge costs

Oncewe have studied and understood well the overpayments in a random Erdps-Reryi graph with
unit costs, it is natural to extend this to non-unit costs. We may ask for example, what happens
when costsare uniform on [0; 1].

While we can simulate the Erdps-Reryi graph model in this caseand make further obsenations,
we will instead look at a seemingly easiercase,the complete graph with uniform costs. Cooper
et al. [7] shoved that with high probability, shortest paths in this model consistof O((log n) %) edges
and the diameter is O(log n=n).

Note that with uniform costsit is no longer the casethat payment per edgeand payment per
unit cost are the same.

The complete graph is in a senseperfectly competitiv e sinceit is completely connected. Thus,
we may inuitively expect a low overpayment. However, just like intuition belied us before, this
caseturns out to be worse than even the sparse Erdps-Reryi graph with unit costs, which has
overpayment lessthan 1.

We simulate the overpayment in completegraphswith n = 10to 450nodes. Our results are that
the average overpayment is strictly increasingwith n. The complete graph with only 10 vertices
has overpayment of 1:46 and the graph with 450 nodeshas overpayment of 5:16, i.e., over 500% of
true cost. We study the rate of increaseand plot the regressionline ts of overpaymert vs (logn)+°
and (logn)? in Figure 2. We alsorun a linear regressionof the overpayment versus(logn)?®° and
(logn)® and get regressioncoe cien ts :894+ :046(logN )%° and 1:214+ :018(logN )3 respectively.
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Figure 3. Power-law graphs with unit costs. Left: AverageVCG overpayment, lower-bounded by
(log logn). Right: Averagepath bonus seemsto grow more slovly than (log n=loglogn).

It is hard to estimate the preciseasymptotical behavior of the overpayment just from the generated
graphswith up to 450 vertices, although basedon theseregressionresults ((log n)?) looks like a
good candidate. In any case,the overpayment seemsto be lower-boundedby ((log n)1®)

The average path cost falls a little faster than the diameter bound O(log n=n) from Cooper
et al. [7]. For n = 10, the averagepath costis 0:252 and it falls monotonically down to 0:015 as
the number of verticesincreasesto n = 450. The averagepath bonus alsofalls monotonically from
0:329for n = 10to 0:075for n = 450, although it falls at a slower rate than the averagepath cost.

5 Power-law Graphs

Perhapsthe most common real world networks are scale-free that is their degreesequenceollows
a power-law distribution: Pr(degree= d) / 1=d ; where typically 2 < < 3. The Internet
graphs have between 2:1 and 2:45 [14], while the collaboration graph of Mathematical Reviews
has = 2:97]6].

Chung and Lu have pioneeredthe study of random graphs with given expected degreesand
have shawvn that the averagedistance of a power law random graph with exponert 2< < 3is
O(loglogn). The averagedistance changesto (log n=loglogn) when = 3 andto O(logn) when

> 3 [6]. Mihail, Papadimitriou and Saberi concludedthat as an immediate corollary of Chung
and Lu's result, the averageVCG overpaymert is boundedby O(loglogn) when < 3[12]. They
also state the conjecture that the overpayment in this caseis constart.

The other popular model for generating scale-freegraphsis the preferertial attachment model,
which generatesgraphs by connecting eat new vertex to the already existing vertices with proba-
bilities proportional to their current degrees.Bollobas and Riordan [3] o er a precisede nition of
the model, which was rst suggestedby Barabasi[2].

The standard preferertial attachment model hasa parameter M , which standsfor the number of
verticesthat ead newly arriving vertex attachesto. This parameter determinesthe averagedegree.
Sinceead new vertex addsM new edges,the total number of edgesin the graph is approximately
M n, wheren is the number of nodes. If the averagedegreeis d, the total number of edgesis nd=2
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sinceead edgeis courted twice. Thus,d 2M.

The average degreein the Internet AS-level graph (essemially, the graph of Internet Service
Providers) from Septenber 2003is 4:12, its maximum degreeis 2415and its power-law exponent
is about 2:17 [13]. Basedon the averagedegreeit is most appropriate to simulate the graph with
the preferertial attachment model with M = 2. Note howewer, that it is impossibleto match all
parameterssud as averagedegree,power-law exponert of the degreesequencemaximum degree,
etc. Bollobas et al. have shavn that regardlessof M, the preferertial attachment model generates
a degreesequencenith a power-law distribution with exponert 3 [4]. Despite thesedi erences from
the real-world network properties, we baseour simulations on the preferertial attachment model
with M = 2 sinceit is easyto generategraphs and also to obtain their biconnected componerts
simply by pruning the vertices of degree0 and 1. In our results, we state the original number of
nodesn that we simulate, however the overpayment and other metrics are basedon the biconnected
componert which contains about 80% of the original vertices.

5.1 Power-law with Unit Costs

Bollobas and Riordan [3] proved that power-law graphs generatedby the preferertial attachment
model with M 2 have diameter O(log n=loglogn). This bounds the averagedistance as well.
Recall, thesegraphsall have exponert = 3 of the power-law degreesequence.On the other hand,
Chung and Lu [6] have shawn that in the expected degreemodel, power-law graphswith = 3 have
diameter almost surely (log n) and averagedistance (log n=loglogn). Our simulation results for
the averagedistance are consistent with both models, asthey appearto grow as (log n=loglogn).

It is remarkablethat eventhough the averagedistanceis higherin this case( = 3) than the case
2< < 3,in which the distanceis O(loglogn) in the expected degreemodel [6], the averageVCG
overpaymernt is still not only constart but steadily declining. In Figure 3 we plot the overpaymert,
as well as % 1=loglogn for a comparison; we seethat loglogn seemsto decreasemore rapidly
than the overpayment, sothe overpayment is bounded below by (1 =loglogn). In addition, the
overpayment is bounded above by 0:5 for all n in our simulation. We also obtain that the average
path bonusis increasingwith n. For example,whenn = 100, the averagepath costis 2:59 and the
path bonusis 1:28. They increaseto 4:56 and 1:95 respectively when n = 20;000. Naturally, the
averagedistance increaseswith n and as paths get longer, they receiwe higher paymernts, and asit
turns out higher bonuses.

Recall that the averageoverpayment and the averagepath bonus are related as

B _ avg path bonus
TC  avg path cost '’

that is, averageoverpayment is equal to the average path bonus divided by the averagedistance.
Sincethe averagedistanceis O(log n=loglogn) and the averageoverpayment TB/TC is O(1), then
the averagepath bonus is also O(log n=loglogn). This is just an upper bound, and is consisten
with the plot on the right in Figure 3. If the averagedistanceis exactly (log n=loglogn), then by
our estimatesabove the averageoverpayment is asymptotically lower bounded by 1=loglogn and
sothe averagepath bonusis (log n=(loglogn)?).

5.2 Power-law with Uniform Random Costs

Recall that in complete graphs, overpaymert is exactly 1 with unit costsand exceeds((log n)*?®)
with uniformly random costs,thusthe costdistribution alonecanexacerbatepayments signi cantly.
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Somewhat surprisingly, we obtain that the average overpayment in our simulated power-law
graphs with uniformly random costs remains 0:85 0:01 as n increasesfrom 100 to 4;000 so it
seemsto be constart for any n.

Theseresults suggestthat the averageVCG overpaymert is boundedby constart in power-law
graphs, regardlessof the value of , and regardlesseven of whether edgecostsare unit or uniformly
random. It is an intriguing open question to prove this theoretically, for either the preferertial
attachment or expected degreemodel, and general cost distributions.

6 Concluding Remarks

In this paper, we studied theoretically and empirically the VCG overpayment in di erent typesof
graphswith unit and uniformly random edgecosts. We started out by de ning two main notions of
overpayment, averageVCG overpayment per unit cost (which we call simply averageoverpayment)
and averagepath bonus.

We derived a formula for averageoverpaymernt in the classicalErdps-Reryi random graphs. This
formula helped explain a courter-intuitiv e phenomenonthat overpaymert increaseswhen graphs
becomedenserand hence more competitive. We carried through this obsenation in complete
graphs with uniformly random edge costs, which have the worst overpayment of all graphs we
consider, of more than ((log n)%®). Our empirical results on power-law graphs shoved that the
overpayment decreaseswith the size of graphs with unit costs and stays constart in graphs with
uniformly random costs.

In conclusion,our results suggestthat for commonreal-world networks, the VCG payments will
not be too much higher than the true costs,hencethe VCG mecanism should remain an important
and attractiv e option for price or inceniv e integration to the Internet and other networks.
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