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ABSTRACT

We study rst-price auctionmechanismdor auctioning o w be-
tweengiven nodesin a graph. A r st-price auctionis ary auc-
tion in which links on winning pathsare paid their bid amount;
thedesignerhas e xibility in specifyingremainingdetails.We as-
sumeedgesareindependenagentswith x edcapacitiesandcosts,
andtheir objectie is to maximizetheir pro t. We characterizall

strong -Nashequilibria of a rst-price auction,andshav thatthe
total payments never signi cantly morethan,andoftenlessthan,
the well known dominantstratey Vickrey-Clark-Groves mecha-
nism. We thenpresent randomizedrersionof the rst-price auc-
tion for which the equilibrium conditioncanbe relaxedto -Nash
equilibrium. We next considera modelin which the amountof

demands uncertain but its probability distribution is known. For
this model,we shav thata simpleex ante rst-price auctionmay
nothave ary -Nashequilibria. We thenpresentamodi ed mech-
anismwith -parametebids which doeshave an -Nashequilib-
rium. For arandomizedrersionof this -parametemechanisnwe
characterizehe setof all -Nashequilibriaandprove a boundon

thetotal paymenin ary -Nashequilibrium.
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1. INTRODUCTION

In this paperwe studyvariantsof the pathauctionproblem.The
basicproblemcanbedescribedasfollows: We aregivenadirected
graph with two distinguishedvertices and . Eachlink in the
graphis aself-interesteédigentwhomwe assumeo berisk-neutral.
All links have capacity , but eachlink alsohasacost thatis
known only to thelink itself. A customemwantsto buy (or more
generally someinteger ) pathsfrom to . For this, sheholdsan
auctionin which eachlink canbid; theauctionshouldendwith the
customerannouncinga path,aswell asthe paymentso eachlink.
The questionave arechie y concernedvith are: (1) Whatis the
form of bids,andhow arethe pathandpaymentselected?2) How
muchdoesthecustomeendup paying,giventhatthelinks have an
informationaladvantage(the customeidoesnot know thetruelink
costs)?

Previouswork on pathauctionshasstudiedthe Vickrey-Clarke-
Groves (VCG) mechanism{17, 12, 9, 2, 8]. Roughly speaking,
the VCG mechanisnpayseachedgeon a winning pathanamount
equalto thehighesthid with whichit couldstill have won, all other
bids being unchanged. The VCG mechanismhasthe attractive
propertythateachlink' sdominantstratey is to bid exactlyits cost.
Thus,nobamgainingor communicatiorbetweerbiddersis required
to stabilizeon bids. Also the buyerdoesendup usingthe pathof
lowesttrue cost,which canbe seenasoptimizingsocialutility.

On the negative side,the VCG mechanisntanleadto the cus-
tomerpayingfar morethanthetrue costof the cheapespath. The
tendenyg to overpayis exaggeratedn pathauctions(ascompared
to simpleauctionspecaus@bonusneedgo bepaidto every agent
on the path. Thus,the paymentto the lowest-costpathmay even
greatlyexceedthe costof the second-cheapeptath. For example,
in Figure 1, VCG selectsthe bottompathand pays to it, even
thoughthe alternatepath hascost . Archer and Tardosshaved
thata moregeneralclassof dominantstratgy mechanismsanbe
forcedto male arbitrarily high overpayment$2]. Theirresultwas
strengthenetb hold for every truthful mechanisnby Elkind, Sahai
andSteiglitz[8].
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Figure 1. Any -Nash equilibrium selectsthe lower path and
pays while VCG pays for it.



In this paper we areinterestedn nding techniquedo rein in
the costto the consumerevenwhentheinformationis completely
asymmetric—thdinks know the customers valuation,but the cus-
tomerdoesnot know thelinks' valuation. If we restrictoursehes
to dominant-stratgy mechanismsye cannothopeto do betterthan
theVCG mechanismin this paperweinsteadconsideariantson

r st-priceauctionsandlessrestrictive solutionconcepts?

First-priceauctionsopenthepossibilityof payinglessthanVCG
auctions,but they do so by sacri cing valuablepropertiesof the
VCG mechanism. In particular in a rst-price auction, a risk-
neutraledgemay have incentive to lie, biddinga price higherthan
its cost.Also, in theabsencef adominantstratgy, it maybenec-
essanyfor biddersto communicateandbaigainto achieve a stable
setof bids.

1.1 Our Results

We beggin by exploring the setsof bids that are stableundera
rst-price auctionmechanism.The mostnaturalsolutionconcept
is that of a Nashequilibrium. We wantto retainthe propertythat
agentscanseeeachothers'bids, sothatthe bidding could be per
formedthroughpostedprices. Thus,mixed-stratgy equilibriaare
not very meaningfulfor us. Unfortunately we will not necessarily
have aNashEquilibriumin purestrateies,asthefollowing simple
exampleshavs. Considera network of two parallellinks, one of
cost2 andanotherof costl. Also assumehatties arebroken de-
terministicallyby assigninghe o w to thelink with cost2. In this
case the lower-costedgewould bid lessthan2; however, for ary
bid , it couldalwaysdo betterby increasingts bid by afurther
. Hencethereis no pureNashequilibriumin this case.

This motivatesusto usethe solutionconceptof -Nashequilib-
rium, in which no player candeviate in a way thatimproves his
payof by atleast . Unfortunatelythereis a dravbackto this so-
lution conceptaswell. In Figure2, we seethatthe winning path
may have a price higherthanthe costof the bestcompetitor This
defeatsour goal of reducingcustomermverpayment\We might ar
guethatthis solutionwould not be sustainedn practice,sincethe
edgenthesecondowest-cospatharelik ely to eachreducetheir
price. Thisleadsusto explore,in Section3, theconcepbf astrong

-Nashequilibrium,in which thereis no group of agentswho can
deviate in a way that improvesthe payof of eachmemberby at
least . We prove thatastrong -Nashequilibriumalwaysexistsfor
ary . We thenprove anupperboundon the paymentof ary
suchequilibriumandshawv thatthe paymenis essentiallynotmore
thatof the corresponding/CG paymentandoftenit is muchless
asshavn by Figurel.

Although strong -Nashequilibriamay solve someof the over
paymeniproblem,we cannotguarante¢hatbidderswill reachone.
In particular in theabsencef knowledgeaboutotherbidderscosts,
neitherlosing bidderin the exampleof Figure2 maybewilling to
“blink rst” andlower the price. Thus,in Section4, we presenta
modi ed, randomized,rst-price auctionthatexplicitly drivesthe
rst-price auctiontowardsa strong -Nashequilibrium.

Anotherdravbackof rst-price auctionss that,unlike the VCG
mechanisman edges preferredbid may dependon the demand
(e.g.,if demands high, anedgecanbid higherandstill hopeto be
needed).lt is unreasonabléo expectedgeso delaysettingprices
until demandsare madeclear Thus,in Section5 we considera
modelin which biddersset pricesaccordingto a distribution of
possibledemandsWe shaw that,in this model,asimple rst-price

1By “ rst-price auction”we referto ary auctionin whichthelinks
on thewinning path(or paths)are paidtheir bid amount. The de-
signerstill hasconsiderablee xibility in designingthe detailsof
theauctionmechanism.

auctionmaynothavean -Nashequilibrium. However, we designa
rst-price mechanisninvolving two-pamameterbidsthatdoeshave
an -Nashequilibrium. Wethensketcha mechanisnthatcombines
this two-parametemechanisnwith therandomizednechanisnof
Sectiond. For this combinedmechanismye cancharacterizehe
setof all -Nashequilibria,andtherebyprove a boundon thetotal
paymenin ary -Nashequilibrium.

In orderto maintaincontinuity mostproofshave beendeferred
to the Appendix.
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Figure 2: Costs(left) and Prices (right) in an -Nash equilib-
rium. The bottom edgewins and the price is higher than the
costof the secondbestpath.

1.2 RelatedWork

Path auctionsareaninstanceof the moregeneralclassof com-
binatorialauctionsjn which buyersbid for differentcollectionsof
goods. In pathauctions,sellers(in our case,graphedges)bid to
attractconsumero w andconsumerseekto buy a pathof edges
of lowestpricebetweeraspeci edsourceanddestination Finding
the winnersin generalcombinatorialauctionsis NP-hard[17, 1],
for this reasonresearchersften addrestrictingassumptionsuch
assymmetricbidders,etc. Pathauctionsprovide onesuchsimple-
structuredform of combinatorialauctions,which arisesnaturally
in network routing and more generallyin ary problemswith an
underlyingnetwork structure,suchastaskallocationto teamsof
agents.

Our work is alsorelatedto the literature on strong Nash and
strong -Nashimplementatiorof the core. In particular the deter
ministic rst-price pathauctionwe consideris similar to thegame
introducedby Young[19] in the contet of cost-sharing.For the
randomdemandpath auction introducedin section5.2, we use
techniqguesasedon Curiel [5] to shawv the existenceof the core.
We alsonotethatKalai etal. [14] presented strongNashimple-
mentationof the core of ary cooperatre game. We could have
usedthis implementationin placeof the -parameteructionin
Section5.2; however, the methodin [14] is more complex and
communication-intenge, andin our caseit would essentiallyre-
quireeachbidderto reportanentire o w.

Therehasalsobeensomepreviouswork on non-dominanstrat-
egy mechanismgor pathauctions. Elkind et al. [8] presentand
analyzean optimal Bayes-Nastmechanism.Gamg et al. [7] use
the core conceptfrom cooperatie gametheoryto boundthe pay-
mentsof VCG mechanismgor a large classof problemsthatin-
cludespathauctions.CzumajandRonen[6] proposea mechanism
which combineglominantandnon-dominanstratgyy mechanisms,
however they shav thatit hasan arbitraryratio betweenthe pay-
mentof differentequilibriaandsaythatoverall, “ nding a natural
andtractablemeasureof [non-dominanstrateyy] protocolsseems
challengingandimportant:

2. PROBLEM STATEMENT

In thepathauctiongame thereis anetwork  of strat@ic links,
eachwith aprivately-knavn true cost.All links have unit capacity



A customemwantsto buy routesfrom a source to asink in the
network to guarante¢hatherintegral amountof demand canbe
routed.In orderto do this, shede nesasetof rules,or medanism
that elicits bids from eachagentandthen allocates o w to each
agentin away thatsatis essomenaturalincentive properties.

Oneplausiblemechanisnfor this problemis the Vickrey-Clark-
Groves(VCG) mechanisnj18, 4, 11]. This mechanismis truthful
dominantstrategy or strategyproof, i.e. thestrateically bestbid for
anagents histruecost,independenof others'bids. Thusthebids
solicited by the mechanismmin an equilibrium arein factthe true
costsof the agents. This enableshe mechanisnto allocate o w
to the lowesttrue cost - ow, a socially desirablegoal in mary
settings. However, in orderto guaranteehat this allocationrule
is truthful dominantstratgy, the mechanismmustpay a (possibly
large) premiumto all edgesontheselected - o w. Onesideeffect
of dominantstratgiesis thatall baigaining betweerthe stratgic
agents(links, in our case)is eliminated,and the overpaymento
edgeontheselected - o w in theVCG mechanisntanbethought
of asaside-efect of thisfact.

We analyzeapproacheso reducingthetotal paymentoy usinga
wealer solutionconceptof a purestratgy equilibrium, the strong

-Nashequilibrium rst introducedby Aumann([3] and usedby

Young[19].

DEFINITION 1. An -Nashequilibrium for a gameis a setof
stratggies,onefor ead player sud thatno playercanunilaterally
deviatein a waythatimprovesher payof by at least .

A strong -Nashequilibriumfor a gameis a setof strategies,one
for eadh player suc that no group of players candeviatein a way
thatimprovesthe payof of each membeiby at least .

In particular we shawv thatin our models,for ary strong -Nash
equilibriumsetof bids, thereis anotherstrong -Nashequilibrium
setof bidswith the sameallocationandpaymentschemen which
eachagentbidswithin of histruecostunlessheis allocated o w
(in expectation) andhenever bidsbelav his truecost.
Ourmechanisnis asimple rst-price auction.lt elicitsbidsfrom
eachagentcomputeshecheapest - o w accordingo thebids,and
thenallocategshedemandothat - o w. Wefurtherassumehatwe
have a deterministictie-breakingrule sothatif thereis morethan
onecheapest - o0 w, we take thelexographically rst integral one.
We considertwo speci ¢ pathauctiongames.In the determin-
istic path auctiongame the user rst announces , his total de-
mand.Thenthe edgesannouncéids andthe userrunsa rst price
auctionto buy the necessaryo w. It is easyto imaginethat the
assumptionsf this modelmight be unrealisticin practice.Doesa
userreally know histotaldemandatthetime hebeginstheauction?
In our secondmodel,the randompath auctiongame the useran-
nouncesa probability distributionon . Thenthe edgesannounce
bids. Finally, the userdrawvs accordingto this distribution and
buys o w accordingly In therestof this paper we analyzeupper
andlower boundson the paymentsn strong -Nashequilibria for
eachof thesegames.
Notation: Foragraph ,let bethevectorof edgecosts,let
bethevectorof edgebids,andlet bethe setof edges
in theminimumweightintegral -ow?in  with respecto edge
weights  (if thereis more thanone minimumweight - ow in
with respecto |, let denotethe setof edgesin the
unique - o w thatwins the deterministictie-breakingrule of the
mechanism).We will referto asthe minimum cost -
owand astheminimumprice - o w with respecto bid

2The weight of this o w is equalto the weight of the minimum
weight - ow, i.e, requiringintegrality doesnt changethe value
of theoptimalsolution.

vector . Finally, for ary ow or edgeset , wede ne
to be the weightof  with respectto edgeweights . We say
isthecostof ow and to bethepriceof ow

with respecto bid vector . Whenthebids,costs,or graphis clear
from the context, we will sometimegropthemfrom the notation.
As a shorthandwe sometimeswrite insteadof , as
well as for the (costof the) lowestcost - ow. Finally, we
denotethenumberof agentspr edgesn , by

3. DETERMINISTIC PATH AUCTION GAME

Recallthatin the deterministicpath auctiongame the user rst
announces, his total demand.Thenthe edgesannounceids and
the userrunsa rst price auctionto buy the necessaryow. We
would like to analyzethe paymentpropertiesof this mechanism.
First, we prove that this mechanisnmhasa strong -Nashequilib-
rium.

THEOREM 1. Anydeterministic -unit r stpriceauctionhasa
strong -Nashequilibrium.

PrROOF. We constructa strong -Nashequilibrium asfollows.
Settheinitial bid vector , i.e. eachedgebidsits true cost
initially. Orderthe edgesin the graphin an arbitraryway. For
eachedge in this order if is part of the currentlowestprice

-unit ow , let raiseits bid until
(where denoteshe graph
with edge removed). Otherwisdlet 'sbid remainunchanged.
Call the nal bid vector
Weclaim isastrong -Nashequilibriumfor thedeterministic
-unit rst price auction. To shaw this, supposehe contrary i.e.,
thereis acoalition of edgesn which eachedgecanimprove its
payof by atleast by changingts bid. Notethatfor ary bid vector
constructedluringthis processtheauctionalwaysselectdhesame
- o w. Therefore the edgeswhich arenotonthewinning ow in
arebidding their true costand cannotbid lower. Furthermore,
the edgeswhich areon thewinning o w will getsmallerpayof if
they decreaséheir bid. Thereforeno edgecanbene t from lower-
ing its bid. Thus,the edgesin the coalition canonly raisetheir
bids. Supposeheedgesn increasdheir bidsby atotal of
unitsandtheremainingedgesn thecoalitionincreaseheir bids

by atotal of units (note ). Call the new bid vector .
In orderfor all edgedn to increaseheir payof, . Thus
while .
But then since by
optimality of . Thiscontradictgheoptimalityof . [

Given the existenceof strong -Nashequilibria, we canbound
the paymentsn ary suchequilibrium. In orderto develop some
intuition for the proof, it is usefulto rst considersending unit
of ow in a graphconsistingof just two parallel edgesfrom the
source tothesink of costs and , . Thelowertrue
costedgemustbeallocatedhe o w in equilibriumsincehecanbid
justunderthetrue costof the highercostedgeandbe guaranteea
prot of atleast . Thereforeby the conditionsof a strong -Nash
equilibrium, we canassumehatthe bid of the highercostedgeis
atmost morethanhis true cost,and so the overpaymenbf ary
equilibriumwill beatmost . Thecruxof thisagumentwas
to boundthe bid of the winning pathby the bid of anaugmenting
path. Sincethe augmentingpathdoesnot receve o w, we could
shav thatwithout lossof generalitythe bid of this pathshouldbe
closeto its true cost. This proof ideaeasilyextendsto -owsin
generalgraphsascanbe seenbelow.



THEOREM 2. Thetotal paymenbfthedeterministic -unit r st
price auctionin a strong -Nashequilibriumis at most

whee isthevectorof true edge costs.

PrROOF. Fix a strong -Nashequilibrium vectorof bids and
de ne edgesets

is thesubsebf edgeson anaugmentingpaththatarenotin the
original ow . We shav that without lossof generalitywe
mayassumehattheseedgesarebiddingcloseto theirtruecost. To

shaw this, considerabid vector  suchthat
for
for
Wewantto arguethat . Firstwe shaw
. Supposenot. Let betheset

of edgesn thenew lowestprice o w thatarealsoin . Wehave
only changedhebids of theedgesn | soif is emptythen

(this assumesomeconsisteng propertiesof the
tie-breakingrule). If is nonemptythenwe canconsidera bid

vector  constructedrom in which we only decreaseids of
edgesn

for

for

Sinceby our assumptiorthe winning o w haschangedwe must
have for anon-emptysubset of . Un-
der this new bid vector for ary ow
since for all edges. By construction,
andso, by the consisteng of the tie-breakingrule,
. Thus,underthe bid vector the setof edges
canform a coalitionin which eachmemberbids above its
true costandall membergro t by . This contradictghefactthe
wasastrong -Nashequilibrium.
Now, notingthat

it sufces to bound . Considetthe (non-inteyral) o w

,i.e.the o wwhichsends unitsof

o w alongthe o w pathsdeterminedy . Since

is alowestprice -ow,

Thisreducedo

which, solvingfor , gives
(1)
(2
(3)
4)
(5)

where3 follows from thefactthatfor ary edge andfor all

, ; and>5 follows from the optimality of
with respecto . [

In addition, it is easyto seethatthis boundis tight. Considera
graphwith paralleledgeswherethe costof the bottom
edgeds andthecostof theremainingtop edgeis . Letall
lower costedgesid for asmall , sotheirbidis lessthan
thebid of theremaininghighercostedge(whosebid is atleast ).
Theminimumprice - ow with respecto this bid vectorwill use
thebottom edgedor atotal price of which approaches

Finally, we emphasizewo propertiesof our mechanism.The
rst propertystateghatthetotal paymentof our rst pricemecha-
nismin astrong -Nashequilibriumis at most morethanthe
VCG paymentfor the samegraphin a Nashequilibrium. The sec-
ond propertystateshatthe socialwelfareof the resultingsolution
is an additive approximationto the optimum socialwelfare. The
proofsof thesetwo theoremsandof several of our laterresultsare
deferredto an extendedversionof this paper dueto spacdimita-
tion.

THEOREM 3. Givena graph with souce andsink ,the
VCGpaymenfor unitsof ow from to isatleast

THEOREM 4. In a strong -Nashequilibrium
(i.e. thestrong -Nashequilibria of the r st price
auctionare approximatelyef cient).

4. IMPLEMENT ATION IN -NASH

Thesimple rst-price auctionmayhave costly -Nashequilibria,
asshawvn in the examplein Figure2. In Section3 we usedthe -
strongNashsolutionconcepto getarouncthis problem.However,
assuminghatthe bidderswill reachan -strongNashequilibrium
is perhapstoo strongan assumption:it requiresextensve coor
dination betweenagents. In this section,we presenta variant of
themechanisnin which every -Nashequilibriumresultsin alow
price.

Oneideato achieve this is to pay a bonusto edgesthat in-
creasesastheir bid decreases.This encourage®dgesto submit
low bids. However, this hasthe side-efect of incentivizing edges
to bid even below their true cost, aslong asthey remainoff the
winning path. This would make the bagainingproblemthatlinks
mustsolve muchmorecomple, asit would include balgainsbe-
tweenoff-path andon-pathlinks. Alternatively, we could instead
send o w on eachedgewith someprobabilitythatincreasessthe
bid decreasesThusan edgewill not bid below its true cost, but
it might beincentvizedto bid very high. Using a combinationof
thesetwo ideas,we can constructa payof function suchthatan
edgewill bid closeto its truecostif it is notonthelowesttrue cost
o w. If thebonusesandprobabilitiesaresmallenoughthenthese
bonuspaymentswill not bevery large,andwe canprove a bound
onthetotal paymenbf themechanisnsimilarto thatin Theoren?.

We achieve this resultby makingthe mechanisnoutcomea lot-
tery over pathsinsteadof a singlepath: Every edgeis on aselected
pathwith at leasta small probability and edgesoff the shortest
patharegivenanincentie to bid their true cost. This is known as
virtual implementatiorin the economicditerature(see,eg. Jack-
son[13]). We assumethatthereis a value suchthatno edge
bidsmorethan . (Alternatively, canbethe maximumamount
thatthebuyeris willing to pay) Further we assumehatthe edges
arerisk-neutral. The mechanisnis givenin Figure3. The mech-
anismstartsby computinga collectionof paths . We discuss
the computationof this collectionin Section4.1. The mechanism
theninvitesa bid  from eachedge . The lowest-pricepathis
almostalways picked; however, with a small probability one of



1. For eachedge , nd
multiple pathsin

, apathfrom

2. Invite bids

3. For eachpath , compute

4. Selecteachpath
theselectegpath

with probability
. Payeachedge its bid

5. Payeachedge thesum

to through . Let

from theedges.

; with probability

(This payments in additionto ary paymentedge maygetin step4.)

. Notethatanedge may appeatin

, selectthelowestprice path. Call

, where

Figure 3: Mechanism FP2. The parameters

the pathsfrom the collectionis picked instead. In addition,each
edgeis paid a small bonusthat dependson the bids. The selec-
tion probability and bonusare chosento ensurethatit is optimal
for every edge whichis not onthelowest-pricepathto bid its true
cost. For simplicity, we presenthe mechanismandanalysisfor a
singleunit o w; theresultscaneasilybe extendedto ary constant

unitsof o w. Firstwenotethat -Nashequilibriaexistin this
mechanismjndeedthe sameconstructionasin Theoreml yields
an -Nashequilibrium.

LEMMA 1. For any costvector andany , an -Nash

equilibriumalwaysexists.

Giventhe existenceof -Nashequilibriaandtotal payof func-
tion to eachedge(sum of bonusand expectedselectionpayof),
we canboundthebid of the edgesot on the lowesttrue-costpath
by examiningtheir optimal bid. Note thatthe bonusincreasesas
the bid decreasedyut the expectedselectionpaymentdecreaseas
the bid decreasesIntuitively, we designthe bonusand selection
probabilitiesso that the total payof function is maximizedwhen

. Note thatif anedgeis selectedjt incursits true cost.
In this way, the true costautomaticallyentershis expectedpayof
function—themechanisndoesnot needto know the costin order
to achieve the maximumat .

By evaluatingthe expectedpayof of anoff-pathlink in mecha-
nismFP2,we canshow:

LEMMA 2. Let bean -Nashequilibrium bid vectorin the
medtanismFP2. Then,for anyedge notonthelowest-pricepath
with bids .

Now, we obsere thatthe values and canbe chosensmall
enoughto male the probabilities andbonuses arbi-
trarily small. Thus,the total paymentto edgesnot on the shortest
pathis very small. The boundon the paymentof mechanisnP2
is moresensitve to thevalueof becausedgesotonthelowest-
price path get very small paymentsn expectation. However, we
canshaw that,in thelimit as , the maximumexpectedpay-
mentin ary Nashequilibriumis boundedby the sameconstantas
before.

Observingthat as ,
result:

, we getthe following

and are selectedto be small positive constantssuch that and

THEOREM 5. Chooseany . For
thesevaluesof and ,

Total paymentsvith bids

4.1 Computing the setof covering o ws

Recallthatthe mechanisn-P2needsto computea setof paths
, where is apathfrom to thatusesedge . If isto
be relevant to the path auction,sucha path mustexist, however,
it is not always straightforvard to compute. In particular if the
network is ageneralirectedgraph,it is NP-hardto computesuch
apath,sinceit reducedo thetwo disjoint pathsproblem,which is
NP-completd10].

However, therearemary interestingclasse®f graphsfor which
it is possibleto computesuchapath  in polynomialtime,includ-
ing undirectedgraphsand directedagyclic or planargraphs[10].
We canalsomodify the mechanisnto ask eachbidderto exhibit
sucha path, thustransferringthe computationaburdenon to the
bidders.Also, thesepathsmay be precomputedndusedin mary
executionsof the mechanism—thedo not dependon the costsor
bids.

Anotherpossibilityis to usea setof covering pathsthatdo not
all terminateat —this canbe easily computedeven for general
directedgraphs.Then,if the pathis picked, somearbitrarytraf ¢
is sentalongthis path. After this "audit” traf c hasbeendelivered,
the lowest-pricepathis usedfor the intendedtrafc from to .
As long as the mechanisncan verify thatthe trafc is correctly
delivered theedgesvouldstill have anincentiveto bid asspeci ed.
Similarly, if we couldverify theexactpaththatthetrafc usedwe
couldusenon-simplepathsto cover the edgesagain,a setof non-
simplecovering pathscaneasilybe found.

5. DISTRIBUTION ON DEMANDS

In the previous sectionswe studied rst-price auctionsto meet
aknowvn demandwe arguedthatthey hadstableNashequilibria,
and shaved how to adjustthis mechanisrso that the equilibria
choserby the userhadrelatively small overpaymentsin practice,
however, it may not be possibleto deferthe settingof pricesuntil
the demands known. In this section,we examinethe problemof



achieving stablepriceswithout advanceknowledgeof thedemand.
In particular we assumehatthe edgesknow only of someproba-
bility distribution overthe possibledemands.

Ideally, we would like our resultsfor rst-price auctionswith
known demando carryover. For example,we provedin Section3
thata rst priceauctionfor unitsof demanded to a paymentof

. It isthusnaturalto hopethat
the samemechanismoperatingover random is alsostable,with
expectedpayment . Thisturnsoutto befalse—infact,we
shav in Section5.1 thatthe simple rst-price auctionmechanism
describedpreviously hasno -Nashequilibria. Intuitively, this is
becauseedgesmusttradeof the probability of receving o w with
thepro t of receving ow. With ahighbid, thepro t is large, but
the probability of winning the auctionis low. If the otherbidsare
alsohigh, anedgewill preferto lower its bid to win with a higher
probability This will lead other edgesto lower their bids so as
to restoretheir high winning probability Now, however, the rst
edgewill increasats bid soasto increasdts pro t atthe expense
of its winning probability and so a cycle emegesin the bidding
strat@ies. Sowe needto turn to morecomple« mechanisms.

We exhibit a mechanisminvolving two-pamameterbidsthat,un-
like the single-parameterst-price mechanismgdoeshave -Nash
equilibria. Intuitively, atwo-parametemechanisngetsaroundthe
problemof a single-parametemechanisnby letting the edgesex-
presstheir preferencesver the entireprice-probabilityspace.The
mechanismallows an edgeto bid a “price” that dependson its
winning probability; this prevents the bidding cycles that occur
with single-parametebids. Furthermore,using an indifference-
breakingtechniquesimilar to that of Section4, we areableto re-
strictthesetof equilibriato oneswith boundeduserpaymentsThe
boundis not quite the we hopedto achieve, but doesbear
aclearresemblancéo it.

5.1 No equilibrium with 1-parameterbidding

In this section,we analyzethe scenarioin which the demand
is randomwith a known distribution, andthe bidders(links) have
to committo a price beforethe demandis revealed,andthereis
deterministictie-breaking. Subsequentjythe demandis revealed
to be , andthe lowest-pricedpathsare picked. We shaw that
thereis in generaino -Nashequilibriumin purestratgjiesfor this

game.
Considera graphwith four parallel links and be-
tweenthe sourceand the sink, with true costs and re-

spectvely. Thedemandis either , or ; for simplicity, let the
probability of eachdemandvaluebe . Assignthe costssuchthat

THEOREM 6. Theris no pure-stiategy -Nashequilibriumfor
thisgame

The proof repeatedlyusesthe -Nashconditionsto shav that, at
ary bid vector one of the following musthold: (1) Thereis an
agentwho would gain by raisingits bid, or, (2) Thereis an agent
whowould gainby undercuttinganotheragento win with ahigher
probability The full proof will appearin an extendedversionof
this paper

5.2 Equilibrium with 2-parameterbidding

In section5.1, we sav thatwhenthe demands a randomvari-
ablewith aknown distribution,a simple rst-price auctionmaynot
have an -Nashequilibrium. In this section,we present different
auctionmodel,in which agents'bids arepairsof values,andshav
thatit hasanonemptysetof -Nashequilibria.

To prove that the bidding gameinducedby this auctionhasa
strong -Nashequilibrium,we constructa cooperatre gamemodel

of theauction.We shaw thatthe cooperatre gamehasa nonempty
core. We thenconnectthe cooperatie gameto the actualbidding

game,and shav thatthe path auctionhasan -Nashequilibrium

correspondingo ary coreelement.

Themodelis asfollows: Thedemandtantake ary integral value
in therange , Where is apositive integer. Further thereis a
known prior distributiononthedemand/alues;saythatthedemand
is with probability , for . We assumdor sim-
plicity that forall ; ourresultseasilyextendto asituation
in which for somevaluesof . Theagents'
bids are pairsof numbers:eachagent bids a pair ,
where isinterpretedas 'sreportedcost,and  is interpretedas

'sdemandegro t.
The mechanisnrecevesthe bids,andannounceso ws
for eachpossibledemandralue. We call thecollection
a candidatesolutionor simply a ow. We also
identifya ow  with thesetof linksin theunion ,
andsaythat if for some .

For each , the mechanisntalculateghe probability that

is in the winning o w, . Later, the actual
demandranspiressupposéahatthedemandurnsouttobe . The
mechanisnuseghelinksin  toroutethe o w, andpayseachink

asumof —. Considerary link selectedn some o w.
If (i.e., if bidits true cost),herexpectedpro t would be
. Giventheinput bid pairs,the mechanisnselectsa setof o ws
that minimizesthe total expectedpayments.This

canbe expressedn termsof solvinganintegerprogram.

As before,we use or for short,to denotethetotal
expectedcostof a solution whentheindividual
link costsare , andW to denotethepriceofthe ow  when
thebidsare . We denotethemechanisnmoutput(i.e., themin-price

ow) by

5.2.1 Thecoopeativegame

In this section,we de ne a cooperatie gamebasedon ary spe-
ci ¢ instanceof our -parametemechanismandprove thatit has
a non-emptycore. This cooperatie gameis introducedonly for
stratgic analysisof the mechanism.t is not explicitly playedby
the agentsbut helpsto shedlight on the agents'stratgiesin the
two-parameteauction.

DEFINITION 2. Givenasetof playels ,acooperatie gameis
de nedby a characteristi¢unction , with
For any , is calledthevalueof theset .

Givenadirectedgraph with distinguishedourceandsink,and
atruecost for eachlink , we de ne the cooperatie game

asfollows:

The setof playersin thegame is , Where
each is the playercorrespondingo link , and is aspecial
playercorrespondingo thecustomerLet bethecustomers bud-
get,andassumehat is large enoughto beirrelevant;
costof minimum-cost - ow is sufcient. For eachset

, de ne thevalue of in asfollows:

If doesnotcontaina -unit ow from to , f
containsthe customer aswell asall edgesona -unit o w from
thesourceto thesink, is de nedto betheoptimalvalueof the
linearprogramgivenbelow:

De ne to betheindicatorof in ,i.e, if
and if . Also, for ary node in thenetwork, we use
thenotationin  to denotethe setof incomingedgesandOut



to denotethe setof outgoingedgesThen,

Subjectto:
Out In
Out In

(6)

Thislinearprogramis interpretechsfollows: Forary link , and
ary demandvalue , thevariable indicatesthe ow along in

. Intutitively, thevalueof aset is relatedto thenetsurplusthat
is createdvhenonly theagentsn set areinvolvedin the o w. If

doesnot containthe customeranda -unit ow, is de ned
to be . Thus,only setsthatcontainatleastonecandidatesolution
areassigned positive value.

We also note that if , thenthe linear programhasan
integral optimal solution,correspondingo anintegral min-cost -
o w for each . In otherwords,thereis a solutionin which is
either or forall and . Itisalsoclearthat for
all

Thus, the function de nes a nite, nonngative value for
eachcoalitionset , andhenceit is the characteristiéunctionof a
valid cooperatre game .

Our analysisis centeredon the conceptof the core of a coop-
eratve game. Loosely speaking,the core of a cooperatie game
consistof all waysto divide up the overall value amongthe
agentssuchthat no group hasreasonto be unhapy - i.e.,
attainsa combinedutility of at least . Formally, the coreis
de ned asfollows:

DEFINITION 3. Avector is in thecoreof
thegame iffit sati es all of thefollowing:

and
and

In generalthe coreof a cooperatie gamemight be the empty
set.However, we canprove thatthis is notthe casefor thegame

LEMMA 3. Thegame hasanonemptycore.

PrROOF. Considerary division of amongthe players.We
shav that thereis at leastone suchdivision that satis es all the
coreconstraintsFor ary set  with , the coreconstraint
is trivially satis ed. Now, considera setset with .
Thelinear programde ning canbe summarizedn the form

subjectto and ,where isa

vectorof all thevariables, and arematricesndependentf |,

and isa - vectorrepresentinghe capacityconstraintfor set

. Then,the dual of the linear program(6) is the following linear
program:

Subjectto: @)

Now, considethedualprogramthatde nes ,i.e., thevalue
of the setcontainingthe customerandall thelinks. Let de-
noteanoptimalsolutionto this problem.Now, de ne
for all . Recallthat isa - vector with sin preciselythose
equationghatinvolve some ; thus, . Then,

as , we have ,and

is also
. Thus,we

Next, obsere thatfor ary set , the solution
feasiblein the dual of the program(7) de ning
have

Thus,thevector isin thecoreof thegame . [

5.2.2 Existenceofan -Nashequilibrium

We now shaw that given ary point in the core of this game,
we canperturbit slightly to geta vectorof bid pairs thatis an -
Nashequilibriumof thebiddinggame .We usethegame to drav
conclusionsaboutthe biddinggameinducedby the mechanism.

THEOREM 7. Let
mizesthe valueof

by

be any vectorin the core of that mini-
. Then,for any , thebid pro le de ned

for eadh link isan -Nashequilibrium.

PrROOF. (Sketch)Suppose isnotan -Nashequilibrium.Then,
thereis some suchthat canchangenerbid toincreaseherpayof
by . Let be 'ssuccessfubtratey, andlet  denotethe
bid pro le givenby and for all . Let

; it mustbethe casethat
In the appendix,we shav that thereis a nearoptimal o w

suchthat doesnot use (Lemmas5,7). More speci cally,
w w As , we have W

W . However, , andsoW W .
Thus,wegetW W , Which contradictgheassump-
tion that . O

Weareworkingon strengthening heoreni/ to shaw thatthis bid
pro le isindeedastrong -Nashequilibrium. This seemglausible
giventheresultsof Young[19]; hawever, the stratgy spacen our

-parametegameis richerthanthe stratey spacen Young[19].

5.3 Randomized2-parameter Auction

The mechanisnpresentedn Section5.2 hasan -Nashequilib-
rium correspondindo every coreallocation,but we cannotguar
anteethatthereareno other -Nashequilibria. As aresult,it was
not possibleto boundthe total payof to the edges. In this sec-
tion, we considera slightly modi ed mechanisnin which we add
asmallrandompaymentasin Section4. We prove that, with this
modi cation, it is possibleto boundthetotal payment.

The Randomize@-parameterAuctionis constructedasfollows.
As earlier theedges'bidsarepairs . Themechanism
hastwo components:

1. The 2-parametermechanism.Thismechanisnis conducted
exactlyasdescribedn Section5.2with parameters, , and
setasbefore.

2. The randomized audit. For edgeson a randomsource-
destinationpath,the payof is basedentirelyonthe com-
ponentof the bid, andis constructedasin Section4. The
parameters ,and areasde nedin Section4. To sim-
plify theanalysiswe assuméhattherandomizeccomponent
resultsin a payof functionof thefollowing form: If anedge



hastrue cost andbids , its expectedpayof from

this components — . The exact form
of the payof wasderivedin the proof of Lemma2, andhas
the sameshapethekey aspecfor usis thatthis functionis
maximizedat

We alsoneedto ensurethat, for all edges notin the winning
solution, is (or closeto zero). We assumehatthe mechanism
simply rejectsbid pro les thatdo not meetthis condition. Alterna-
tively, we couldimposeasmalltaxonthe  componenbf thebid.
We cannow prove a usefullemma,which shavs thatall edgesare
nearlytruthful abouttheir costsin equilibrium:

LEMMA 4. Let bean -NashequilibriumoftheRan-
domize?-parameterAuction. Then,for all ,

Using the fact that the costsare nearlytruthful, we canshawv that
their utility valuesarenearlyin thecore,andhencederive thefol-
lowing boundon the total payment.

THEOREM 8. Let beany -Nashequilibriumof the
Randomize@-parameterAuction.Let bealowest-costow, and
let be a lowest-cost - ow. Then,thetotal price paid
by the customeiin therandomize®-parameterauctionis at most

Theresultof Theorem8 standsin aninterestingrelationto that
of Theoren2. We do notachieve theintuitively appealingoundof
the expectationof the boundson the deterministicauctionin Sec-
tion 3,i.e., (proving this
strongerboundis aninterestingproblemfor future work). Instead
we achieve . In otherwords,
theexternalmultiplier isreplacedy (alargerquantity)whilein
the rst termthe quantity is replacedby ,
which canalsobe larger becausahe costof unitsof ow is a
corvex functionof . Our Theorem8 is thereforewealer in two
importantrespectshanTheoren2, but it doeshave asimilar over
all structure.

6. CONCLUSION

Theresultsin Section3 shaw thatfor a x ed -unit pathauction,
the upperboundon total paymentsn strong -equilibriais almost
the sameasthe lower boundon the VCG mechanisnpayments;
further, the boundsarethe samein thelimit as tendsto . It is
apparenfrom the simpleexamplein Sectionl andresultsin [2, 8]
thatthe VCG mechanisnwill oftenrequirepaymentsonsiderably
higherthanthis lower bound(andhence considerabljhigherthan
thestrong -equilibriaof the rst-price auction).

In Section5.1and5.2 we considerech modelin which the de-
mandis avariablewith aknown distribution, andwe needto select
pathsex ante We shavedthata simple rst-price auctionmaynot
evenhave an -Nashequilibrium. However, we provedthata vari-
antof theauctionwith -parametebidsinducesa surplus-sharing
gamewith a nonemptycore, and that every core elementcan be
perturbedslightly to getan -Nashequilibrium. We also proved
a boundon the total paymentto links in a coreallocation,which
suggestshatin thisdomaintooit maybepossibleto prove thatthe
VCG mechanisnhashigherexpectedoayments.

This leadsusto acomparisorbetweenrst-price andVCG path
auctionssimilarto thecomparisorbetweerthe cost-sharingnech-
anismsconsidereddy Young[19]. First-priceauctionsentail po-
tentially lower paymentsandhave greatercollusionresistancéhan

VCG mechanismsHowever, they suffer from onemajordravback,
in that the solution concept(strong -Nashequilibrium) requires
agentsto know all costs,and coordinateon the choiceof equilib-
rium. This is much more demandingthan the dominant-straigy
mechanismandcanleadto inef ciency in practice.Thus,theauc-
tion modelsanalyzecherearenot completelysatisfying,asthereis
no mechanisnprescribedor theagentids' to reachequilibrium.
Thisis trueevenfor thewealer concepiof -Nashequilibrium.

However, the resultsin this papershednew light on the func-
tions of overpaymenin VCG mechanismsWe canidentify three
distinctfunctionsof overpayment:

1. Cheaperpathshave a competitve advantageand can thus
commandasurplus.

2. Thesurpluspaidto links eliminatesthe needfor negotiation
betweerlinks, leadingto asimplemechanisnwithoutdelays
or expensve reasoning.

3. Thesurpluseliminatesthe externalitiesof oneagents strat-
egy on otheragentsJeadingto a mechanisnthatis fair in
the sensehatuninformedagentscando aswell asinformed
agents.

The rst sourceof overpaymenis commonto the rst-price auction
andthe VCG mechanismHowever, our resultsshav thatfor path
auctions,the VCG mechanisnoften winds up payinga premium
for functions2 and 3. (In contrast,for single-itemauctions,the
rst-price auctionalways paysasmuchin the worst caseasthe
VCG mechanism.)

This premiumcan be viewed as the “cost of implementation”
of the dominant-stratgy mechanismparticularlyin situationsin
which this form of fairnessis not compelling. We believe thata
promisingdirectionfor futureresearchs to nd bamgainingmech-
anismsto enablethe biddersto converge to anequilibrium. When
the edgesall know eachothers'costs,an -party baigaining pro-
tocol, suchasthe onein [15], couldbe used;whenthereis uncer
tainty, the situationis morecomplex. Sucha mechanisnmay be
subsidizedfor example,thelinks maybe givenanadditionalpay-
mentthatdecayswith time, to incentvize themto quickly reachan
agreement.As long asthe subsidyis smallerthanthe VCG pre-
mium, it maybeabetteralternatve.
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8. APPENDIX

8.1 Proofof Lemma?2

PrRoOF. With thebid vector , 'sexpectedpayof is

Let — . Then, is
aquadratidunctionof . Obsenrethat
when ; atthis point, . This is true for

all paths containing , andthus, is the optimal bid for

player . Further for ,

Similarly, . Thus,by theconditionof

-Nashequilibrium, . d

8.2 Proofof Lemmal

PrRoOF. Constructabid vector asin Theoreml. By this con-
structionwe have for ary edge thatis notonthelowest-
price path. Then,following the analysisof expectedpayof
in Lemma2, maximizes 's payof. (Notethat canonly get
ontothe lowest-pricepathby bidding belaw its cost,which would
resultin aloss.)

It remainsto shaw that every edge on the lowest-pricepath
would not signi cantly bene t by changingit's bid. Note that if

increasedts bid by morethan , it would nolongerbeonthe
lowest-pricepath. Further becausef theshapeof thebonuspayof
function, 's expectedgains from the bonusand probability
of off-path selectionwould alsodrop. Thus, cannotpossiblygain
morethan by raisingits bid.

Finally, considerthe possibilitythat lowersits bid by . Then,

would still be on the lowest-pricepath. It would lose at least
in pro ts from beingon thelowest-pricepath,andgain
atmost in ; thus,it couldnotgainoverall. [

8.3 Proof of Theorem5

PROOF. Let bean -Nashequilibrium bid vector for suf-
ciently small . The total probability that the mechanisnpicks a
pathotherthanthe lowest-pricepathis boundedcby . Any such
pathcanhave at most edgeson it, eachwith price at most
Thus,the expectedpaymentfor usingoneof thesepathsis at most

Similarly, we canboundthe bonus paid to ary edge :
. Thisis alwayslessthan
Finally, usingLemma2, we know thatary edgenotonthelowest-
price pathbidsat most " . Combiningthis with asimilar
amumentto Theorem2, we canboundthe total paymentto edges
onthelowest-pricepathby

In thelimit as , thelasttermis nggligible. Adding up all
threesourcef paymentwe gettherequiredresult. [

8.4 Proofsfor the 2-parameter mechanism
8.4.1 Positivepayofsin thecore

LEMMA 5. Let be a lowest-costsolution, and be a

lowest-cost -ow. For anyvector in thecore of , we
have
PrROOF. Let bea minimum-costow. Then,

, andhence by the corecondition,

Considerlowest-costntegral -ow . Then, con-
sistsof disjoint pathsfrom to ; callthem .
For each , de ne ,l.e,
, the - ow obtainedby droppingthe th path. Extend toa
collectionof ows , Where

consistsof the lowest-pricedpathsin . Then,as can



meetthedemandwe have: . Fur-
ther, notingthat hascostatmost- thatof , weget:
Furtheras isinthecore,wehave
. Now, addingoverall , weget:
Notethatthe left handsideincludeseachelementof exactly
times. Similarly, the o ws in theright handsidecover
exactly times.Thus,
Noting that , weget:
O

LEMMA 6. Givena networkanda costvector , andsomeele-
ment inthecoreof ,de nethebidprole by

Then,the lowest-price ow outputby the medanismwith input
hasatotal price of . Further anyminimum-costow  isan
optimal (minimume-price)ow, andincludesall links with

PRrROOF. First,let  be anoptimalintegral solutionto the lin-
earprogramde ning . Then,anexaminationof the objective
function of LP 6 shaws that
Now,

W (8)

We now shaw thatthisis alsoa lower boundon the cost. Suppose

therewassomeow  suchthatW . It followsthat
. Now, considerthelinearprogram

determiningthe valueof the coalition .The ow

is afeasiblesolutionfor this set,andhence

Butthiscontradictsheassumptiorthat isinthecoreof . Hence
every ow (including ) haspriceatleast . Thus,W
and includesall suchthat . d

8.4.2 Optimal ow withoutusingplayer

LEMMA 7. Let beavectorinthecoreof thatminimizeshe

valueof , andde nethebid vector by
Then,if ,forany therisa ow sud thatW
W , e, is an optimalsolution.

PROOF. Let . Assumethereis an suchthatthe
statements not true. Let be the lowest-price o w thatdoes
notinclude , andassumehatW w for
some . De ne avector by ,
and . Wenow claimthat isin thecore.If not,
therewould be someset suchthat . We must
have , or else would be . Similarly, mustcontain
a -ow, or elseit's valuewould be . It follows that , or
elsewe would have . Let bethe
lowest-costow in . Then, W andsowe get

W
W W
But, using Lemma, w because is a

minimum-price o w with bids , and so this is a contradiction.
Thus, mustbein the core; but this contradictsthe assumption
that isanelementof thecorethatminimized . [

8.4.3 Proofof Lemmad

ProoF. We arguethatplayer canalwaysdo betterby bidding
his true cost; the boundsfollow from the -Nashequilibrium con-
dition andthe expected-paydfgraphof the randomizedgathaudit.
Let bethe probability of beingincludedin the lowestprice
solutionin the -Nashequilibrium . If , then 'sentireex-
pectedpayof is dueto herexpectationof winning in therandom-
ized path audit, and the boundson  follow directly The same
amgumentholdsif but receivesanegative expectedpayof
from the 2-parameteauction(becausderbid  wastoo low).

Now, suppose , and,further, recevesa positive payof
fromthe -parametenuctionin the -Nashequilibrium. Consider
thestratgy with . ( receveda
non-ngative pro t under , soit followsthat is non-n@ative.)
Let bethesolutionchosenn the 2-parametepart of the mech-
anismwhenthe bidsare . Notethatif wereto deviate from

to ,thepriceof wouldnotchangethechangean the utility
componentvould exactly cancethechangen thecostcomponent.
Also, for ary otherow  thatdid notuse , thepriceof  would
not changewith 's deviation; thus, using the consisteng of the
tie-breakingrule,  would notbechoserabore . Thus,we con-
cludethat remainsin thewinning solution(which neednotbe )
underthebids

Next, obsenethat 'sexpectedpayof fromthe -parameteauc-
tion (with bid ) is , because bids her costtruthfully andis
in the winning solution. This is exactly the sameas 's payof

fromthe -parametenuctionin the -Nashequi-
librium

To prove theboundson , we compare's payof from theran-
domizedpart of the mechanisnwith bids and . Thebounds
follow directly from theform of therandomizedhuditpayofs. [



