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ABSTRACT
We study �rst-price auctionmechanismsfor auctioning�o w be-
tweengiven nodesin a graph. A �r st-price auction is any auc-
tion in which links on winning pathsare paid their bid amount;
thedesignerhas�e xibility in specifyingremainingdetails.We as-
sumeedgesareindependentagentswith �x edcapacitiesandcosts,
andtheir objective is to maximizetheir pro�t. We characterizeall
strong � -Nashequilibria of a �rst-price auction,andshow that the
total paymentis never signi�cantly morethan,andoftenlessthan,
the well known dominantstrategy Vickrey-Clark-Groves mecha-
nism. We thenpresenta randomizedversionof the�rst-price auc-
tion for which theequilibriumconditioncanberelaxed to � -Nash
equilibrium. We next considera model in which the amountof
demandis uncertain,but its probabilitydistribution is known. For
this model,we show thata simpleex ante�rst-price auctionmay
not have any � -Nashequilibria. We thenpresenta modi�ed mech-
anismwith � -parameterbids which doeshave an � -Nashequilib-
rium. For a randomizedversionof this � -parametermechanismwe
characterizethe setof all � -Nashequilibriaandprove a boundon
thetotal paymentin any � -Nashequilibrium.
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1. INTRODUCTION
In thispaper, westudyvariantsof thepathauctionproblem.The

basicproblemcanbedescribedasfollows: Wearegivenadirected
graph � with two distinguishedvertices � and � . Eachlink in the
graphis aself-interestedagentwhomweassumeto berisk-neutral.
All links have capacity 	 , but eachlink 
 alsohasa cost �
� that is
known only to thelink itself. A customerwantsto buy 	 (or more
generally, someinteger � ) pathsfrom � to � . For this, sheholdsan
auctionin whicheachlink canbid; theauctionshouldendwith the
customerannouncinga path,aswell asthepaymentsto eachlink.
The questionswe arechie�y concernedwith are: (1) What is the
form of bids,andhow arethepathandpaymentsselected?(2) How
muchdoesthecustomerenduppaying,giventhatthelinks havean
informationaladvantage(thecustomerdoesnot know thetruelink
costs)?

Previouswork on pathauctionshasstudiedtheVickrey-Clarke-
Groves (VCG) mechanism[17, 12, 9, 2, 8]. Roughly speaking,
theVCG mechanismpayseachedgeon a winning pathanamount
equalto thehighestbid with whichit couldstill havewon,all other
bids being unchanged. The VCG mechanismhas the attractive
propertythateachlink' sdominantstrategy is to bid exactly its cost.
Thus,nobargainingor communicationbetweenbiddersis required
to stabilizeon bids. Also thebuyerdoesendup usingthepathof
lowesttruecost,whichcanbeseenasoptimizingsocialutility.

On the negative side,theVCG mechanismcanleadto thecus-
tomerpayingfar morethanthetruecostof thecheapestpath.The
tendency to overpayis exaggeratedin pathauctions(ascompared
to simpleauctions)becauseabonusneedsto bepaidto everyagent
on the path. Thus,the paymentto the lowest-costpathmay even
greatlyexceedthecostof thesecond-cheapestpath. For example,
in Figure1, VCG selectsthe bottompath andpays � to it, even
thoughthe alternatepath hascost � . Archer andTardosshowed
thata moregeneralclassof dominantstrategy mechanismscanbe
forcedto make arbitrarily high overpayments[2]. Their resultwas
strengthenedto hold for everytruthful mechanismby Elkind, Sahai
andSteiglitz[8].
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Figure 1: Any � -Nash equilibrium selectsthe lower path and
pays ����� while VCG pays � for it.



In this paper, we areinterestedin �nding techniquesto rein in
thecostto theconsumer, evenwhentheinformationis completely
asymmetric—thelinks know thecustomer's valuation,but thecus-
tomerdoesnot know the links' valuation. If we restrictourselves
to dominant-strategy mechanisms,wecannothopeto dobetterthan
theVCG mechanism.In thispaper, weinsteadconsidervariantson
�r st-priceauctionsandlessrestrictivesolutionconcepts.1

First-priceauctionsopenthepossibilityof payinglessthanVCG
auctions,but they do so by sacri�cing valuablepropertiesof the
VCG mechanism. In particular, in a �rst-price auction, a risk-
neutraledgemayhave incentive to lie, biddinga pricehigherthan
its cost.Also, in theabsenceof adominantstrategy, it maybenec-
essaryfor biddersto communicateandbargain to achieve a stable
setof bids.

1.1 Our Results
We begin by exploring the setsof bids that arestableundera

�rst-price auctionmechanism.The mostnaturalsolutionconcept
is thatof a Nashequilibrium. We want to retainthepropertythat
agentscanseeeachothers'bids,so that thebiddingcouldbeper-
formedthroughpostedprices.Thus,mixed-strategy equilibriaare
not very meaningfulfor us. Unfortunately, we will not necessarily
haveaNashEquilibriumin purestrategies,asthefollowing simple
exampleshows. Considera network of two parallel links, oneof
cost2 andanotherof cost1. Also assumethat tiesarebrokende-
terministicallyby assigningthe�o w to thelink with cost2. In this
case,the lower-costedgewould bid lessthan2; however, for any
bid � � � , it couldalwaysdobetterby increasingits bid by afurther

�

�

� . Hencethereis no pureNashequilibriumin this case.
This motivatesusto usethesolutionconceptof � -Nashequilib-

rium, in which no playercandeviate in a way that improves his
payoff by at least � . Unfortunately, thereis a drawbackto this so-
lution conceptaswell. In Figure2, we seethat the winning path
mayhave a pricehigherthanthecostof thebestcompetitor. This
defeatsour goalof reducingcustomeroverpayment.We might ar-
guethat this solutionwould not besustainedin practice,sincethe
edgesonthesecondlowest-costpatharelikely to eachreducetheir
price.This leadsusto explore,in Section3, theconceptof astrong

� -Nashequilibrium, in which thereis no groupof agentswho can
deviate in a way that improves the payoff of eachmemberby at
least� . Weprove thatastrong� -Nashequilibriumalwaysexistsfor
any ����� . We thenprove anupperboundon thepaymentof any
suchequilibriumandshow thatthepaymentis essentiallynotmore
thatof thecorrespondingVCG payment,andoften it is muchless
asshown by Figure1.

Althoughstrong � -Nashequilibriamaysolve someof theover-
paymentproblem,wecannotguaranteethatbidderswill reachone.
In particular, in theabsenceof knowledgeaboutotherbidderscosts,
neitherlosingbidderin theexampleof Figure2 maybewilling to
“blink �rst” andlower theprice. Thus,in Section4, we presenta
modi�ed, randomized,�rst-price auctionthatexplicitly drivesthe
�rst-price auctiontowardsa strong� -Nashequilibrium.

Anotherdrawbackof �rst-price auctionsis that,unlike theVCG
mechanism,an edge's preferredbid may dependon the demand
(e.g.,if demandis high,anedgecanbid higherandstill hopeto be
needed).It is unreasonableto expectedgesto delaysettingprices
until demandsaremadeclear. Thus, in Section5 we considera
model in which biddersset pricesaccordingto a distribution of
possibledemands.Weshow that,in thismodel,asimple�rst-price

1By “�rst-price auction”we referto any auctionin which thelinks
on thewinning path(or paths)arepaid their bid amount.Thede-
signerstill hasconsiderable�e xibility in designingthe detailsof
theauctionmechanism.

auctionmaynothavean � -Nashequilibrium.However, wedesigna
�rst-price mechanisminvolving two-parameterbidsthatdoeshave
an � -Nashequilibrium.Wethensketchamechanismthatcombines
this two-parametermechanismwith therandomizedmechanismof
Section4. For this combinedmechanism,we cancharacterizethe
setof all � -Nashequilibria,andtherebyprove a boundon thetotal
paymentin any � -Nashequilibrium.

In orderto maintaincontinuity, mostproofshave beendeferred
to theAppendix.
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Figure 2: Costs(left) and Prices (right) in an � -Nash equilib-
rium. The bottom edgewins and the price is higher than the
costof the secondbestpath.

1.2 RelatedWork
Pathauctionsarean instanceof themoregeneralclassof com-

binatorialauctions,in which buyersbid for differentcollectionsof
goods. In pathauctions,sellers(in our case,graphedges)bid to
attractconsumer�o w andconsumersseekto buy a pathof edges
of lowestpricebetweenaspeci�edsourceanddestination.Finding
the winnersin generalcombinatorialauctionsis NP-hard[17, 1],
for this reasonresearchersoften addrestrictingassumptionssuch
assymmetricbidders,etc. Pathauctionsprovide onesuchsimple-
structuredform of combinatorialauctions,which arisesnaturally
in network routing and more generallyin any problemswith an
underlyingnetwork structure,suchas taskallocationto teamsof
agents.

Our work is also relatedto the literatureon strongNashand
strong � -Nashimplementationof thecore. In particular, thedeter-
ministic �rst-price pathauctionwe consideris similar to thegame
introducedby Young[19] in the context of cost-sharing.For the
randomdemandpath auction introducedin section5.2, we use
techniquesbasedon Curiel [5] to show the existenceof the core.
We alsonotethatKalai et al. [14] presenteda strongNashimple-
mentationof the core of any cooperative game. We could have
usedthis implementationin placeof the � -parameterauctionin
Section5.2; however, the methodin [14] is more complex and
communication-intensive, andin our caseit would essentiallyre-
quireeachbidderto reportanentire�o w.

Therehasalsobeensomepreviouswork onnon-dominantstrat-
egy mechanismsfor pathauctions. Elkind et al. [8] presentand
analyzean optimal Bayes-Nashmechanism.Garg et al. [7] use
thecoreconceptfrom cooperative gametheoryto boundthepay-
mentsof VCG mechanismsfor a large classof problemsthat in-
cludespathauctions.CzumajandRonen[6] proposea mechanism
whichcombinesdominantandnon-dominantstrategy mechanisms,
however they show that it hasan arbitraryratio betweenthe pay-
mentof differentequilibriaandsaythatoverall, “�nding a natural
andtractablemeasureof [non-dominantstrategy] protocolsseems
challengingandimportant.”

2. PROBLEM STATEMENT
In thepathauctiongame, thereis anetwork � of strategic links,

eachwith a privately-known truecost.All links haveunit capacity.



A customerwantsto buy routesfrom a source� to a sink � in the
network to guaranteethather integral amountof demand� canbe
routed.In orderto do this,shede�nesasetof rules,or mechanism,
that elicits bids from eachagentand then allocates�o w to each
agentin a way thatsatis�essomenaturalincentive properties.

Oneplausiblemechanismfor this problemis theVickrey-Clark-
Groves(VCG) mechanism[18, 4, 11]. This mechanismis truthful
dominantstrategyor strategyproof, i.e. thestrategically bestbid for
anagentis his truecost,independentof others'bids.Thusthebids
solicitedby the mechanismin an equilibrium are in fact the true
costsof the agents.This enablesthe mechanismto allocate�o w
to the lowest true cost � -�o w, a socially desirablegoal in many
settings. However, in order to guaranteethat this allocationrule
is truthful dominantstrategy, themechanismmustpaya (possibly
large)premiumto all edgeson theselected� -�o w. Onesideeffect
of dominantstrategiesis that all bargainingbetweenthe strategic
agents(links, in our case)is eliminated,and the overpaymentto
edgesontheselected� -�o w in theVCG mechanismcanbethought
of asa side-effect of this fact.

Weanalyzeapproachesto reducingthetotalpaymentby usinga
weaker solutionconceptof a purestrategy equilibrium,thestrong

� -Nashequilibrium �rst introducedby Aumann[3] and usedby
Young[19].

DEFINITION 1. An � -Nashequilibrium for a gameis a setof
strategies,onefor each player, such thatnoplayercanunilaterally
deviatein a waythat improvesherpayoff by at least � .

A strong� -Nashequilibriumfor a gameis a setof strategies,one
for each player, such that nogroupof players candeviatein a way
that improvesthepayoff of each memberbyat least � .

In particular, we show that in our models,for any strong � -Nash
equilibriumsetof bids,thereis anotherstrong � -Nashequilibrium
setof bidswith thesameallocationandpaymentschemein which
eachagentbidswithin � of his truecostunlessheis allocated�o w
(in expectation),andhenever bidsbelow his truecost.

Ourmechanismis asimple�rst-price auction.It elicitsbidsfrom
eachagent,computesthecheapest� -�o w accordingto thebids,and
thenallocatesthedemandto that � -�o w. Wefurtherassumethatwe
have a deterministictie-breakingrule so that if thereis morethan
onecheapest� -�o w, we take thelexographically�rst integral one.

We considertwo speci�c pathauctiongames.In thedetermin-
istic path auctiongame, the user�rst announces� , his total de-
mand.Thentheedgesannouncebidsandtheuserrunsa �rst price
auctionto buy the necessary�o w. It is easyto imaginethat the
assumptionsof this modelmight beunrealisticin practice.Doesa
userreallyknow histotaldemandatthetimehebeginstheauction?
In our secondmodel,therandompathauctiongame, theuseran-
nouncesa probabilitydistribution on � . Thentheedgesannounce
bids. Finally, the userdraws � accordingto this distribution and
buys �o w accordingly. In the restof this paper, we analyzeupper
andlower boundson thepaymentsin strong � -Nashequilibria for
eachof thesegames.

Notation: For a graph � , let � be the vectorof edgecosts,let
�

bethevectorof edgebids,andlet ����� ��� ��	 bethesetof edges
in theminimumweight integral � -�o w2 in � with respectto edge
weights 
 (if thereis more thanoneminimum weight � -�o w in

� with respectto � , let ���
� ��� ��	 denotethe setof edgesin the
unique � -�o w that wins the deterministictie-breakingrule of the
mechanism).We will refer to ����� ��� ��	 as the minimum cost � -
�o w and ����� ��� ��	 astheminimumprice � -�o w with respectto bid
2The weight of this �o w is equalto the weight of the minimum
weight � -�o w, i.e., requiring integrality doesn't changethe value
of theoptimalsolution.

vector
�

. Finally, for any �o w or edgeset � , we de�ne �������
	

to be the weight of � with respectto edgeweights 
 . We say
�������
	 is thecostof �o w � and � � ���
	 to bethepriceof �o w �

with respectto bid vector
�

. Whenthebids,costs,or graphis clear
from thecontext, we will sometimesdropthemfrom thenotation.
As a shorthand,we sometimeswrite �����
	 insteadof �������
	 , as
well as ��� ��	 for the (costof the) lowestcost � -�o w. Finally, we
denotethenumberof agents,or edgesin � , by � .

3. DETERMINISTIC PATH AUCTION GAME
Recallthat in thedeterministicpathauctiongame, theuser�rst

announces� , his total demand.Thentheedgesannouncebidsand
the userrunsa �rst price auctionto buy the necessary�o w. We
would like to analyzethe paymentpropertiesof this mechanism.
First, we prove that this mechanismhasa strong � -Nashequilib-
rium.

THEOREM 1. Anydeterministic� -unit �r st priceauctionhasa
strong � -Nashequilibrium.

PROOF. We constructa strong � -Nashequilibrium as follows.
Setthe initial bid vector

��� �

� , i.e. eachedgebids its truecost
initially. Order the edgesin the graphin an arbitrary way. For
eachedge ! in this order, if ! is part of the currentlowestprice

� -unit �o w ����� ��� ��	 , let ! raiseits bid until �

��"

���

��"

� ��� ��	#	%$

�
�

���
�

� ��� � �'&(!*)*	#	 � �

�

� (where � �'&(!*) denotesthe graph
� with edge! removed). Otherwiselet ! 's bid remainunchanged.
Call the�nal bid vector

��+

.
Weclaim

�
+

is astrong� -Nashequilibriumfor thedeterministic
� -unit �rst priceauction. To show this, supposethecontrary, i.e.,
thereis a coalition , of edgesin which eachedgecanimprove its
payoff by at least� by changingits bid. Notethatfor any bid vector
constructedduringthisprocess,theauctionalwaysselectsthesame

� -�o w. Therefore,theedgeswhich arenot on thewinning �o w in
�

+

arebidding their truecostandcannotbid lower. Furthermore,
theedgeswhich areon thewinning �o w will getsmallerpayoff if
they decreasetheir bid. Thereforeno edgecanbene�t from lower-
ing its bid. Thus,theedgesin thecoalition , canonly raisetheir
bids.Supposetheedgesin ,�-.�

�*/

increasetheirbidsby a totalof
0 unitsandtheremainingedgesin thecoalitionincreasetheir bids
by a total of 1 units (note 0

�#1 � � ). Call the new bid vector
�

.
In orderfor all edgesin , to increasetheir payoff, ,324�

�
. Thus

�
�

���

�*/

	

�

�

��/

���

��/

	65

0 while �
�

���
�

	

�

�

��/

���
�

	65

0

571 .
But then �

�
���

�
	 �8�

�
���

�*/

	 since �

��/

���

��/

	
9:�

�*/

���
�

	 by
optimalityof �

��/

. Thiscontradictstheoptimalityof �
� .

Given the existenceof strong � -Nashequilibria, we canbound
the paymentsin any suchequilibrium. In order to develop some
intuition for the proof, it is useful to �rst considersending 	 unit
of �o w in a graphconsistingof just two parallel edgesfrom the
source� to thesink � of costs; and < , ; �=<>5 � . The lower true
costedgemustbeallocatedthe�o w in equilibriumsincehecanbid
just underthetruecostof thehighercostedgeandbeguaranteeda
pro�t of at least � . Therefore,by theconditionsof a strong � -Nash
equilibrium,we canassumethat thebid of thehighercostedgeis
at most � morethanhis true cost,andso the overpaymentof any
equilibriumwill beatmost ;�5 � �
< . Thecruxof thisargumentwas
to boundthebid of thewinning pathby thebid of anaugmenting
path. Sincethe augmentingpathdoesnot receive �o w, we could
show thatwithout lossof generalitythebid of this pathshouldbe
closeto its truecost. This proof ideaeasilyextendsto � -�o ws in
generalgraphsascanbeseenbelow.



THEOREM 2. Thetotal paymentof thedeterministic� -unit �r st
price auctionin a strong � -Nashequilibriumis at most

��� ��������� �
5 	 	#	 � ��������� �6	#	�� 5 � � � �

where � is thevectorof trueedge costs.

PROOF. Fix a strong � -Nashequilibrium vectorof bids
�

and
de�ne edgesets�

�

�

& !�� ����� ��5 	 	 � � � � �6	 )

�

�

�

& !�� ����� ��5 	 	�- � � � ��	 )

�

	

�

& !�� � � � ��	 � � � � ��5 	 	 )�

� is thesubsetof edgesonanaugmentingpaththatarenot in the
original �o w � � � ��	 . We show that without lossof generalitywe
mayassumethattheseedgesarebiddingcloseto their truecost.To
show this,considera bid vector

��


suchthat

<




�

�
�������

& < � � � � 5 � ) for 
��

�

�

�

< � for 
�� �

�

���

Wewantto arguethat �

�*"

���

��"

� ��	#	

�

� � ��� � � ��	#	 . Firstweshow
� � � �6	

�

�

�*"

� �6	 . Supposenot. Let

�




�

�

�

�

-%�

��"

� �6	 betheset
of edgesin thenew lowestprice�o w thatarealsoin

�

� . Wehave
only changedthebidsof theedgesin

�

� , so if

�




� is emptythen
����� �6	

�

�

��"

� ��	 (this assumessomeconsistency propertiesof the
tie-breakingrule). If

�




� is nonempty, thenwe canconsidera bid
vector

��
 


constructedfrom
�

in which we only decreasebids of
edgesin

�




� :

<


 


�

�

�

�����

& <
�

� �
�

5 � ) for 
��

�




�

�

< � for 
�� �

�




�

�

Sinceby our assumptionthe winning �o w haschanged,we must
have <


 


�

�

� ��5 ��� < � for a non-emptysubset

�


 


� of

�




� . Un-
der this new bid vector, �

��" "

���
	3$ �

��"

���
	 for any �o w �

since
�




�

9

�

 


� for all edges
 . By construction,�

��" "

���

��"

� ��	#	

�

�

��"

���

��"

� �6	#	 andso, by the consistency of the tie-breakingrule,
�

�
"

� ��	

�

�

�
" "

� �6	 . Thus,underthebid vector
�

thesetof edges
�


 


� can form a coalition in which eachmemberbids � above its
truecostandall memberspro�t by � . This contradictsthefact the

�

wasa strong � -Nashequilibrium.
Now, notingthat �

�*"

���

�*"

� ��	#	

�

�

��"

���
�

� �6	#	

�

�
�

���
�

� �6	#	 ,
it suf�ces to bound�

��"

���

��"

� ��	#	 . Considerthe(non-integral) �o w
� �

�

� � 5�	 	#	 �
�

� �>5�	 	 , i.e. the�o w whichsends�

�

� �>5�	 	 unitsof
�o w alongthe�o w pathsdeterminedby ����� �
5 	 	 . Since �

�
"

� �6	

is a lowestprice � -�o w,
�

�

��5 	��

�

��"

������� ��5 	 	#	 � �

��"

���

�*"

� �6	#	>$ �

�

This reducesto
�

�

�
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�
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�

�

�
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�

	

��5 	��

�

�*"

�

�

�
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which,solvingfor �
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�

�
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�*"

�
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�
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�
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	#	 (2)

9 ��� �����

�

�
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	#	 (3)

9 ��� �
�

���
�

� ��5 	 	#	 � �
�

���

��"

� �6	#	�5 � � 	 (4)

9 ��� ����������� ��5 	 	#	 � �7��������� ��	#	�5 � � 	 (5)

where3 follows from thefactthatfor any edge<




�

$ �
� andfor all


��

�

� , <




�

9 � ��5 � ; and5 follows from theoptimality of ����� �6	

with respectto � .

In addition,it is easyto seethat this boundis tight. Considera
graphwith � � 5 	 	 paralleledgeswherethecostof the bottom �

edgesis � andthecostof theremainingtopedgeis �




� � . Let all �

lowercostedgesbid �




� � for asmall � � � , sotheirbid is lessthan
thebid of theremaininghighercostedge(whosebid is at least�




).
Theminimumprice � -�o w with respectto this bid vectorwill use
thebottom � edgesfor a total priceof ��� �




� � 	 which approaches
��� ��������� ��5 	 	#	 � ��������� �6	#	#	 .

Finally, we emphasizetwo propertiesof our mechanism.The
�rst propertystatesthatthetotal paymentof our �rst pricemecha-
nism in a strong � -Nashequilibrium is at most � � � morethanthe
VCG paymentfor thesamegraphin a Nashequilibrium. Thesec-
ondpropertystatesthatthesocialwelfareof theresultingsolution
is an additive approximationto the optimumsocialwelfare. The
proofsof thesetwo theoremsandof severalof our laterresultsare
deferredto anextendedversionof this paper, dueto spacelimita-
tion.

THEOREM 3. Givena graph � with source , andsink  , the
VCGpaymentfor � unitsof �ow from , to  is at least ��� ��������� � 5

	 	#	 � ����� � � ��	#	#	 .

THEOREM 4. In a strong � -Nashequilibrium
�

, ��������� �6	#	
9

��������� �6	#	�5 �#� (i.e. thestrong � -Nashequilibria of the�r st price
auctionare approximatelyef�cient).

4. IMPLEMENT ATION IN � ­NASH
Thesimple�rst-price auctionmayhavecostly � -Nashequilibria,

asshown in theexamplein Figure2. In Section3 we usedthe � -
strongNashsolutionconceptto getaroundthisproblem.However,
assumingthat thebidderswill reachan � -strongNashequilibrium
is perhapstoo strongan assumption:it requiresextensive coor-
dinationbetweenagents. In this section,we presenta variantof
themechanismin which every � -Nashequilibriumresultsin a low
price.

One idea to achieve this is to pay a bonusto edgesthat in-
creasesas their bid decreases.This encouragesedgesto submit
low bids. However, this hastheside-effect of incentivizing edges
to bid even below their true cost, as long as they remainoff the
winning path. This would make thebargainingproblemthat links
mustsolve muchmorecomplex, asit would includebargainsbe-
tweenoff-path andon-pathlinks. Alternatively, we could instead
send�o w on eachedgewith someprobabilitythatincreasesasthe
bid decreases.Thusan edgewill not bid below its true cost,but
it might be incentivized to bid very high. Usinga combinationof
thesetwo ideas,we can constructa payoff function suchthat an
edgewill bid closeto its truecostif it is noton thelowesttruecost
�o w. If thebonusesandprobabilitiesaresmallenough,thenthese
bonuspaymentswill not bevery large,andwe canprove a bound
onthetotalpaymentof themechanismsimilarto thatin Theorem2.

We achieve this resultby makingthemechanismoutcomea lot-
teryoverpathsinsteadof asinglepath:Everyedgeis onaselected
path with at leasta small probability, and edgesoff the shortest
patharegivenanincentive to bid their truecost.This is known as
virtual implementationin the economicsliterature(see,eg. Jack-
son [13]). We assumethat thereis a value ! suchthat no edge
bidsmorethan ! . (Alternatively, ! canbethemaximumamount
thatthebuyeris willing to pay.) Further, we assumethattheedges
arerisk-neutral.Themechanismis given in Figure3. Themech-
anismstartsby computinga collectionof paths &#"�$ ) . We discuss
thecomputationof this collectionin Section4.1. Themechanism
then invites a bid <%$ from eachedge ! . The lowest-pricepath is
almostalways picked; however, with a small probability, oneof



1. For eachedge ! , �nd "�$ , a pathfrom � to � through ! . Let �

�

&#"�$ ) $���� . Note that an edge ! may appearin
multiplepathsin � .

2. Invite bids
���

� <�� �

� �%�

�#< $ �

�%�%�

�#<���	 from theedges.

3. For eachpath " �	� , compute


��

��


���

�

$��

�

< $

4. Selecteachpath " ��� with probability 
�� ; with probability � 	 ���

�

���


��

	 , selectthelowestpricepath.Call
theselectedpath "

�

. Payeachedge! � "

�

its bid < $ .

5. Payeachedge! � � thesum � $��

�

	

�

�

�

�����

���

$

�

�

$

�

�

	 , where

�

�

$

�

�

	

��


� ! ��< $ 	�5��6<%$

�

�

�

�

<

�

���

< �

$

�

(Thispaymentis in additionto any paymentedge! maygetin step4.)

Figure 3: Mechanism FP2. The parameters



and � are selectedto be small positive constantssuch that



� �

	

�%!

	

� and � �




�

	

�

!

	

� .

the pathsfrom the collectionis picked instead. In addition,each
edgeis paid a small bonusthat dependson the bids. The selec-
tion probability andbonusarechosento ensurethat it is optimal
for every edge,which is not on thelowest-pricepathto bid its true
cost. For simplicity, we presentthemechanismandanalysisfor a
singleunit �o w; theresultscaneasilybeextendedto any constant

� � 	 unitsof �o w. Firstwenotethat � -Nashequilibriaexist in this
mechanism;indeedthesameconstructionasin Theorem1 yields
an � -Nashequilibrium.

LEMMA 1. For any costvector � and any � � � , an � -Nash
equilibriumalwaysexists.

Given the existenceof � -Nashequilibria andtotal payoff func-
tion to eachedge(sum of bonusandexpectedselectionpayoff),
we canboundthebid of theedgesnot on thelowesttrue-costpath
by examiningtheir optimal bid. Note that the bonusincreasesas
thebid decreases,but theexpectedselectionpaymentdecreasesas
the bid decreases.Intuitively, we designthe bonusandselection
probabilitiesso that the total payoff function is maximizedwhen

< �

�

� � . Note that if an edgeis selected,it incurs its true cost.
In this way, the truecostautomaticallyentershis expectedpayoff
function—themechanismdoesnot needto know thecostin order
to achieve themaximumat < �

�

� � .
By evaluatingtheexpectedpayoff of anoff-path link in mecha-

nismFP2,we canshow:

LEMMA 2. Let
�

be an � -Nashequilibrium bid vector in the
mechanismFP2. Then,for anyedge ! noton thelowest-pricepath
with bids

�

, <%$ �"! �%$ ��# � �

�

��� � $ 5$# � �

�

�&% .

Now, we observe that the values



and � canbe chosensmall
enoughto make the probabilities &


'�

) andbonuses�

�

$

�

�

	 arbi-
trarily small. Thus,the total paymentto edgesnot on theshortest
pathis very small. Theboundon thepaymentof mechanismFP2
is moresensitive to thevalueof � becauseedgesnot on thelowest-
price pathget very small paymentsin expectation. However, we
canshow that, in the limit as �)( � , themaximumexpectedpay-
mentin any Nashequilibriumis boundedby thesameconstantas
before.

Observingthat as �*( � ,
#

� �

�

�$( � , we get the following
result:

THEOREM 5. Chooseany



� �

	

�
!

	

�

�+� �




�

	

�

!

	

� . For
thesevaluesof




and � ,
,

���

-/.10

�3254

- -NE �

& Total paymentswith bids
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�

�

!

�

4.1 Computing the setof covering �o ws & "�$ )

Recallthat themechanismFP2needsto computea setof paths
& " $ ) , where "�$ is a path from � to � that usesedge ! . If ! is to
be relevant to the pathauction,sucha pathmustexist, however,
it is not always straightforward to compute. In particular, if the
network is a generaldirectedgraph,it is NP-hardto computesuch
a path,sinceit reducesto thetwo disjoint pathsproblem,which is
NP-complete[10].

However, therearemany interestingclassesof graphsfor which
it is possibleto computesuchapath "�$ in polynomialtime,includ-
ing undirectedgraphsanddirectedacyclic or planargraphs[10].
We canalsomodify the mechanismto askeachbidder to exhibit
sucha path, thustransferringthe computationalburdenon to the
bidders.Also, thesepathsmaybeprecomputedandusedin many
executionsof themechanism—they do not dependon thecostsor
bids.

Anotherpossibility is to usea setof covering pathsthatdo not
all terminateat � —this canbe easilycomputed,even for general
directedgraphs.Then,if thepathis picked,somearbitrarytraf�c
is sentalongthis path.After this ”audit” traf�c hasbeendelivered,
the lowest-pricepath is usedfor the intendedtraf�c from � to � .
As long as the mechanismcan verify that the traf�c is correctly
delivered,theedgeswouldstill haveanincentiveto bidasspeci�ed.
Similarly, if we couldverify theexactpaththatthetraf�c used,we
couldusenon-simplepathsto cover theedges;again,a setof non-
simplecoveringpathscaneasilybefound.

5. DISTRIB UTION ON DEMANDS
In theprevious sections,we studied�rst-price auctionsto meet

a known demand,we arguedthat they hadstableNashequilibria,
and showed how to adjust this mechanismso that the equilibria
chosenby theuserhadrelatively smalloverpayments.In practice,
however, it maynot bepossibleto deferthesettingof pricesuntil
thedemandis known. In this section,we examinetheproblemof



achieving stablepriceswithoutadvanceknowledgeof thedemand.
In particular, we assumethat theedgesknow only of someproba-
bility distributionover thepossibledemands.

Ideally, we would like our resultsfor �rst-price auctionswith
known demandto carryover. For example,we provedin Section3
thata �rst priceauctionfor � unitsof demandled to a paymentof

���

�

�'! �������*� � 5 	 	#	 �7�������(� ��	#	 % . It is thusnaturalto hopethat
thesamemechanismoperatingover random� is alsostable,with
expectedpayment

�

�

!

���

% . This turnsout to befalse—infact,we
show in Section5.1 that the simple�rst-price auctionmechanism
describedpreviously hasno � -Nashequilibria. Intuitively, this is
becauseedgesmusttradeoff theprobability of receiving �o w with
thepro�t of receiving �o w. With a high bid, thepro�t is large,but
theprobabilityof winning theauctionis low. If theotherbidsare
alsohigh, anedgewill preferto lower its bid to win with a higher
probability. This will lead other edgesto lower their bids so as
to restoretheir high winning probability. Now, however, the �rst
edgewill increaseits bid soasto increaseits pro�t at theexpense
of its winning probability, andso a cycle emergesin the bidding
strategies.Sowe needto turn to morecomplex mechanisms.

We exhibit a mechanisminvolving two-parameterbidsthat,un-
like thesingle-parameter�rst-price mechanism,doeshave � -Nash
equilibria. Intuitively, a two-parametermechanismgetsaroundthe
problemof a single-parametermechanismby letting theedgesex-
presstheir preferencesover theentireprice-probabilityspace.The
mechanismallows an edgeto bid a “price” that dependson its
winning probability; this prevents the bidding cycles that occur
with single-parameterbids. Furthermore,using an indifference-
breakingtechniquesimilar to thatof Section4, we areableto re-
strict thesetof equilibriato oneswith boundeduserpayments.The
boundis not quite the

�

�

!

���

% we hopedto achieve, but doesbear
a clearresemblanceto it.

5.1 No equilibrium with 1­parameterbidding
In this section,we analyzethe scenarioin which the demand

is randomwith a known distribution, andthebidders(links) have
to commit to a price beforethe demandis revealed,and thereis
deterministictie-breaking. Subsequently, the demandis revealed
to be � , andthe � lowest-pricedpathsarepicked. We show that
thereis in generalno � -Nashequilibriumin purestrategiesfor this
game.

Considera graphwith four parallel links � ��� ���>� and � be-
tweenthe sourceand the sink, with true costs �
�

0

�#1�� and 	 re-
spectively. The demandis either 	 , � or � ; for simplicity, let the
probabilityof eachdemandvaluebe �


 . Assignthecostssuchthat
� 5�� � ���

0

5 � � �

�

1�5 	 � �

�

	 .

THEOREM 6. There is no pure-strategy � -Nashequilibriumfor
this game.

The proof repeatedlyusesthe � -Nashconditionsto show that, at
any bid vector, one of the following must hold: (1) Thereis an
agentwho would gain by raisingits bid, or, (2) Thereis an agent
whowouldgainby undercuttinganotheragentto win with ahigher
probability. The full proof will appearin an extendedversionof
this paper.

5.2 Equilibrium with 2­parameterbidding
In section5.1, we saw that whenthe demandis a randomvari-

ablewith aknown distribution,asimple�rst-price auctionmaynot
have an � -Nashequilibrium. In this section,we presenta different
auctionmodel,in which agents'bidsarepairsof values,andshow
thatit hasanonemptysetof � -Nashequilibria.

To prove that the bidding gameinducedby this auctionhasa
strong� -Nashequilibrium,weconstructacooperative gamemodel

of theauction.Weshow thatthecooperative gamehasa nonempty
core. We thenconnectthecooperative gameto theactualbidding
game,andshow that the path auctionhasan � -Nashequilibrium
correspondingto any coreelement.

Themodelis asfollows: Thedemandcantakeany integralvalue
in therange ! 	���
 % , where 
 is a positive integer. Further, thereis a
known prior distributiononthedemandvalues;saythatthedemand
is � with probability �

�

, for �

�

	*� �

�%� �

��
 . We assumefor sim-
plicity that �

�

� � for all � ; our resultseasilyextendto a situation
in which �

�

�

� for somevaluesof � � & 	��

�%� �

��
�) . Theagents'
bids arepairsof numbers:eachagent 
 bids a pair �;

�

��� � � ���

�

� 	 ,
where �� � is interpretedas 
 's reportedcost,and �

�

� is interpretedas

 's demandedpro�t.

Themechanismreceivesthebids,andannounces�o ws � � ���

�

�

�%�%�

� ��� for eachpossibledemandvalue.Wecall thecollection�

�

&(� � � �

�

�%� �

�#� � ) a candidatesolutionor simply a �o w. We also
identifya�o w � with thesetof links in theunion � ��� �

�

��������� ��� ,
andsaythat 
���� if 
 � �

�

for some� .
For each 
 ��� , the mechanismcalculatesthe probability that


 is in the winning �o w, � �

�

���

�! 

� �#"#$&%

�

�

. Later, the actual
demandtranspires;supposethatthedemandturnsout to be � . The
mechanismusesthelinks in �

�

to routethe�o w, andpayseachlink

�� �

�

asumof �� �*5('

)!*

+,*

. Considerany link 
 selectedin some�o w.
If �� �

�

� � (i.e., if 
 bid its truecost),herexpectedpro�t would be
�

�

� . Giventheinput bid pairs,themechanismselectsa setof �o ws
��� � �

�

�

�%�%�

�#�
� that minimizesthe total expectedpayments.This

canbeexpressedin termsof solvinganintegerprogram.
As before,we use �-� �.�.	 or ���.�.	 for short,to denotethetotal

expectedcostof a solution �

�

���
�

�

�%�%�

�#��� 	 whentheindividual
link costsare � , andW

'

/

�.�%	 to denotethepriceof the�o w � when
thebidsare �; . Wedenotethemechanismoutput(i.e., themin-price
�o w) by

0

� ��� ; 	 .

5.2.1 Thecooperativegame1

In this section,we de�ne a cooperative gamebasedon any spe-
ci�c instanceof our � -parametermechanism,andprove that it has
a non-emptycore. This cooperative gameis introducedonly for
strategic analysisof themechanism.It is not explicitly playedby
the agents,but helpsto shedlight on the agents'strategies in the
two-parameterauction.

DEFINITION 2. Givena setof players " , a cooperativegameis
de�nedbya characteristicfunction 243 �

�

(6587

0 , with 2��:9 	

�

� .
For any , 2 " , 2�� , 	 is calledthevalueof theset , .

Givenadirectedgraph� with distinguishedsourceandsink,and
a truecost � � for eachlink 
�� � , we de�ne thecooperative game

1 asfollows:
Thesetof playersin thegame 1 is "

�

& � �
	��
���;�

�#��) , where
each
 � � is theplayercorrespondingto link 
 , and � is a special
playercorrespondingto thecustomer. Let � bethecustomer'sbud-
get, andassumethat � is largeenoughto be irrelevant; � �<
>=

costof minimum-cost�?
 5 	 	 -�ow is suf�cient. For eachset ,'2

" � , �

�

9 , de�ne thevalue 2�� , 	 of , in 1 asfollows:
If , doesnot containa 
 -unit �o w from � to � , 2�� , 	

�

� . If ,

containsthecustomer� aswell asall edgeson a � -unit �o w from
thesourceto thesink, 2�� , 	 is de�ned to betheoptimalvalueof the
linearprogramgivenbelow:

De�ne @
� � A to bethe indicatorof 
 in , , i.e., @

� � A

�

� if 


�

� ,

and @
� � A

�

	 if 
��7, . Also, for any node



in thenetwork, weuse
thenotationIn �




	 to denotethesetof incomingedges,andOut�




	



to denotethesetof outgoingedges.Then,

2�� , 	

�
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� ���

�

���

�

� �

�

�

���

0

� �

0

�

�

���

Subjectto:
�

� � Out�
	��

0

�

�

� �

� � In �
	��

0

�

�

�

� 
 ��





�

�

� � �

�

� � Out�����

0

�

�

� �

� � In �����

0

�

�

���

�

� 
 �

0

�

�

9 @ � � A 
 ����
 
 $ �

0

�

�

$ � 
 ����
 
 $ �

(6)
This linearprogramis interpretedasfollows: For any link 
 , and

any demandvalue � , thevariable 0

�

�

indicatesthe �o w along 
 in
�

�

. Intutitively, thevalueof aset , is relatedto thenetsurplusthat
is createdwhenonly theagentsin set , areinvolvedin the�o w. If

, doesnot containthecustomeranda 
 -unit �o w, 2�� , 	 is de�ned
to be � . Thus,only setsthatcontainat leastonecandidatesolution
areassigneda positive value.

We also note that if ,

�

" , then the linear programhasan
integral optimalsolution,correspondingto anintegral min-cost � -
�o w for each� . In otherwords,thereis a solutionin which 0

�

�

is
either � or 	 for all 
 and � . It is alsoclearthat 2�� , 	
9 2�� "
	 for
all , 2 " .

Thus, the function 2�� , 	 de�nes a �nite, nonnegative value for
eachcoalitionset , , andhenceit is thecharacteristicfunctionof a
valid cooperative game1 .

Our analysisis centeredon the conceptof the core of a coop-
erative game. Looselyspeaking,the core of a cooperative game
consistsof all waysto divide up theoverall value 2�� "
	 amongthe
agentssuchthat no group , hasreasonto be unhappy – i.e., ,

attainsa combinedutility of at least 2�� , 	 . Formally, the core is
de�ned asfollows:

DEFINITION 3. A vector �

�

�

�

0

�

�

�
�

�%� �

�

�

�
	 is in thecoreof

thegame1 iff it sati�es all of thefollowing:


 


�

� $ � � and

�

� �

�

�

�

�

2�� "
	 � and


�, 2 "
�

� �#A

�

� $ 2�� , 	

�

In general,the coreof a cooperative gamemight be the empty
set.However, wecanprove thatthis is not thecasefor thegame1 :

LEMMA 3. Thegame1 hasa nonemptycore.

PROOF. Considerany division of 2�� "
	 amongtheplayers.We
show that thereis at leastone suchdivision that satis�es all the
coreconstraints.For any set , with 2�� , 	

�

� , thecoreconstraint
is trivially satis�ed. Now, considera set set , with 2�� , 	 � � .
The linearprogramde�ning 2�� , 	 canbesummarizedin the form

�32 4

&

0

���
) subjectto 0��

�

� �

0��

9 <

A

� and 0

$ � , where0 is a
vectorof all thevariables,� and � arematricesindependentof , ,
and <

A is a � - 	 vectorrepresentingthecapacityconstraintsfor set
, . Then,thedualof thelinearprogram(6) is the following linear
program:

2�� , 	

�

�������

<

A

�
1

�

Subjectto:
�

1 5

�

	�$
�

1 $ �

(7)

Now, considerthedualprogramthatde�nes 2�� "
	 , i.e., thevalue
of thesetcontainingthecustomerandall the links. Let �

0

1 �

0

	�	 de-
noteanoptimalsolutionto thisproblem.Now, de�ne �

�

�

<

�

� %

�

0

1

for all 
 . Recallthat <

A is a � - 	 vector, with 	 s in preciselythose
equationsthat involve some
�� , ; thus, <

A

�

�

� ��A

<

�

� % . Then,

as
0

1 $ � , wehave �

� $ � , and
�

� �

�

�

�

�

<

�

�

0

1

�

2�� "
	

�

Next, observe that for any set , 2 " , thesolution �

0

1 �

0

	 	 is also
feasiblein the dual of the program(7) de�ning 2�� , 	 . Thus, we
have

�

� �#A

�

�

�

<

A

�

0

1%$ 2�� , 	

�

Thus,thevector � is in thecoreof thegame1 .

5.2.2 Existenceof an � ­Nashequilibrium
We now show that given any point � in the coreof this game,

we canperturbit slightly to geta vectorof bid pairs �; that is an � -
Nashequilibriumof thebiddinggame.Weusethegame1 to draw
conclusionsaboutthebiddinggameinducedby themechanism.

THEOREM 7. Let � be any vector in the core of 1 that mini-
mizesthevalueof �

0 . Then,for any � � � , thebid pro�le de�ned
by

;

	

�

�

� � �#�

�

	

�

�
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�

� �

�

� �

)*	

for each link 
 is an � -Nashequilibrium.

PROOF. (Sketch)Suppose;

	

isnotan � -Nashequilibrium.Then,
thereis some
 suchthat 
 canchangeherbid to increaseherpayoff
by � . Let � �




�

�




	 be 
 's successfulstrategy, andlet ;




denotethe
bid pro�le givenby ;




�

�

� �




�

�




	 and ;




�

�

;

	

� for all � �

�


 . Let

�




�

0

� � ;




	 ; it mustbethecasethat 
�� �




.
In the appendix,we show that thereis a near-optimal �o w �


 


such that �


 


doesnot use 
 (Lemmas5,7). More speci�cally,
W /��

�.�


 


	 9 W /��

�.�




	�5 �

�

�

� As 


�

� �


 


, we have W /

"

�.�


 


	

�

W /
�

�.�


 


	 . However, 
 � �




, andsoW /

"

�.�




	 $ W /
�

�.�




	�5 � .
Thus,wegetW /

"

�.�




	 � W /

"

�.�


 


	 , whichcontradictstheassump-
tion that �



�

0

� � ;




	 .
WeareworkingonstrengtheningTheorem7 to show thatthisbid

pro�le is indeedastrong � -Nashequilibrium.Thisseemsplausible
giventheresultsof Young[19]; however, thestrategy spacein our

� -parametergameis richerthanthestrategy spacein Young[19].

5.3 Randomized2­parameterAuction
Themechanismpresentedin Section5.2hasan � -Nashequilib-

rium correspondingto every coreallocation,but we cannotguar-
anteethat thereareno other � -Nashequilibria. As a result,it was
not possibleto boundthe total payoff to the edges. In this sec-
tion, we considera slightly modi�ed mechanismin which we add
a small randompayment,asin Section4. We prove that,with this
modi�cation, it is possibleto boundthetotalpayment.

TheRandomized2-parameterAuctionis constructedasfollows.
As earlier, theedges'bidsarepairs �; �

�

��� � � �#�

�

� 	 . Themechanism
hastwo components:

1. The2-parametermechanism.Thismechanismisconducted
exactlyasdescribedin Section5.2with parameters




, � , and
! setasbefore.

2. The randomized audit. For edgeson a randomsource-
destinationpath,thepayoff is basedentirelyon the ��

� com-
ponentof the bid, and is constructedas in Section4. The
parameters




� � , and ! areasde�ned in Section4. To sim-
plify theanalysis,weassumethattherandomizedcomponent
resultsin a payoff functionof thefollowing form: If anedge



hastrue cost � � andbids ��� � � �#�

�

� 	 , its expectedpayoff from

this componentis ����� � � 	

�

� ! � �,� � � �

'

���

*

�

% . The exact form
of thepayoff wasderived in theproof of Lemma2, andhas
thesameshape;thekey aspectfor us is that this function is
maximizedat �� �

�

� � .

We alsoneedto ensurethat, for all edges
 not in the winning
solution, �

�

� is � (or closeto zero).We assumethatthemechanism
simply rejectsbid pro�les thatdonotmeetthis condition.Alterna-
tively, wecouldimposeasmalltaxonthe �

�

� componentof thebid.
We cannow prove a usefullemma,which shows thatall edgesare
nearlytruthful abouttheir costsin equilibrium:

LEMMA 4. Let �;

�

��� �(�#�

�

	 bean � -Nashequilibriumof theRan-
domized2-parameterAuction.Then,for all 
 ,

� � �

#

� �

�

� 9 �� � 9 � � 5

#

� �

�

�

�

Using the fact that the costsarenearlytruthful, we canshow that
their utility valuesarenearlyin thecore,andhence,derive thefol-
lowing boundon thetotalpayment.

THEOREM 8. Let �;

�

�,� �*�#�

�

	 beany � -Nashequilibriumof the
Randomized2-parameterAuction.Let � bea lowest-cost�ow, and
let ���

�

�
bea lowest-cost�?
 5 	 	 -�ow. Then,the total price paid

by thecustomerin therandomized2-parameterauctionis at most
�

�

�

�

�

�

�;�

�

�������

�

�
	�� �-
 ���.�.	�5 �>


#

� �

�

��5 �




�

�

!

�

Theresultof Theorem8 standsin an interestingrelationto that
of Theorem2. Wedonotachievetheintuitively appealingboundof
theexpectationof theboundson thedeterministicauctionin Sec-
tion 3, i.e.,
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	#	 (proving this
strongerboundis aninterestingproblemfor futurework). Instead
we achieve �
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,�
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� �������

�

�
	 � �

�


�	 � �����

�

	#	 . In otherwords,
theexternalmultiplier � is replacedby 
 (alargerquantity),while in
the�rst termthequantity �����

�

�

�
	 is replacedby �������

�

�
	 � �

�


�	 ,
which canalsobe larger becausethe costof � units of �o w is a
convex function of � . Our Theorem8 is thereforeweaker in two
importantrespectsthanTheorem2, but it doeshave asimilarover-
all structure.

6. CONCLUSION
Theresultsin Section3 show thatfor a �x ed � -unit pathauction,

theupperboundon total paymentsin strong � -equilibria is almost
the sameas the lower boundon the VCG mechanismpayments;
further, the boundsarethe samein the limit as � tendsto � . It is
apparentfrom thesimpleexamplein Section1 andresultsin [2, 8]
thattheVCG mechanismwill oftenrequirepaymentsconsiderably
higherthanthis lower bound(andhence,considerablyhigherthan
thestrong � -equilibriaof the�rst-price auction).

In Section5.1 and5.2 we considereda modelin which thede-
mandis avariablewith aknown distribution,andweneedto select
pathsex ante. We showedthata simple�rst-price auctionmaynot
evenhave an � -Nashequilibrium. However, we provedthata vari-
antof theauctionwith � -parameterbids inducesa surplus-sharing
gamewith a nonemptycore,and that every coreelementcanbe
perturbedslightly to get an � -Nashequilibrium. We also proved
a boundon the total paymentto links in a coreallocation,which
suggeststhatin thisdomaintoo it maybepossibleto prove thatthe
VCG mechanismhashigherexpectedpayments.

This leadsusto a comparisonbetween�rst-price andVCG path
auctionssimilar to thecomparisonbetweenthecost-sharingmech-
anismsconsideredby Young[19]. First-priceauctionsentail po-
tentially lowerpayments,andhavegreatercollusionresistancethan

VCG mechanisms.However, they suffer from onemajordrawback,
in that the solution concept(strong � -Nashequilibrium) requires
agentsto know all costs,andcoordinateon thechoiceof equilib-
rium. This is muchmoredemandingthan the dominant-strategy
mechanismsandcanleadto inef�ciency in practice.Thus,theauc-
tion modelsanalyzedherearenotcompletelysatisfying,asthereis
nomechanismprescribedfor theagentsbids' to reachequilibrium.
This is trueevenfor theweaker conceptof � -Nashequilibrium.

However, the resultsin this papershednew light on the func-
tionsof overpaymentin VCG mechanisms.We canidentify three
distinctfunctionsof overpayment:

1. Cheaperpathshave a competitive advantageand can thus
commanda surplus.

2. Thesurpluspaidto links eliminatestheneedfor negotiation
betweenlinks, leadingto asimplemechanismwithoutdelays
or expensive reasoning.

3. Thesurpluseliminatestheexternalitiesof oneagent's strat-
egy on otheragents,leadingto a mechanismthat is fair in
thesensethatuninformedagentscando aswell asinformed
agents.

The�rst sourceof overpaymentiscommonto the�rst-price auction
andtheVCG mechanism.However, our resultsshow thatfor path
auctions,the VCG mechanismoften winds up payinga premium
for functions2 and3. (In contrast,for single-itemauctions,the
�rst-price auctionalways paysas much in the worst caseas the
VCG mechanism.)

This premiumcan be viewed as the “cost of implementation”
of the dominant-strategy mechanism,particularly in situationsin
which this form of fairnessis not compelling. We believe that a
promisingdirectionfor futureresearchis to �nd bargainingmech-
anismsto enablethebiddersto converge to anequilibrium. When
the edgesall know eachothers'costs,an � -party bargainingpro-
tocol, suchastheonein [15], couldbeused;whenthereis uncer-
tainty, the situationis morecomplex. Sucha mechanismmay be
subsidized;for example,thelinks maybegivenanadditionalpay-
mentthatdecayswith time,to incentivize themto quickly reachan
agreement.As long as the subsidyis smallerthan the VCG pre-
mium, it maybeabetteralternative.
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8. APPENDIX

8.1 Proof of Lemma 2

PROOF. With thebid vector < , ! 'sexpectedpayoff is
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all paths" containing! , andthus, <
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�

� � ,

��� � $ 	 � ��� �%$ 5

�

	

�

� �%$

�

5��

�

�

�

� ��� �%$

�

�

�

�

�

�

�
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� . Thus,by theconditionof
� -Nashequilibrium,
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8.2 Proof of Lemma 1

PROOF. Constructa bid vector
�

asin Theorem1. By this con-
structionwe have <%$

�

� $ for any edge! that is not on thelowest-
pricepath. Then,following theanalysisof ��� <%$ 	 expectedpayoff
in Lemma2, < $ maximizes! 's payoff. (Note that ! canonly get
onto thelowest-pricepathby biddingbelow its cost,which would
resultin a loss.)

It remainsto show that every edge 
 on the lowest-pricepath
would not signi�cantly bene�t by changingit' s bid. Note that if


 increasedits bid by morethan �

�

� , it would no longerbeon the
lowest-pricepath.Further, becauseof theshapeof thebonuspayoff
function, 
 's expectedgains ��� < $ 	 from the bonusandprobability
of off-pathselectionwould alsodrop.Thus, 
 cannotpossiblygain
morethan � by raisingits bid.

Finally, considerthepossibilitythat 
 lowersits bid by 0 . Then,

 would still be on the lowest-pricepath. It would lose at least

� 	 ���




	

0 in pro�ts from beingon thelowest-pricepath,andgain
at most 
 !

0 in �
$

� <
$

	 ; thus,it couldnotgainoverall.

8.3 Proof of Theorem 5

PROOF. Let
�

be an � -Nashequilibrium bid vector, for suf�-
ciently small � . The total probability that the mechanismpicks a
pathotherthanthelowest-pricepathis boundedby �




. Any such
pathcanhave at most � edgeson it, eachwith price at most ! .
Thus,theexpectedpaymentfor usingoneof thesepathsis at most
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! .
Similarly, we can boundthe bonus � $��

�

	 paid to any edge ! :
�#$��
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! 5���� ! ��% . This is alwayslessthan �




� ! .
Finally, usingLemma2,weknow thatany edgenotonthelowest-

pricepathbidsatmost �%$�5

#

� �

�

� . Combiningthiswith asimilar
argumentto Theorem2, we canboundthe total paymentto edges
on thelowest-pricepathby

�
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In the limit as �)( � , the last termis negligible. Adding up all
threesourcesof payment,wegettherequiredresult.

8.4 Proofsfor the 2­parametermechanism

8.4.1 Positivepayoffs in thecore

LEMMA 5. Let � be a lowest-costsolution, and �
�

�

� be a
lowest-cost�?
 5 	 	 -�ow. For any vector � in the core of 1 , we
have�
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PROOF. Let � be a minimum-cost�o w. Then, 2�� "
	

�

� �

���.�.	 , andhence,by thecorecondition, �

� �

�

�

�

�

� � ���.�%	 .
Consideralowest-costintegral �?
�5 	 	 -�o w � �

�

�
. Then,���

�

�
con-

sistsof �?
 5 	 	 disjoint pathsfrom � to � ; call them "
�

�
���;�

� "��

�

� .
For each� � & 	�� ���

�����
��
*��
 5 	 ) , de�ne �

	

�

�

�

�
�

�

��� "

�

, i.e.,
, the 
 -�o w obtainedby droppingthe � th path. Extend �

	

�

�

to a
collectionof �o ws �

	

�

�

���

	

�

�

� �

	

�

�

�
�����

� �

	

�

�

	 , where �

	

�

�

consistsof the � lowest-pricedpathsin �

	

�

�

. Then,as �

	

�

can



meetthedemand,we have: 2��.�

	

�

� & � )*	 $ � � ���.�

	

�

	 . Fur-
ther, notingthat �

	

�

� hascostat most
�

�

thatof �

	

�

�

, weget:

���.�

	

�

	>9 �����

	

�

�

	

�

�

�

�

�

�

�

�




Further, as� is in thecore,wehave �

0

5 �

� ���

�

$

�

� $ 2��.�

	

�

�

& ��)(	 . Now, addingover all � , we get:
�

�

�

�

���

�

2��.�

	

�

� & ��)*	 $

�

�

�

�

���

�

�

� � ���.�

	

�

	��

�

�

�

�

���

�

2��.�

	

�

� & ��)*	 $ �?
 5 	 	�� �

�

�

�

�

���

�

�

�����

	

�

�

	

�

�

�

�

�

�

�

�




�

Notethattheleft handsideincludeseachelementof � �

�

� exactly

 times.Similarly, the�o ws �

	

�

�

in theright handsidecover � �

�

�

exactly 
 times.Thus,

�?
 5 	 	

�

0

5 


�

� ��"����
	

�

� $ �?
 5 	 	�� � 
��������

�

� 	

�

�

�

�

�

�

�

�




Noting that �

� �#"�����	

�

� 9
�

� �

�

�

�

�

� � ���.�%	 , weget:

�

0

5 
 � � � ���.�%	#	 $ �?
 5 	 	�� � �����
�

�

� 	

�

�

�

�

�

�;�

�

�

0

$ � � ! �����
�

�

� 	

�

�

�

�

�

�;�

�

� 
����.�%	 %

LEMMA 6. Givena networkanda costvector � , andsomeele-
ment� in thecore of 1 , de�ne thebid pro�le �; by

�; �

�

� � �#�
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Then,the lowest-price�ow outputby themechanismwith input �;

hasa total priceof � �

�

0 . Further, anyminimum-cost�ow � is an
optimal(minimum-price)�ow, andincludesall links 
 with �

�
� � .

PROOF. First, let � be an optimal integral solutionto the lin-
earprogramde�ning 2�� "
	 . Then,anexaminationof theobjective
functionof LP 6 shows that ���.�%	
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We now show that this is alsoa lower boundon thecost.Suppose
therewassome�o w �
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8.4.2 Optimal¯owwithoutusingplayer 


LEMMA 7. Let � bea vectorin thecoreof 1 thatminimizesthe
valueof �
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But, using Lemma 6, � �
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� because� is a
minimum-price�o w with bids �; , and so this is a contradiction.
Thus, �




mustbe in the core; but this contradictsthe assumption
that � is anelementof thecorethatminimized �

0 .

8.4.3 Proofof Lemma4

PROOF. We arguethatplayer 
 canalwaysdo betterby bidding
his truecost; theboundsfollow from the � -Nashequilibriumcon-
dition andtheexpected-payoff graphof therandomizedpathaudit.
Let �

� be the probability of 
 being includedin the lowest price
solutionin the � -Nashequilibrium �; . If � �

�

� , then 
 's entireex-
pectedpayoff is dueto herexpectationof winning in therandom-
ized path audit, and the boundson ��
� follow directly. The same
argumentholdsif �

�
� � but 
 receivesa negative expectedpayoff

from the2-parameterauction(becauseherbid ��
� wastoo low).
Now, suppose� � � � , and,further, 
 receivesa positive payoff

from the � -parameterauctionin the � -Nashequilibrium. Consider
thestrategy ;
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 receiveda
non-negative pro�t under �; , so it follows that �
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is non-negative.)
Let � bethesolutionchosenin the2-parameterpartof themech-
anismwhen the bids are �; . Note that if 
 were to deviate from

�; � to ;




�

, thepriceof � would notchange:thechangein theutility
componentwouldexactlycancelthechangein thecostcomponent.
Also, for any other�o w �




thatdid notuse
 , thepriceof �




would
not changewith 
 's deviation; thus, using the consistency of the
tie-breakingrule, �




wouldnotbechosenabove � . Thus,we con-
cludethat 
 remainsin thewinningsolution(whichneednotbe � )
underthebids ;




�

.
Next, observe that 
 'sexpectedpayoff from the � -parameterauc-

tion (with bid ;




�

) is �




�

, because
 bids her cost truthfully and is
in the winning solution. This is exactly the sameas 
 's payoff

� �+! �� � ��� � %�5 �

�

� from the � -parameterauctionin the � -Nashequi-
librium �; .

To prove theboundson �� � , we compare
 's payoff from theran-
domizedpart of the mechanismwith bids �;

� and ;




�

. The bounds
follow directly from theform of therandomizedauditpayoffs.


