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Abstract

We presentefficient methodsfor object recognition, using
the constellationmodel. This modelrepresentsobjectsas
constellationsof rigid features,with thevariability between
thembeingrepresentedby a joint probability densityfunc-
tion. Usingsimple, exhaustivemethods,thecomputational
requirementsfor this approach quickly becomeprohibitive.
ByusingA* search methods,accompaniedbysomeheuris-
tics, large performanceimprovementsare achievable in
recognition, makingreal-timerecognition on large images
possible, usingcomplex objectmodels.

1. Intr oduction
Oneof the mostimportantfunctionsof vision is recogniz-
ing theobjectsthatsurroundus. A numberof differentap-
proacheshavebeenproposedfor recognizingindividualob-
jectsand/orobjectcategories[1][2][3][4]. The main three
issuesthatmustbesolved in a recognitionsystemarerep-
resentation,learninganddetection.Thechallengeof repre-
sentationis to developmodelsthatcanaccommodateintrin-
sicobjectvariability within aclass,andat thesametimebe
invariantwith respectto rigid transformations(translation,
rotation), scalingand lighting conditions. The challenge
of learningis oneof estimatingrepresentationparameters
from possiblyclutteredandfragmentarytraining informa-
tion. Thechallengeof detectionandrecognitionismatching
modelsof objects,andobjectcategories,to imagesin the
presenceof occlusionandspuriousclutter. While learning
maybeslow becauseit typically happensoff-line, detection
andrecognitionmustbefast,if possiblereal-time.

We examineherethe problemof efficient detectionof
objectsin imagescontaininglarge amountsof clutter and
possiblyocclusion.We explore thepropertiesof the “con-
stellation”modelproposedby Burl et al.[5][6]. This model
presentsa numberof appealingpropertiesin that it treats
deformations,occlusionandthe effectsof imageclutter in
a principledprobabilisticframework. Its mainshortcoming

is that detectionis intrinsically combinatorial:all possible
arrangementsof the detectedfeatureshave to beexplored.
Burl et al. have proposedanefficient methodfor searching
only themostplausiblesuchconstellations.However, their
methodis basedon a heuristicwhosevalidity is difficult to
control.Additionally, it is not clearthatBurl etal’smethod
is asefficientasallowedby thestructureof theproblem.

Our approachconsistsin applying a classicalsearch
techniqueof artificial intelligence,A*., to the problemof
constellationsearching.

In section2 we review theconstellationmodel.Thenin
section3 we derive someefficient approachesto recogni-
tion. In section4 and5 we discussthe implementationof
our methodsandthendemonstratetheir results.Finally, in
section6, wepresentourconclusions.

2. The Constellation Model
We now cover themainaspectsof theconstellationmodel.
For moredetails,see[7][8]. Objectsaremodeledascol-
lectionsof rigid parts,eachof which is detectedby a cor-
respondingdetectorduringrecognition.Thepartdetection
stagethereforetransformsanentireimageinto a collection
of parts. Someof thosepartsmight correspondto an in-
stanceof thetargetobjectclass(theforeground), while oth-
ers stemfrom backgroundclutter or are simply falsede-
tections(thebackground). Throughoutthis paper, theonly
informationassociatedwith anobjectpart is its positionin
theimageandits identityor parttype. Weassumethatthere
are 	 differenttypesof parts.Thepositionsof all partsex-
tractedfrom oneimagecanbesummarizedin a matrix-like
form, 
�� ����

������������������������������ �!���"�#������������� ���%$
...�"& � � & � �����������"& �%' �

The (*),+ row containsthelocationsof detectionsof parttype( , whereevery entry, � -/. , is a two-dimensionalvector. If
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we now assumethat an object is composedof 0 different
parts,1 we needto beableto indicatewhich partsin



cor-

respondto the foreground(the objectof interest).For this
we usethe vector 1 , a setof indices,with 2 - �43 � 36587

,
indicatingthatpoint � -/. is a foregroundpoint. If anobject
part is not containedin



, becauseit is occludedor other-

wiseundetected,thecorrespondingentry in 1 will bezero.
We call 1 a hypothesis, sincewe will useit to hypothesize
thatcertainpartsof



belongto theforegroundobject.

We can now define a generative probabilistic model
throughthejoint probabilitydensity9%: 
 � 1%; .
2.1. Model Details
In orderto provideadetailedparameterizationof themodel,
we introducetwo auxiliary variables,< and = . Thebinary
vector < encodesinformationaboutwhich partshave been
detectedandwhich have beenmissedor occluded.Hence,>@? �BA

if 2 ? 5C7
and

>D? �E7
otherwise.The variable =

is alsoa vector, where F�G shalldenotethenumberof back-
groundcandidatesincludedin the (*)H+ row of



. Sinceboth

variablesarecompletelydeterminedby 1 andthesizeof



,
we have 9%: 
 � 1%; � 9I: 
 � 1 � = � <J; . Sincewe assumeinde-
pendencebetweenforegroundandbackground,and, thus,
between9I:H=J; and 9I:,<%; , we decomposein the following
way 9%: 
 � 1 � = � <%; � 9I: 
LK 1 � =%;M9%:H1 K = � <J;M9%:H=J;M9I:,<%; �

Theprobabilitydensityover the numberof background
detectionscanbemodeledby a Poissondistribution,

9%:H=J; � &NGPO � AF GRQ :TS G ;�UWV�X�Y�Z[V �
where S\G is theaveragenumberof backgrounddetections
of type ( per image. This conveys theassumptionof inde-
pendencebetweenparttypesin thebackgroundandtheidea
thatbackgrounddetectionscanariseat any locationin the
imagewith equalprobability, independentlyof otherloca-
tions. Admitting a different S ?

for every part typeallows
usto modelthedifferentdetectorstatistics.

Dependingon thenumberof parts,0 , wecanmodelthe
probability 9%:H<J; eitherasanexplicit table(of length ]W^ ) of
joint probabilities,or, if 0 is large,as 0 independentprob-
abilities, governingthe presenceor absenceof an individ-
ual modelpart. Sincethe joint treatmentgivesa powerful
model,weuseusethis approach.

Thedensity9I:H1 K = � <%; is modeledby,9I:,1 K = � <%; �`_ �acbd�e � �gf dd 1ihkjl:,< � =%;7
other 1

1To simplify notation,we only considerthecasewhere mon6p . The
extensionto thegeneralcase( mlqrp ) is straightforward.

where jl:,< � =%; denotesthesetof all hypothesesconsistent
with < and = , and s ? denotesthe total numberof detec-
tions of the type of part t . This expressesthe fact thatall
consistenthypotheses,the numberof which is u ^ ? O � swv d? ,
areequallylikely in theabsenceof informationon thepart
locations.

Finally, weuse9I: 
wK 1 � =J; � 9"xzy�:P{ ?�| ;M9"}~y�:P{ v | ; �
wherewe definedas the coordinatesof all foreground

detections(observed and missing)and { v | as the coordi-
natesof all backgrounddetections.Herewe havemadethe
importantassumptionthattheforegrounddetectionsarein-
dependentof thebackground.In ourexperiments,9 xzy :P{ ?�| ;
is modeledasa joint Gaussianwith mean� andcovariance�

.
Notethat,sofar, wehavemodeledonly absolutepartpo-

sitionsin the image,makingthemodeltranslation-variant.
It is possibleto makethemodeltranslation-invariant(Gaus-
siansremainGaussiansundertranslation),but theformula-
tion is intricateso will not be presentedhere. For further
discussion,see[9].

Thepositionsof thebackgrounddetectionsaremodeled
by auniformdensity,9 }~y :P{ v | ; � &NGPO � A� U~V �
where

�
is thetotal imagearea.

2.2. Classification
Ouroverallobjective is to classifyimagesinto eitherobject
present( � � ) or objectabsent( ��� ). Thisdecision� is made
by comparingtheBayesianposteriorprobabilities:� � 9%:T� � K 
 ;9%:T��� K 
 ; � 9%: 
LK � � ; 9I:T� � ;9%: 
LK ����; 9I:T���M;

If we assumethe priors to be equal,the decisionrests
with the likelihoods.If � 58A

anobjectis detected,if not,
thennoobjectis detected.Thelikelihoodcanbeexpanded:9I: 
LK ��; � ����W� 9%: 
 � 1 K ��;� ����W� 9%: 
LK 1 � =%;�9I:H1 K = � <%; 9%:H=J;�9I:,< K ��; �

In thecasesof � � , only onehypothesisexists: 1 � �8�
.1�� is denotedthenull hypothesis. Hence� � 9I: 
LK � � ;9I: 
LK � � ; ��� ���W� 9I: 
 � 1 K � � ;9I: 
 � 1 K � � ; (1)� � ���W� 9I: 
wK 1 � =J;�9I:,1 K = � <J; 9I:H=J;�9%:H< K � � ;9%: 
LK 1 � � =J; 9I:,1 � K = � <%; 9%:H=J;�9I:,< K � � ; (2)
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2.3. Learning
Beforewe canclassifyany imageshowever, we musttrain
anobjectmodelon a setof training images.We mustfirst
decideon which partswe will usein our model. Thenwe
mustlearntheparametersof thevariousprobabilitydensi-
ties,introducedabove. Thefirst problemis tackledusinga
“greedy” approachof trying differentpartson a validation
setandchangingthe parts,alwaysseekinga betterperfor-
manceon thevalidationset.Thesecondproblemis tackled
usingexpectationmaximization(EM) [10].

2.4. Computational Issues
Fromacomputationalpointof view, theconstellationmodel
doesnot scalewell with eitherthe numberof features,0 ,
or theaveragenumberof detections,� . Thenumberof hy-
potheseswhich mustbesummedover is ��:H� ^ ; . Sincethe
evaluationof eachhypothesistakesunit time, the calcula-
tion of the 9I: 
LK ��; is also ��:H� ^ ; .

The learningprocessis the most time consumingsince
we needto try many differentcombinationsof partsto find
thebestcombination.Eachsetof partsneeds100EM iter-
ationsto converge.With currenthardware,we canevaluate��: A�7�� ; hypothesis/second.In practicethis meanswe are
restrictedto � and 0 in theregion: � �4�

, 0 �4�
. Both of

thesevaluesrepresentseriouslimitations.
Consideringthe numberof features,complex objects

mayrequiremany featuresto learna representative model.
The recognitionperformanceon simple objectswould be
improvedby usingmorefeatures.

The limitation on � is probablymoreserioushowever,
since � ���

requiresvery reliablefeaturedetectorsto en-
suretherearenot too many falsealarms.Failureof thefea-
turedetectorsis themajorsourceof misclassificationerror,
so by beingable to copewith � 5��

the recognitionper-
formancewill be improved. In addition,with multi-mega-
pixel camerasnow widely available,thetotalsizeof images
thatwe maywish to recognizeis gettingvery largeandto
constrainourselvesto only 5 detectionsover a 2000x1500
imageis unrealistic.

Increasingthe maximumpracticalvaluesof � and 0 is
achieved by reducingthe numberof hypotheseswe actu-
ally consider, thereforeassumingthata portionof themare
irrelevantandthereforeneednot beconsidered.

Sincelearningthemodelis ahardproblem,wewill only
considerdetection.In detection,we only have to sumover
the hypothesesoncein order to make a decisionasto the
presence/absenceof anobject.In theprocessof doingthis,
wecanalsolocalizeit within theimage.

Although we have a large number of hypotheses
( ��: A�7~� Y � ), thedynamicrangetheirlikelihoodsisverylarge
( ��: A�7 � �#� ; ). So theremany ordersof magnitudebetween
the bestand worst hypotheses.A feel for their distribu-

tion canbeobtainedby looking at Fig.4. Sincewe will be
summingover them,it is clearthatonly the very few best
hypotheseswill contributesignificantlyto thedecision� .

While it is true thatmany weakhypothesescouldcom-
bine to make � 5�A

, it is our experiencethat when the
objectis present,� far exceedsthe threshold,typically by
many ordersof magnitude.Therefore,thedecision� canbe
safelybemadeby only computingthebestfew hypotheses.

3. Efficient search methods
To make the recognitionprocessquicker, we needto effi-
ciently searchthroughall the hypothesesto find the best
ones.

Thesimplestway to find thesefew hypothesesis to ex-
haustively searchthroughall of themandretainthebest.It
is guaranteedto find thebesthypothesis,but savesusnoth-
ing, sincewe still mustevaluateall hypotheses.However,
thismethoddoesgiveusabenchmarkagainstwhichwecan
comparemoreefficientmethods.

We will now considertwo efficient methods,both of
which rely on visiting thehypothesesin a particularorder,
only calculatingtermsthatchangebetweenthem.Expand-
ing the expressionfor the likelihood 9I: 
 � 1 K � � ; , we see
thatfor eachhypothesis,wehave to calculate:

9I: 
 � 1 K � � ; � 9����D: 
 :H1J;�; ^N? O � 9¡ @¢�£ ¤P¤�:HF ? ; ^N? O � � Y�U d^N? O � s Y�¥ d? 9I:H< K � � ; �
For the 9I: 
 � 1 K � � ; the we only needto calculate(the

othertermscancel)9I: 
 � 1I� K ���¦; � ^N? O � 9" �¢#£ ¤P¤�:Hs ? ;� � d �
By dividing 9%: 
 � 1 K � � ; by 9I: 
 � 1I� K ���M; , we cansimplify
thingsconsiderably.9%: 
 � 1 K ��;¨§�© �� 9%: 
 � 1 K � � ;9I: 
 � 1I� K ���M;� ����W� 9��z��: 
 :H1J;�; ^N? O �«ª �S ?¬ ¥ d^N? O � 9  @¢�£ ¤P¤ :Hs ? ;� � d 9%:H< K � � ; �
usingthefactthat ®�¯�°T± ²z²�³ �µ´®�¯�°*± ²¶²·³ � Y ��´ � Z � .

We canalsofactor 9 ��� by conditioningpartpositionson
the positionsof partscorrespondingto a smallerindex, t .
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If apartis missing,wereplacethecorrespondingtermwith
oneandomit furtherconditioningon thispart.We obtain9I: 
 � 1 K ��; � ^N? O �gª 9 ��� : � ¸ d K � ¸��%��������¸ d!¹ � ; �S ?�¬ ¥ d^N? O � 9  @¢#£ ¤H¤ :Hs ? ;� � d 9%:H< K � � ; �
If 9I:,< K ��; is assumedindependent,it canbefactoredaswell
andwe obtain9%:H< K � � ; � ^N? O � 9I: > ? �4A ;�¥ d 9%: > ? �º7 ; � Y�¥ d� ^N? O � ª 9%: > ? �4A ;9%: >D? �º7 ; ¬ ¥ d 9%: > ? �»7 ;
Thisgivesus9I: 
 � 1 K ��; � ^N? O �cª 9 �z� : � ¸ d K � ¸��%��������¸ dR¹ � ; � 9%: > ? �¼A ;S ? 9I: >D? �º7 ; ¬ ¥ d^N? O � 9  @¢�£ ¤P¤ :,s ? ;� � d 9%: > ? �»7 ;� ^N? O �¾½ 9 ��� : � ¸ d K ��¸M�J������� ¸ d!¹ � ;�¿ ?DÀ ¥ d%Á �
Where

Á §�© �� u ^ ? O � ® ¯�°T± ²z² ³ � d ´ÂÃ d 9I: >@? �Ä7 ; and ¿ ? §�© ��ÂZ d ®M³ ¥ d O ��´®M³ ¥ d O�� ´ areconstantacrosshypothesesof oneimage.
Sinceweassumeajoint Gaussianfor 9 ��� , wehaveasim-

pledependenceof theparametersin thefactorization:9 ��� : � ? K ���%������� ? Y � ; �ºÅ : � ? K � ? : ���J������� ? Y � ; � � ? ;%§�© ���Å ? : � ? ; �
Notethatdueto thenatureof theGaussiandensity, only the
meanof 9 �z� : � ? ; will dependon the candidatepointswith
lower index, not thecovariancematrix.

Assumingthat thefirst Æ entriesof a hypothesis1 have
assignedcandidatepositionsor aremissing,we cancom-
puteanupperboundon 9%: 
 � 1 K ��; thatholdsindependently
of which parts,if any, arechosenfor 2 ÇMÈ � ����� 2 ^ .

9I: 
 � 1 K ��; � ÇN? O � : Å ? ¿ ? ; ¥ d Á�É ^N? O�ÇMÈ � : Å ? ¿ ? ; ¥ dÊ ÇN? O � : Å ? ¿ ? ; ¥ d Á�É ^N? O�ÇMÈ �DËÍÌWÎÏ d : Å ? : � ? ;�¿ ? � A ; �
If wenotethat ËÍÌ�Î Ï d Å ? is simply

�³ ��Ð~´ b"Ñ Ò Ó d Ò §�© ���Ô ?
, we

obtain9I: 
 � 1 K ��; Ê ÇN? O � : Å ? ¿ ? ; ¥ d Á�É ^N? O�ÇMÈ ��ËÍÌ�Î : Ô ? ¿ ? � A ; �
(3)

Since
Ô ?

doesnot dependon : ����������� ? Y � ; , the last factor
alsoneedsto becomputedonly onceper image.Note that
we assumed9I:,< K ��; to be independent,but in factwe nor-
mally donotmakethisassumption,so 9I:H< K ��; is atableand
cannotbeseparatedinto separateterms.However, thesame
separationinto t Ê Æ and t 5 Æ is possibleandfollowsthe
sameprinciplesasabove,but is notationallychallenging,so
is not attemptedhere.

3.1. Threshold-basedsearching
We assumethatwe generatethe hypothesisin a particular
order, using 1 asa counterin sucha way that the highest
index, 2 ^ , is increasedat every step. Whenit reachesthe
maximumnumberof candidates,s ? , for thecorresponding
part,a “carry over” occursand 2 ^ will beresetto zero.At
thesametime thenext lower index, 2 ^ Y � will beincreased
by one,andsoforth. It follows that thefirst few indicesof1 areonly updatedvery rarely.

We can now introducea thresholdwhich indicatesthe
minimum valuethat 9%:H1 � 
LK ��; must take on, for the cor-
respondinghypothesisto beincludedin thecomputationat
hand. By examininga certain“prefix” – a choicefor the
first Æ candidates– we candecideif all hypothesesstart-
ing with this prefix areto be rejected.The variable Æ can
be dynamical,in orderto rejector accepthypotheseswith
prefixesof any length.

The rejection of negligible hypothesescan be imple-
mentedthrougha look-uptable, Õ , which storesall entities
whichareconstantthroughoutonesignal.Thus,Õg:,< � Æ ; � Á�É ÇN? O � ¿ ¥ d? ËÍÌ�ÎvTÖR× �·Ø Ù Ù Ù Ø b ^N? O�ÇMÈ � :H¿ ? Ô ? ;�¥ d �
Here,the maximumis takenover all Ú with the first Æ bits
fixedto thefirst Æ bits of thetableindex.

If we now choosea threshold,	 , indicating the mini-
mumvalueof 9I:,1 � 
LK ��; for a hypothesisto be worthy of
consideration,we canperformthe necessarycheckasfol-
lows ÇN? O � Å ¥ d?ÜÛ 	Õg:,< � Æ ; �
If any partial hypothesiswith the first Æ partscandidates
chosendoesnot fulfill theabove inequality, all hypotheses
with the same“prefix” canberejected.This enablesus to
discarda largeportionof thehypotheses,sowecanquickly
find the bestones. For moredetailsof this approach,see
[11].
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3.2. The Search Tree
A more principled approachto the problemof efficiently
finding thebesthypothesesexists.Thesimplificationin the
previoussectionallowsusto employ anA* search[12], us-
ing a searchtreeof hypotheses.The A* algorithmusesa
branchand boundapproach,coupledwith a upper-bound
estimateto the goal to ensurethat the optimum is found.
Using(3)weobtainourupper-boundestimateof 9%: 
 � 1 K ��;
which forms the admissibleheuristic for the A* search.9I: 
 � 1 K ��; is alsocleanlypartitionedneatlyinto t Ê Æ andt 5 Æ thereforeenablingus to considerthe eachfeature
independently.

Thesearchtree,asillustratedin Fig.1,worksasfollows:
Let therootnodebeahypotheseswherenoneof thefeatures
have yet beenselected(denotedby an “X” in Fig.1). At
the bottomof the tree,the leavesarecompletehypotheses
whereall featureshave beendetermined(i.e. areno “X”’ s
in the hypothesisany longer). Zerosin a givenhypothesis
indicatethe correspondingfeatureis missing. The inter-
mediatelevelsarepartiallycompletedhypotheses,whereat
level Æ weset 2 � ����� 2 Ç Whenopeninganodeat level Æ , we
have s�ÇMÈ �ÞÝ A

possibleselectionsfor thenext feature(the
extraoneis for thefeaturebeingmissing),sothebranching
factorof thetreeis givenby s ? . In thefigure,we seethats � �4ß � s � � ] � s�à �áß

. This correspondsto thenumber
of nodesthatareopenedup ateachlevel.

In orderto decidehow we shouldtraversethetree,each
nodehasanoverall score,	 , which is equalto

� Ýãâ de-
finedbelow, (see(3)).� §�© �� äzå�æ ÇN? O � : Å ? ¿ ? ; ¥ d � Ç�? O � äzå�æ : Å ? ¿ ? ; ¥ dâ §�© �� äzå�æ Á ^N? O�ÇMÈ ��Ë�ÌWÎ : Ô ? ¿ ? � A ;� äzå�æ Á Ý ^�? OIÇMÈ � ä¶å~æ ËÍÌWÎ : Ô ? ¿ ? � A ;
Intuitively, A is thescorethenodehasaccumulatedin mov-
ing from theroot to it’s currentpoint. B is thebestpossible
scorethata leaf (a hypothesis)belongingto thesubtreede-
rivedthecurrentnodecouldget.

Sothealgorithmto find thebestç hypothesesis:

1. Formanemptyarray, è , of length ç .

2. Formaqueue,é , consistingof theroothypothesis(i.e.
all featuresundefined).

3. Until è is full:

(a) Removethenode,slê at theheadof é .

(b) If slê is a leaf node(valid hypothesis),insert it
into è , in thenext blankslot.

(c) If not:

i. Expand slê to give all valid nodesderived
from it.

ii. For eachnew node:
1. Calculate	 .
2. Insertinto é .

(d) Sort é , in descendingorderof 	 .

4. Return è , which containsthe ç besthypothesesin
order.

This algorithm is demonstratedin the Fig.1. By each
node,therearetoy examplesfor thevaluesof

�
, â and 	 ,

illustratingits operation. ëì í
îï ð ñò ó ôõ ö ÷ø ù

úû ü ýþ ÿ �� �

�� � �� � 	
 � � �

� � � � � � � � � � � � � � � � � � � �

�  ! " # $ % & ' ( ) * ' + % ) & ) , - . / - 0

1 2 3 4 5 6 7 8 9 : ; < = > ? @ A B C D E F G H F I

J K L M N O O P Q R S T U Q V W X Y V Q Z [
\ ] ^ _ ` a b a c d e f g h i j i j

k l m n o p q r s t u vw x yz { | }~ � � �
� � �� � � �� � � � � � �� � � �� � � �� � �� � � ��   ¡ ¢ £ ¤ ¥¦ § ¨ ©ª « ¬ 

® ¯ °± ² ³´ µ ¶ · ¸ ¹ º» ¼ ½¾ ¿ À ÁÂ Ã Ä ÅÆ Ç ÈÉ Ê Ë Ì

Í Î Ï ÐÑ Ò ÓÔ Õ Ö × Ø Ù Ú ÛÜ Ý Þß à á âã ä å åæ ç èé ê ë ëì í î ïð ñ òó ô õ ö

Figure1: Findingthebesthypothesisin thesearchtreeus-
ing A*.

3.3. SpaceThresholding
In 3(c)ii of theA* searchtreealgorithm,weblindly put ev-
eryvalid child nodeinto thequeue.However, if thebranch-
ing factorof the tree is very high, the queuewill become
large,very quickly. In additionto requiringa largeamount
of memory, thequeuewill alsobeslower to accessandsort.

However, we canexploit thefactthat if we have a miss-
ing featurein the searchtree, which can act as a lower-
boundfor the child nodes. If we areat level ÷ùøûú in the
treeandconsideringit’s child nodesat level ÷ , we take our
worstcasescenarioto beif all following featuresaremiss-
ing, i.e. üþý ÿ �

for � ÿû÷�������� . Let uscall this hypothesis	�

. Now if, whenconsideringa particulardetection,say,���� , givesanupper-boundthatis worsethantheworstcase

scenario,thenwecanbesurethatwewouldratherall subse-
quentdetectionsbemissingthanchoosedetection� . Hence
wecanprunethesub-treeeminiatingfrom detection� .
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Thebesthypothesiswill still be thesameasbefore,but
subsequenthypothesesarenot guaranteedto be the same,
sincethey might have beenpruned. However, if we have
reliabledetectors,missingfeatureswill resultin a very low
likelihood,sotheprunedhypotheseswill not berelevantto
calculating� .

������� 	�
�� ��� ÿ
��! "
ý�#  

�%$ ý'& ý ��(*)�+

Now for ���� to notbediscarded,we require:
��, "
ý-#  

��$ ý & ý � (*)/. $  �0� �� � &  . + .
1"

ý-# 32� 547698
�0: ý & ý � ú �<; ���%�=� 	 
 � ���

So $  �>� �� �<; ú? 1 ý-# 32� 47698 ��: ý'& ý � ú
� (4)

Oncewe have calculatedthe parametersof $� , @ and A ,
we simply compare$� to thefixedthresholdgivenby the
right-handsideof (4). This canbedoneefficiently by only
computingthe exponentof $  sincethe determinantterm
is fixed.

4. Experimental Method
We now have threedifferenttechniquesfor finding thebest
hypotheses:

1. Exhaustivesearch

2. Threshold-basedsearch

3. A* searchwith thresholding

Thesewereevaluatedon100faceimages(thesamedata
set as usedin [8]) where5 modelswere hand-trainedon
themwith 5,6,7,8,9and10 featurescorrespondingly. The
modelswere hand-trained,since learningthem automati-
cally, as in [8], is not practical for more than 6 features.
Theaveragenumberof detectionsper imagewasalsocon-
trolled,but therewassomedegreeof variancein thenumber
of detections,sincesomeimageshadmorebackgroundde-
tectionsthanothers.Thetime perimagewascalculatedby
averagingover the 100 images,to take into accountthese
variations.Theexperimentswererun on 750MhzPentium
III machinesrunningLinux.

Somediscussionis requiredaboutthe2ndand3rdmeth-
ods,sincethey haveparametersthatwill influencetheirper-
formance.In implementingthem,variousoptimizationscan
bemade.Thevastmajorityof variablesareonly dependent

on B . Now, evenif wechooseB notto befeature-wiseinde-
pendent,it still meansthereareonly C 1 possiblevaluesfor
them. They canbe pre-computedbeforehand,so we only
needto evaluatetheGaussianforegroundtermsin themain
iteration.

4.1. Threshold-basedsearch
Theobviousdrawbackto thismethodis thatthevalueof the
thresholdis somewhat arbitrary andmust be chosenwith
careto avoid either including all hypothesesor excluding
all. Thevalueof thethresholdwill dependon therangeof
the likelihoods,which canspanmany ordersof magnitude
andis very muchdependenton thenumberof featuresand
other factors. The settingwasdoneby runningon a few
setsof the imagesandchoosinga conservative value that
would definitelywork for all images.Thesensitivity of the
thresholdvalueis alsoinvestigated.In fact, aswe change
the otherparameters(numberof features,averagenumber
of detections),therelativevalueof thethresholdchanges,so
makingit very difficult to compareits performancefairly.

4.2. A* search
Herethenumberof hypotheseswe wantto extractfrom the
tree is important. The morewe wish to extract, the more
nodeswe mustopenandthereforethehigherthecost. We
chosethenumberto extract, D to beequalto � , sincethere
would be around �FE ú goodhypotheses- hopefully one
actualfacedetectionand � with oneof the featuresmiss-
ing. The numberextractedonly becomesimportantwhen
the vast majority of the tree needsto be explored, as in
learningfor example.

The varianceof the modelusedfor recognitionis also
important,sincewith a largevariancetheA* searchheuris-
tic will be lessuseful. This meansmoreof the searchtree
will beexpanded,makingit lessefficient. Thevarianceof
thehand-trainedmodelwasartificially alteredto investigate
this.

The queueis implementedasa binary heapwhich hasGIHKJ
efficiency for extract-maxandinsertoperations.Some

kind of quad-treeapproachesweretried to provideefficient
implementationof thespacethresholding.However, given
that we only usean imageonce,the overheadof creating
suchspatialdata-structures,madeit redundant. In cases
wherethe imageswould be reused,in learningfor exam-
ple, thisapproachwould proveadvantageous.

5. Results
The10 featuresusedtherecognitionmodelwere:Left Eye;
Righteye;Left Mouth;RightMouth;CentreHairline;Right
Hairline; Left Hairline; Nose;Left Chin; Right Chin. The
modelis shown in Fig.2,alongwith the L ý for eachfeature.
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Figure2: A faceimage,with a 10 featuremodelsuperim-
posed

An importanttestis how many featurescanbe handled
in a reasonabletime. In Fig.3(a)with the averagenumber
of detections,M , equalto 5, we seethatbeyond7 features,
theexhaustivebecomestoo slow to bepractical.TheA* is
still quick enoughat 10 featuresfor real-timerecognition.
Extrapolating,A* would take a secondper imagefor 13
features.
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Figure3: A comparisonbetweenthedifferentsearchmeth-
ods

Thethresholdapproachgivessomeratherconfusingre-
sults,but thecurveseenis dueto theupwardrelativemove-
ment of the threshold,as mentionedearlier. Relatively
fewerhypothesesarebeingevaluatedas � increases.With-
out settingthe thresholdat every valueof � , it is not pos-
sible to remove this effect. Thereforewe will no longer
comparethethresholdapproachto theothertwo.

Fig.3(b) gives an idea of the exponentialexplosion of

hypotheses.With 10 features,with M ÿON , we have around
100 million hypotheseson averageper image. This figure
also illustrates,whencomparedto Fig. 3(c) that the time
perhypothesisof thedifferenttechniquesis fairly constant,
roughlywithin a factorof 2 of eachother.

Fig.3(c) shows how M effects the evaluation time, for
� ÿPN . We would expect from Q � M 1 � , altering M is less
detrimentalthanaltering � . A practicaldemonstrationof
this is given in Fig. 5. It shows a 5 featuremodellocating
a facein two compositeimageswhich have a largenumber
of detections( M =35),which resultedin NSR ú �'T hypothe-
sesper collage. For eachone,usingthe exhaustive search
it took around110secondsto find thebesthypothesis,but
with A* it took 0.015seconds.Thespacethresholdingap-
proachmeansperformancescaleswell as M increases,so
giving theflat curve.

Fig.3(d) demonstratesthat the A* algorithm is not af-
fectedmuchby alteringthevarianceof themodel.Sincethe
detectiondatawasrescaledto bein therange[0:2.4,0:1.5],U ÿ � �VN wouldcovermostof theimage.

Fig. 4 showshow, in thethresholdapproach,thenumber
of hypothesesis reducedasthe thresholdincreases.Since
this curve will be shifted to the left or right considerably,
dependingon � and M , the taskof choosinganappropriate
thresholdis adifficult oneto do in advance.
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Figure4: Theeffect of the thresholdon thenumberof hy-
pothesesconsidered.
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Figure5: Two collagesof backgroundimagesandoneface
image.Thecrossesarefeaturedetections.Thebesthypoth-
esisis indicatedby thecircles.

6. Conclusions
We have presentedtwo efficient methodsto searchfor the
besthypotheses.However, of thetwo, A* is thebetter.

Firstly, it hasnotuningparametersascomparedwith the
thresholdmethod. As seen,the thresholdmustbe chosen
with careto avoid the methodfailing. A* is alsoprovably
correctin its basicform. Theadditionof thespacethresh-
olding, while a heuristic,doesnot causethemethodto fail
in practicalsituations.

Theordersof magnitudespeedimprovementof A* over
theexhaustive searchallow us to do real-timedetectionon
large images.Detectionat 60Hz is possiblewith � ÿ ú � ,
M ÿWN or with � ÿWN and M ÿYXZN .

The spatialthresholdingmeansA* scaleswell with M :
with M ÿ ú �'� and � ÿ[N , it still took only 1 secondto
find the besthypothesis.This meanswe candealwith the
multi-mega-pixel imagesof moderndigital cameras.

The increasedrangein � is lesspronounced,but it is
worth rememberingthata 10 featuremodelwould require
a very largenumber Q � ú ��\ ��] � of imagesto train properly
(to prevent over-fitting), makingthemimpracticalto train.
Therefore,� ÿ ú � is a sensiblepracticalmaximumfor � .

While it hasnot beendiscussedhere,the A* andspace
thresholdingmethodscanbeappliedto therelatedproblem
of automaticmodellearning.Learningis aharderproblem,
sinceat the beginning, we know nothingaboutany of the
hypotheses,sowe cannotignoreany of them. In the latter
stagesit shouldbepossibleto discardmostof thehypothe-
ses,but a principledapproachis required.
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