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An estimate of the cross sections of nuclear reactions with thermal neutrons in terms
of the average parameters of the target nucleus {the strength function, the average level
spacing, and the average reaction width) is obtained, The probability distributions for
the ratios of actual thermal neutron cross sections to their estimated values are introduced,

These functions can be calculated from the statistical model. They are calculated for
neutron radiative capture and for inelastic neutron acceleration by the isomeric nuclei
[as well as the (n,a) reaction, etc.]. Using these results, one can predict the probability of
finding the actual thermal neutron cross section in a given interval.

[. INTRODUCTION

The capture cross sections for thermal neutrons
[the (n,7v) reaction] have been measured for hundreds
of nuclei.! However, for many nuclei (mainly un-
stable) they are still unknown. There are still fewer
data on (n,&) thermal neutron cross sections'»? while
thermal neutron cross section of the INelastic Neu-
tron Acceleration (INNA reaction) by nuclear isomers
was only recently first measured for 5”Eu (Ref. 3).
However, the need of estimating these cross sections
in advance arises in a number of cases. One needs
such estimates while planning the measurements of
cross sections. They are also useful to estimate
changes in the isotopic composition of the materials
irradiated in nuclear reactors by a high neutron
flux, etc.

At thermal energies, the cross section of a
reaction is completely determined by the parameters
of several low-lying resonances. These parameters
vary significantly from one nucleus to another.
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Hence, even for the neighboring nuclei, cross sections
can differ by several orders of magnitude and their
exact values are unpredictable.

In the present paper, the thermal neutron cross
section of each nucleus is considered as a random
variable distributed about its estimated value. The
latter is expressed in terms of the average parameters
of this nucleus, such as the neutron strength function,
the mean level spacing, and the average reaction
width. All these quantities can be either calculated
or measured at energies much greater than thermal.
Then the distribution function for the ratio of the
actual thermal neutron cross section to its estimated
value is introduced. Within the limits of the statistical
model, it is determined by the laws of the distribu-
tion of resonance parameters near the corresponding
mean values. Hence, the distribution function is
the same for similar reactions with nuclei having a
given spin. Once calculated, this function can be used
for the quantitative prediction of the probability
that cross sections will deviate considerably from
their expected values.

A similar function was first introduced by
Gurevich® as long ago as 1939. It was used for
estimating the mean level spacing between s-reso-
nances in heavy nuclei. The actual distribution of the
level spacings and the reduced neutron-width fluctua-
tions had been unknown at that time. So, only the
type of asymptotic behavior of the distribution func-
tion in the limit of very large cross sections had

*L. . GUREVICH, ZhETF (USSR), 9, 1283 (1939).
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been established. However, it allowed Gurevich to
arrive at an important conclusion about the sharp
increase of the level density in the region of the
rare earth nuciei.

In the region of unresolved resonances, Nikolaev
and Filippov® and later Levitt® applied the probabilis-
tic approach to the description of the cross-section
energy dependence. However, their probability dis-
tributions are not universal, depending on the isotope
and the energy interval considered.

In Sec. II we express the expected thermal
neutron cross sections in terms of the mean values
of the resonance parameters. In Sec. I the prob-
ability of the occurrence of large cross sections is
considered and the distribution function S(z) is intro-
duced. Here, S(z) is the probability of the ratio of the
actual and estimated cross sections being less than z.
In Sec. IV the capture cross-section distribution func-
tion S, (z) is obtained analytically within the model of
equidistant resonances. In Sec. V the fluctuations of
the level spacings are taken into account using the
Meonte Carlo method. Our results are compared with
the data on resonance parameters and capture cross
sections for 105 nuclei from Refs. 1 and 7. This
comparison confirms the validity of the latter model.
In Sec. V we also consider the opposite case when
the width of the exit channel obeys the Porter-
Thomas distribution in the (1,&) reaction, the in-
elastic neutron acceleration by nuclear isomers, etc.
The distribution functions, $;,(z), similar to S,(z), is
obtained using the same model.

II. THE EXPECTED VALUES OF THERMAL
NEUTRON CROSS SECTIONS

11 A. Basic Formulas

The contribution of a single resonance with
spin J, energy F; neutron width [; and the exit
channel width TI',;, to the reaction cross section is
described by the Breit-Wigner formula as

_ T 2J + 1 Ppi T
Oy = K2 2(2[+ ) (E—E.)2+ (5)2 .
! 2

(O

Here,
xro (AN 2mE
A+l 7i?
£ = incident neutron energy in the labora-
tory system

A and I = atomic weight of the target nucleus
and its spin.

M. N. NIKOLAEV and V. V. FILIPPOV. Aromnaya
Energia (USSR), 15,493 (1963).

1. B. LEVITT, Nucl. Sci kng., 49,450 (1972).

"W, DILG et al., Nucl. Phvs. 4, 217,269 (1973).
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At thermal energy, £ = Er = 0.0253 eV, only
the s-resonances contribute to the cross section,
ie., J = [ + 3. The inequalities £7 << E; and I'; << E;
are usually true, so that Eq. (1) turns into

1
A—lz(li'?:)-f-l.r‘ni.r‘r{ 5
i T gITAZI+D) B (2

To estimate the cross-section value, let us repre-
sent it as the sum of the independent resonance
contributions under the following simplifying as-
sumptions:

1. All reaction widths are equal to the corre-

sponding mean values (depending on J): I'y; =
L), Dy = TOUINE/EDY? Eg=1¢V.

b

. The energy spacings between the resonances
with spin J are constant: E;., — £; = D(J).

3. The resonances are located symmetrically with
respect to the zero neutron energy point:
E; = DG~ ).

Using these assumptions, we come to the fol-
Jowing expression for the expected cross-section
value o, which should not be confused with the
mean value 0,: :

Es ( E )“2 {g(Jo-’I‘S(J])-ﬁ(J])
K? [DW/2)?

Ey
g(/2)- I—12(-12) : I—ﬂr(-lz)} . i 1

* =
o

[DU)/ 212 G- @

j==-o0
Here, T'2(/) is the mean neutron width, reduced to
Eo=1¢€V, and g(J) = (2J + 1)/[2(21 + 1)] is the
statistical factor. The value of the sum in Eq. (3) is
equal to 72/4 (see Eq. 0.234.2 in Ref. 8).

I1.B. The Expected Value of the Thermal Neutron
Capture Cross Section

For the neutron capture reaction I,(J) = T,
there are two systems of resonances (with spins
J, =1+ % and J, =1 - %) that give comparable
contributions to the cross section. After substitution
of the numerical factors corresponding to the thermal
energy of the incident neutron (£ = Er), we obtain .

So-T
0¥ =0.404-10° (—A—+—1>2-F(l)-—2_1(b) G

A Dexp
Here,
_ 1)+
F()=gXJ) +g*(Jy) = NN

8. S. GRADSTEIN and I. M. RYIJIK, Tables of Integrals,
Sums, Series and Products, 5th ed.. Nauka, Moscow (1971).

|

|
|
|

A A kst AN AN e s

N oAs

o ol CUN SR




el

[SY

-

°es

ith
nt:

fol-
ion
the

(3)

d to
the
3) is

‘tegrals,
71).

THERMAL NEUTRON CROSS SECTIONS

o
So= &on strength function for s-neutrons
exp

ﬁexp(l )= average spacing between s-resonances
of the target nucleus with the spin /,
which is connected with D(J) by the
equality Dexp(I) = g(J)- DUJ).

For /=0, Eq. (4) is reduced to

s = 0.a04. 108 (AT 1Y . S0 Ty
oy =0.404-10 ( Y ) Dexp (b) .
For example, let us estimate the capture cross
section of thermal neutrons by the isomeric nucleus
1s2mpy (UF=37,15=0,7=179 yr. r, = 134 h,
€m = 0.05 MeV, from Ref. 9). Vertebny et al.'®
obtained for the ground state of this nucleus Sy =
(3.6 £ 1.2)-10%, 'qu = (0.160 £ 0.025) eV, and
Dexp(3) = (0.25 + 0.04) eV. The evaluation of Deyp
for the spin of '"*”Eu using the Fermi gas model!
gives Dey,(0) = 1.4 eV. The values of Sy and I, are
spin independent. They should not change notice-
ably while the excitation energy is shifted by the
isomer energy €,,. Assuming them to be actually con-
stant and using Eq. (4a), we obtain 0¥ = 1.7-10%b.

(4a)

I1.C. The Expected Valie of the INNA
Thermal Neutron Cross Section

We now consider the INNA reaction that is
possible when the neutron collides with the isomeric
nucleus.®> As a result of the INNA reaction, the
emitted neutron carries away the isomeric transition
energy €,. Here, we consider only the magnetic-type
isomers. In this case, the cross section is determined
only by the system of resonances with spin corre-
sponding to the lowest momentum of the emitted
neutron. If we replace T, by Tj,(en) and take into
account the approximate relation TY,(e,)/T0 =
T1j(em)/ To(Eo) Lhere, T;(E) is the transmission coef-
ficient for neutrons with the energy E, the orbital
momentum /, and the total momentum ; that are
allowed by the selection rules of the transition], we
have instead of Eq. (4),

2 T1j(em)
) 50y St )

The transmission coefficients 7;; can be calculated
using the optical model.

Let us use Eq. (5) to estimate the INNA thermal
neutron cross sections for M4 isomers 37"Sr, 1!3Mp,
Lis"In, and '**"Te. The important point here is the
choice of reasonable parameters for the optical

&)

Oin = 0.404- 108 (A; 1

°D. J. HOREN, Ed., Nuclear Level Schemes, Academic
Press, Inc., New York (1973).

1%, P. VERTEBNY et al., Yad. Fiz., 26, 1137 (1977).

1A, BOHR and B. MOTTELSON, Nuclear Structure,
Vol. 1, Benjamin, Inc., New York and Amsterdam (1969).
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potential. In our earlier paper!? we chose these
parameters following the idea of the SPRT method
by Lagrange.!>'* The imaginary part of the po-
tential W was obtained by fitting the strength
function S, while other parameters were nearly
those obtained by Lagrange for 8°Y and 23Nb. The
strength function §,, the potential scattering radius
R', and the total cross section o,(F) were in rea-
sonable agreement with the experimental datals!S
[within 20% for S, and 10% for both R' and o,(F)].
This allowed us to describe the INNA cross section
for '"5"In in the incident neutron-energy interval
0.02 to 0.3 MeV to an accuracy of ~20%. If we
obtain the values of W for 87”81, !13"In, and 123™Te
in the same way, we arrive at o}, as listed in Table 1.

This table shows that INNA cross sections, as a
function of the isomer energy and of the strength
function, can differ by orders of magnitude in spite
of similar selection rules of the transition (M4). In
particular '**"Te must have a very small INNA cross
section. The experimental limit ¢;, < 20 mb estab-
lished by Hamermesh'® does not contradict our
estimate.

H{I. THE PROBABILITY OF THE APPEARANCE
OF LARGE CROSS SECTIONS

HILA. The Single Level Approximation

We now consider the distribution of the actual
cross sections o about their expected values o*. If
we introduce the variable z = o/0* and consider it
as random, we can define the probability density
of z, Az), and the distribution function S(z) as

z
S(z)=f0 P(y)dy . (6)
Here, S(z) is the probability that the ratio of the
actual cross section to the expected one does not
exceed z.

Let us suppose that some resonance is located
occasionally quite near zero energy. Then the cross
section is determined mainly by the parameters of
this resonance and its actual value may greatly
exceed the expected one. Thus, for large z the

yU. V. PETROV and A. I. SHLYAKHTER, Nucl
Phys. 4,292, 88 (1977).

BCH. LAGRANGE, in Proc. Third Sov, Natl. Conf. on
Neutron Physics, Kiev, May 26-30, 1975, CONF 750555,
3,65, Moscow (1976).

4], P. DELAROCHE, CH. LAGRANGE, and J. SALVY,
Consultants’ Mtg. Nuclear Theory in Neutron Nuclear Data
Evaluation, TAEA-190, 1, 251, International Atomic Energy
Agency (1976).

15D, 1. GARBER and R. R. KINSEY, “Neutron Cross
Sections,” BNL-325, 3rd ed., Vol. 2, Brookhaven National
Laboratory (1976).

168, HAMERMESH, Phys. Rev. C, 10,2397 (1974).
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TABLE I
Expected INNA Thermal Neutron Cross Sections
T

T h e, MeV So, 107 4 ()
Isomer Im~1Ig (Ref. 9) (Ref. 9) (Ref. 1) Wo, MeV To(1eV) o,b
87mg £ 40 0.388 026 1.8 8.9 0.19
My, L 2.74 0.392 0.85 5.3 3.3 0.74
usmyy s F 6.5 0.335 0.26 14 24 0.05

u3Mmye u- g 4.1-10° 0.088 0.98 3.7 0.01 0.002

Note: Other parameters of the optical potential are those from Ref. 12. The values of ¥ and W depend slightly on the incident
neutron energy: ¥ =495 - 0.28F MeV), W= Wy + 0.3F (MeV).

asymptotic behavior of P(z) and S(z) is completely
determined by the nearest resonance contribution
and we can use the single level approximation. Taking
into account Eqgs. (2) and (3), we obtain for/=0

t-u
72 (v~ x)* D
Here, t = I'%/T9, u = I'%/T?, and vy =(E, — Eo)/D
are, respectively, the reduced width of the first
positive resonance and its spacing from the first
negative level normalized to the corresponding mean
values; x = —(E,+ E})/D.

4
z=-5"

I11. B. Probability Distributions of the
Resonance Parameters

Within the framework of the statistical model,
the fluctuations of the reduced widths are described
by X*(v) distribution.. The number of degrees-of-
freedom v is equal to the number of final states for
the reaction considered.

There are only s-neutrons in the entrance channel;
hence, » = 1 and the reduced neutron width should
follow the Porter-Thomas distribution!!:

exp(—t/2)
(27”)1/2

- The distribution of the reduced widths in the
exit channel is determined by the type of the
reaction. For radiative capture, there are a great
number of final states. Hence, » >> 1 and the
X2(v) distribution is reduced to the delta function
and one must put ¥ = 1. In the opposite case, the
compound nucleus decays into a single final state.
Examples are the INNA reaction (the outgoing
neutron has the lowest angular momentum allowed
by the selection rules) and the (n,@) reaction (the
compound nucleus decays preferably to the lowest
level allowed). In the latter case, the Porter~Thomas
distribution Eq. (8) agrees with the existing data.?

Pp_r(t) = (8)

The fluctuations of the energy spacings between
the neighboring levels with a given spin are usually
described by a Wigner distribution!! as

P,.(v;) = ’—; v eXp (— 4%,?) . (9)

Here, v; = (Ej4q — ED/D.

The distribution of the energy of the first
positive resonance is determined by the difference
(vo ~ x)/2. It depends on the distribution of the
incident neutron zero energy point on the scale
of compound nucleus levels. It seems natural to
suppose that the latter distribution is uniform. The
total probability of finding the zero neutron energy
in a given interval is proportional to its width v, The
density function of the variable x is normalized to
vo (due to the symmetry, one may consider only
positive values of x):

Py(x)=1,

The validity of this density function is confirmed by
the comparison of the theoretical distribution of the
first resonance position with the available data
(see Fig. 1 and Appendix A).

HI.C Distribution Functions in the Single
Level Approximation

We now use the single level approximation to
calculate the function S(z) for a neutron radiative-
capture reaction taking into account the distributions
of Egs. (8), (9), and (10). Denoting it by S.(z) we
have

S0 = [T dvePutwo) - 7 dus 0 [ ar
X Pp_ (1) - fo " dx - Py(x)

XB[z—% Lu ] (an

7 (Vg — x)5

0<x<y,. (10)
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LA S S S L AL A AL T T ™ ]
. 15Fr .
2 r ]
& LPlw) =6{(1 —w)
5 S
B 1.0k~~~ §
g L P = T W) ]
:::-’ , - Liw) = exp ( aw > ‘
> ,
€ 05 :
3 I

PR R T ST S l PR S SRR SR S T T m ]
0.5 1.0 1.5 2.0 2.5

Resonance energy in units of w = E,/D

Fig. 1. The distribution of the first resonance energy (in

units of w = E,/D) with (solid line) and without (dashed line)

the Wigner distribution of Eq. (9).

Here, 8(x) = 1, if x. 2 0; otherwise 8(x) = 0. Inte-
grating over x we come to

551)(2)=j; dvo‘Pw(Uo)fo du- P (u)

d['Pp._T([) . [Uo_;’i—(!;l'—(>l/2] . (12)

(n214)wd )z

)

0

Evaluation of this integral finally gives

Dy=q -2, 2\
S5 =1 5 arctg (nz) . (13)
At z >> 1 the upper limit of the inner integral of
Eq. (12) can be replaced by infinity and S§” is re-
duced to

SI(z) = (wolw
2

) —_——— ) 1/2
~ s Ve (V) =1 —%(;_;) - (14
Here, (Wo)w = 1, (V1 )p_r = (2/m)V'2, (Vu), = 1.

It is immediately seen from Eq. (12) that the
rootlike asymptotic behavior of S,(z) is due to the
uniform distribution of the position of the first
resonance [Eq. (10)]. The averaging of the neutron-
width fluctuations in the entrance channel gives
the factor (2/7)!/? while the distribution of resonance
spacings does not change the asymptotics at all'’
(see case k = 1 in Fig. 2).

It should be mentioned that the asymptotic formula
similar to Eq. (14) can be derived from the expression
obtained by Gurevich in 1939 (Ref. 4). He had neglected
the fluctuations of the reduced neutron widths that were
unknown at that time. Thus, in the limit of very large cross
sections, his result can be reduced to the formula that differs
from Eq. (14) by only the factor (2/m)!/2.

function, S%,k)(z)
o o
o N
o 0

o
N
o

Capture cross-section distribution

PR DRV ST SRR S R

I I S S N |

4.0

1.0 20 30
z=07/o§

Fig. 2. The capture cross-section distribution function
Sfrk)(z) for zero spin nuclei with (solid line) and without
(dashed line) the Wigner distribution of Eq. (9). Here, & is the
number of resonances considered. In the case where k = 400,
the Monte Carlo method was used.

The validity of the latter statement is illustrated
in Fig. 1 where the distribution of the position of the
first resonance (measured in w = £,/D units) with
(solid line) and without (dashed line) Wigner dis-
tributions Eq. (9) is shown. At smalil w, the density
function P(w) does not depend on the model
chosen. It means that at z >> 1 the cross-section
value is completely determined by the parameters
of the nearest resonance and does not depend on
the positions of the other resonances.

The single level approximation can also be used
to obtain the function S{)(z) for the INNA and
the (#,&) reaction by substituting a Porter-Thomas
distribution Eq. (&) instead of p,(u) in Eq. (11).
However, the result appears to be cumbersome and
is not reproduced here (see case £ = 1 in Fig. 3 and

Reaction cross-section
distribution function,

Fig. 3. The thermal INNA {as well as (n,a), etc.] reaction
cross-section distribution function S},’f)(z) with (solid line) and
without (dashed line) the Wigner distribution of Eq. (9). Here,
k is the number of resonances considered. In the case where
k = 400, the Monte Carlo method was used.
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RERPE S

Ref. 18). The asymptotic formula at large z can be noticeable. For example Hamermesh!® made an at- Tk
obtained in the same way as Eq. (14) tempt to measure the INNA thermal neutron cross
e 5 . 4 section for !?3"Te, The accuracy achieved was an %
Sin = Wy ——= (Vi )p-r- (Nt pp=1- —2_\7: . order of magnitude less than that required (see
™z vz Sec. 11.C). However there existed a considerable (ir
(15) probability (~13%) of measuring the effect; unfor- . an
. . tunately it was not the case. ! in
It differs from Eq. (14) by an additional factor Let us note in conclusion that for very large z,
(2/m) , arising from the averaging of the width 4. scymptotic formulas, Eqs. (14) and (15), should cr
fluctuations in the exit channel. fail. This is due to the violation of the condition
I'? << 4(E, - E7)? that allowed us to reduce Eq. (1)
HI.D. Discussion to Eq. (2). The corrections become significant at
It follows from Eqs. (14) and (15) that the 2~ D*/2I" which is usually large. |
probability of large cross-section occurrence is not | us
small and with the increase in z it decreases rather IV. DISTRIBUTION OF THE CAPTURE CROSS . ne
slowly (see Table II and Figs. 2 and 3). The thermal- SECTIONS IN THE MODEL OF ' ofe
capture cross section can exceed the expected value EQUIDISTANT RESONANCES ;ra
by more than 100 times with a probability of 5%. . tic
Almost 1% of the nuclei have capture cross sections 1V.A. Zero Spin of the Target Nucleus !
that exceed their estimated values by more than a As the nearest resonance is removed from zero |
factor of 3-10° Thus, the existence of a number of neutron energy, its contribution to the cross section
strong absorbers is not surprising. diminishes and one should take into account other I
The probability of large INNA cross sections resonances. We obtain the function S,(z) within the j
occurring is slightly smaller (by 20%) but still framework of the following simple model. We sup- ;
" ) pose that the s-resonances form an equidistant system |
LNPL ZSU6 ]\j ZETIZ()(\IIS);;? (iﬁ'RIl;ssSiSnlSYAKHTER’ Preprint  (jsplaced an amount D on the energy axis. Thus, ‘ -
-456, Leningra . : T
¥The detailsg of numerical calculations can be found in we replace the Wigner distribution Eq. (9) by ‘ fc
Ref. 18. P(u)=68(w; - 1) . (16) ,
TABLE 11 E
The Distribution Functions S.(z) and 5;,(z) |
5, (2)° 552 |
z 0 Iy e Sin(2)? 4 0 Lin o° Sin(2) F
cé
0.03 0.0006 0.50 0.27 0.30 0.30 042 ' ol
0.04 0.003 0.60 0.32 0.35 0.35 0.46 f fc
0.05 0.007 0.70 0.37 0.39 040 0.50
0.06 0.001 0.001 0.001 0.015 0.80 040 042 043 0.53
0.07 0.002 0.002 0.002 0.024 090 0.43 045 046 0.55
0.08 0.003 0.004 0.004 0.035 1.0 0.46 048 0.49 0.57
0.09 0.006 0.006 0.006 0.046 15 0.56 0.58 0.58 0.65 :
0.10 0.009 0.010 0.010 0.059 20 062 0.63 0.63 0.70 )
0.12 0.017 0.020 0.020 0.085 2.5 0.66 0.67 0.67 0.73 \
0.14 0.028 0.032 0.032 0.11 3.0 0.69 0.70 0.70 0.75 H
0.16 0.040 0.046 0.047 0.14 35 0.72 0.72 0.72 0.77 E
0.18 0.054 0.062 0.063 0.16 4.0 0.74 0.74 0.74 0.79 9
0.20 0.070 0.079 0.081 0.19 4.5 0.75 0.76 0.76 0.80
025 0.11 0.12 0.12 0.24 5.0 0.77 0.77 0.77 0.81
0.30 0.14 0.16 0.17 0.28 100 0.83 0.83 0.83 0.87
0.35 0.18 020 0.20 0.32 20.0 0.88 0.88 0.88 091
040 022 024 024 0.36 50.0 093 093 093 0.94 le
045 625 0.27 0.27 0.39 100.0 095 0.95 095 0.96
The distribution functions S,(z) and S;,(z) were calculated by the Monte Carlo method (Ref. 19). The contributions of 200
positive and 200 negative nearest resonances to the cross section were taken into account. For the calculation of each function, 52
10° sample cross sections were generated.
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The energy of the i’th resonance is

E=20i-1-0 17
(in the notations of Sec. IIl). Here, i is an integer
and x is the random variable, distributed uniformly
in the interval 0 < x < 1.

The contribution of the i’th resonance to the
cross section is

(18)

We calculate the probability density function
using the Porter-Thomas distribution for the reduced
neutron widths and neglecting the multilevel inter-

ference phenomena, and the fluctuations of the
radiation widths (these are the usual approxima-
1 o0
)= [ ax TI

tions?%)
[_/;md[i'PP—T(ti)]
j=—o0

Xﬁ(z— > y,-') .
['=—c0

Here, y; are those defined in Eq. (18). The expression
for the Laplace transform of the function £,(z) is

(19)

f’;(q) = g arctg exp[—(2¢)'?*] . (20)

Equation (20) is derived in Appendix B. It leads to
_2 (e (2
P =2 ["exo(Z @n

For small ¢ lying within the circle lg| < #?/8, 17,((1)
can be developed as a series in (2¢)!% The inversion
of each of its terms gives us the asymptotic expansion
for large z:

)-Arth(siny)dy .

1/2 2 |E2nl

_2(2
ro=3(2)" Z e

2 1/2 1 1
(o) (rgrgr)

Here, E,, are the Euler numbers £, = 1, £, = -1,
Es= 5, Eq=—61, Eg= 1385. .. (see Secs. 9.63 and
9.72 in Ref. 8). Hence,

1/2
13 @) (o).

This expression gives the accuracy of the single
level approximation of Eq. (14).

(22)

(23)

*G. de SAUSSURE and R. B. PEREZ, Nucl. Sci. Eng.,
52,382 (1973).

It is inconvenient to use Egs. (22) and (23) at
small z. After developing the arc tangent in Eq. (20)
as a power series in exp[—(2¢)!/?] and inverting
each term, we obtain .

(2 3 = " (2n+1)2
Pv(Z)‘(vE) LD ’e"p[“ —‘2__] :

This series converges rapidly for small z and the
following approximation has an accuracy of better
than 2% up toz = 1:

P (z) = (1-(2;)3/2 exp (~ 512) .

The fast decrease of P,(z) at z > 0 is due to the
fact that z can become small only if the widths of
the large number of resonances become small simul-
taneously: The functlon Eq. (24a) reaches its maxi-
mum value at z,, =3, ie., P (zm) = 0.589. The plot
of the function P,(z) is shown in Fig. 4. After
integration of Eq. (24) from zero to z, we obtain
the expression for S,(z), which is convenient at

(24)

(24a)

small z:
4 < 2n+ 1
S5 =7 2 (2n+ ne [(5)1/2] - 2
Hence,
1/2
Sy(z)zfog(% 2) -exp(— 2—12) . @5

The function §,(z) is shown in Fig. 2. As was
expected, it differs significantly from the single level
approximation used in Sec. III at small z.

A S A I B B RN S S S A B S S S

Probability density function, P(z)

z=0fo*

Fig. 4. The probability density functions P.(z) and Pin(z)
for thermal neutron cross sections with (solid line, the Monte
Carlo calculation) and without (dashed line) the Wigner dis-
tribution of Eq. (9).
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1V.B. Arbitrary Spin of the Target Nucleus

It is convenient to take the expected capture
cross section for I = 0 [Eq. (4a)] as a unit. The
contributions of the systems of equidistant reso-
nances with the spins J, = (/ + 1) and J, = (7 - 1) are
proportional to g2 = (/ + 1)%(2/ + 1)* and g3 = 1?¥/
(21 + 1)?, respectively.

Assuming both systems to be independent, we
have for the Laplace transform of the distribution
function

4

~ 2
S,(@)= (;) %arctg expl-g1(2g)' *larctg

X exp[-g22¢)'"?] .

Equation (26) is derived in Appendix B. We
develop arctg fexp[-gx(2¢)'/?} as a power series in
expl-gx(2¢)1"?1(k = 1, 2) and invert it term by term
just as in the case of / = O:

(26)

_(AV. S S 1
S$,(2) = (%) nZ=(;) ;f?o (2n+ 1)(2n - 2m + 1)

) g
X erfc[(Jz * Dy ;-2517/2 2t l)g%] .@n

This expression is convenient at small z. For 7 << |
we have

' a\2/2 \12
s 5 ) e ).

The comparison of Egs. (27) and (27a) shows that
spin causes the appearance of the pre-exponential
factor 4/w = 1.27.

In the opposite case (large z) the following
expression is valid for P, (z):

2 r=f viz vz
P(z) = 2 j; [exp(— 52) +exp (— E)]

8
23>0 (28)

(27a)

X Arth(siny)-y-dy ,

Hence, Egs. (21), (22), and (23) give us

Sy =1- [ Pdy =1
z

2( 2)”2 ZNEy (g7 + g3 (29)

T\7mz e (2nt 1)-nl(2z)

Unlike the expansions (21) and (23), which are
exactly equal to Egs. (24) and (25), Eqgs. (28) and
(29) are valid only at z >> 8g3/n? with the exponen-
tial accuracy.

Comparison of Egs. (29) and (23) show that the
spin influence appears only in the second term of
the expansion as

172 34,3 54 o5
Sy =1-2 (;é) (1 +g___16zg2+_____g1872g2 +.. )

(29a)

and at large z the spin corrections are small. Thus,
in the model of equidistant resonances, a small
correction at large z and a factor 1.27 at small z
appear to be due to spin. The direct calculation
shows that the influence of spin is small at all z.
A more accurate treatment confirms this conclusion
(see Sec. V).

V. THE INFLUENCE OF THE LEVEL
SPACING FLUCTUATIONS

V.A. The Capture Reaction

The fluctuations of the level spacings change the
distribution of the cross sections. As was shown in
Sec. III at z >> 1, these fluctuations do not influence
the asymptotics of S,(z). In the region z << 1, the
cross section is determined by the parameters of
many resonances. Therefore, there is a possibility
that the cross section will decrease due to the
increase of the level spacings. This effect slows the
rapid decrease of §,(z). The exact analytical solution
was not obtained in this case. However, the direct
Monte Carlo simulation of the cross sections by
means of a computer proved sufficient. Figure 2
shows the functions S.(z) for / = 0 that were
calculated with (solid line) and without (dashed
line) the Wigner distribution of the level spacings.
Apparently the accuracy of the model of equidistant
resonances decreases quickly while z = 0.

The influence of the level spacings fluctuations
on the function P,(z) at z < 1 is shown in Fig. 4.
This function reaches its upper limit at z = z,,; here,
Z,m is ~ 1.5 times less than in the model of equidistant
resonances while the maximum value is higher. Thus,
the most probable capture cross section is almost
one-fifth the expected value, 0¥, calculated using
Eq. (4a). (The scatter of points due to the Monte
Carlo calculation prevents the exact determination
of z,,.) A
The probability of very small values of z is
negligible (see Figs. 2 and 4 and Table II): S.(z) <
107 at z < 0.05. So, one can neglect the probability
of the cross section being 20 (or more) times less
than o* and thus can establish the lower limit on

¥
possible values of g,,.

V.B. INNA Reaction

Here, we consider the case of the compound
nucleus decay into a single final state. Now the
widths of both the initial and final channel obey
the Porter-Thomas distribution [INNA reaction,
(n.«), etc.]. We calculated the function P;,(z) taking
into account the Wigner distribution. The Monte
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Carlo method was used. The results are shown in
Fig. 4. The upper limit of Py,(z) is considerably
higher and it is shifted to the left compared to
P,(z). The most probable cross-section value appears
to be about eight times less than o, within the
accuracy of the calculation.

The influence of the level spacings fluctuations
can be seen in Fig. 3 where the functions S;,(z)
calculated with and without the Wigner distribution
are shown. This influence appears to be less impor-
tant than in the case of S,(z) (see Fig. 2).

The probability of small z is considerably greater
for the INNA reaction than for capture as one can
see in Fig. 4 and Table II. However, the values less
than z = 0.03 are hardly probable and one can adopt
it as a lower limit of z.

V.C. The Data Analysis

The calculated values of S, ,(z) are compared with
data in Fig. 5. We have already noted that the
calculated curves at the target nucleus spin values

= 0 and I # 0 are close to one another. The
influence of spin is less than in the model of
equxdlstant resonances. The difference between S,(z)
for I = 3 and I = o0 is not more than the thlckness of
the curve I # 0 (see also Table II).

We have included in the data set the nuclei for

which both the thermal neutron capture cross sec-
tions-and the parameters of several lowest s-reso-
nances were known. Having the ratio zexp = 0yexp/0¥
for each nucleus, one can plot a histogram for
Syexp(2z). Such a histogram based on the data for
105 nuclei 45 < A < 240 (41 nuclei have zero spin)
from Refs. 1 and 7 is shown in Fig. 5. All the nuclei
(not fissionable in the thermal region), for which
the parameters in Eq. (4a) could be determined
reliably enough, were included.

The agreement between our calculations and the

o
)

Distribution function, S7(z)

z=g/c*

Fig.5. Comparison of the calculated distribution func-
tions S,(z) (depending on the target nucleus spin 7) with the
experimental data from Refs. 1 and 7. The data set includes
105 nuclei with 45 < 4 < 240.

experimental data is quite satisfactory. In the region
z >> 1, it confirms the purely random distribution
of the zero neutron energy on the scale of nuclear
levels. The agreement in asymptotic behavior also
confirms the validity of the Porter-Thomas distribu-
tion Eq. (8) [see the discussion of Eq. (14) in
Sec. IIT]. At z < 1 the agreement with the data can
be reached by taking into account only the latter
distribution and the one of Wigner, Eq. (9). Within
the accuracy of the data available, one can neglect
possible deviations from these purely statistical dis-
tributions as well as the possible multilevel inter
ference phenomena.

There are no experimental data to verify the
function S;,(z). However, it was obtained within the
same model. The interference phenomena can appear
to be more important in this case.?® Nevertheless,
we can recommend it for estimating the probability
of the considerable deviations of thermal INNA cross
sections [as well as (n,«), etc.] from their expected
values.

V.D. Conclusion

It appears convenient to consider actual thermal
neutron cross sections as random variables distributed
about their estimated values. Equations (4a) and (5),
taken with the corresponding distribution functions
(see Figs. 3 and 5 and Table II), allow prediction of
the probability of various cross-section values.

The probability of small values of z = geyp/o* is
exponentially small. Thus, the lower limit of the
possible cross-section values can be established reli-
ably enough. On the other hand, the probability of
the occurrence of the cross sections by orders of
magnitude exceeding their expected values is notice-
able.

The agreement of the calculated distribution
function for capture S,(z) with the experimental
data (see Fig. 5) indicates that the statistical approach
can be used both for resonance parameters and
thermal cross sections. This seems to be an indepen-
dent confirmation of the statistical model

APPENDIX A

In this Appendix we verify the hypothesis that
the zero energy of the incident neutron is located
in a purely random way with respect to the com-
pound nucleus levels scale.

In the statistical model, it is generally assumed
that the levels of the excited nucleus are scattered
near the neutron emission threshold in such a way
that spacings between the neighboring resonances
obey the Wigner distribution, Eq. (9). If the neutron
zero energy can enter any point of the energy scale
with equal probability, then the chance to enter a
given interval is proportional to its width v,. Inside
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this interval, the zero neutron energy is distributed
with uniform probability and Py(x) = 4, being inde-
pendent on the first negative level position. The
distribution Py(x) is still normalized to v, but unlike
Eq. (10) the possibility of x variation in both
directions must be considered (—vy <x <Up).

Let us obtain the probability density of the
first resonance position w = (vy — x)/2. It is deter
mined by the difference of the two independent
random numbers v, and x following P, (vy) and
Py(x) distributions. Hence,

Puwy = [ dogPutwo) [ :° dx- Po(x)
Vo

Ug — X _ T 2
““T = exXp —ZW .

The P;(w) distribution was obtained in 1968 by
Lynn?! in connection with the problem of the
possible nonstatistical effect in the distribution of
the neutron emission thresholds. Lynn compared
the P;(w) distribution with the data and satisfactory
agreement was found. Since the new data appeared
during the last years, it seems reasonable to repeat
the comparison with the improved statistics.

All the nuclei with known spin of the first-
resonance and mean spacing between the s-reso-
nances!s” were included in our analysis. The level
systems with J; = J + % and J, = I = 4 were analyzed
independently. The final data set contained 206
points (instead of the 60 points in Ref. 21).

The experimental histogram is shown in Fig. 1.
The probability densities P(w) were calculated both
with (solid line) and without (dashed line) the
Wigner distribution. The good agreement of the
Lynn distribution with the experiment confirms the
hypothesis on the random distribution of the inci-
dent neutron zero energy with respect to the com-
pound nucleus levels.

In the region of small w, the Wigner distribution
does not change the result obtained in the model of
equidistant resonances noticeably, the difference
becoming significant only at w = 1, The existing
agreement of P;(w) distribution with the data gives
an additional support to the Wigner distribution of
Eg. (9). It should be emphasized that here the
statistical approach was applied to the totality of
the resonances of many nuclei, not of a single
nucleus.

xa(w- (A1)

APPENDIX B

LAPLACE TRANSFORM OF THE FUNCTION S,(z2)
IN THE MODEL OF EQUIDISTANT RESONANCES

Let us consider the target nucleus with zero
spin 1. In accordance with Eq. (19), the function

P,(z) can be represented as

P(2)= _/;l dx ._H [j(;wdti'PP—T(ti)]

X5[Z— E y;r(t,")] .

i'=—o0

(B.D)

Carrying out the Laplace transformation and
changing the order of integrations, we obtain

Py = fo ~ exp(~q2)- P, (2)dz

1 oo oo
=J; dx T {j(; dti-exp[—yi(fi)]'PP—T(ti)} .

i=—oco

(B.2)

Calculating the inner integrals and taking into ac-
count Egs. (8) and (18), we obtain

Py(q)=j; dx H 3 ! 172
o [‘ tEE —x)?]
(B.3)

For this infinite product, the following formula is
valid (see Eq. 1.438 in Ref. 8):

had 8 q _ ch(8¢)''? + cosmx
I [I * 7% (2i— 1 —x)z} - 1+ cosmx )

i=—o00

(B.4)

Substituting Eq. (B.4) into Eq. (B.3) and integrating
over x, we obtain finally the Laplace transforms of
P,(z) and 57(2):

P = % arctg exp[—(2¢)*?]

§7(q) = 7—% arctg exp[—(2¢)'/?] . (B.9)

In the case of the arbitrary spin of the target
nucleus, the contribution of the i’th resonanct
belonging to the k’th system differs from Eq. (18)
by the factor gk:

I

4
VK=& 73 T R (B.6)

k=1,2.

Assuming both systems to be independent we have.
instead of Eq. (B.1),

2, E. LYNN, The Theory of Neutron Resonan¢t

Reactions, Oxford (1968).
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J 1 ad oo Note Added in Proof: After this work was com-
Pz)= dx, [1] dt; Pp_7(t) pleted, we learned about the paper by Cook and

H 0 j=—o00 0

Wall.?2 They used data on the position of the first
) . - resonance and Monte Carlo method for generating
‘ bability distributions of thermal capture cross
x{ [ dey fay-ports; prob : .
i { 0 2 j}__lm [ rEe-ry) sections around estimated values. No exact analytical
) : solution was obtained.

Xa[zjz vl = 3 y/"z(fj')] . (B

wd

j'= ~0 E
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