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Low-distortion geometric embeddings
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Formally: a mappingf : PA ! PB :

� PA : points from metric spacewith distanceD(�; �)

� PB : points from somenormed space,e.g., ld
2

� For any p;q 2 PA

1=c� D (p;q) � kf (p) � f (q)k � D (p;q)

Parameterc is called\distortion".
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Other embedding de�nitions possible
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Overview of the remainder of the talk

� Motivation

{ General
{ Example:diameterin ld

1

� Embeddingsof �nite metrics

{ into norms (Bourgain's theorem, Matousek's
theorem, etc.)

{ into probabilistic trees(Bartal's theorem)

� Embeddingsof norms into norms

{ dimensionality reduction(e.g., lhig h
2 ! lsmal l

2 )
{ switchingnorms (e.g., l2 ! l1)

� Embeddingsof specialmetrics into norms

{ string edit distance
{ Hausdor� metric
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Why embeddings

� Reductionsfrom \hard" to \easy" spaces:
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"Hard" "Easy"

� Widely applicable

� Many tools available
(combinatorics, functional analysis)
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Example: diameter in ld
1

� Given: a set P of n points in ld
1

� Goal: the diameterof P, i.e.,

max
p;q2 P

kp � qk1
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Algorithms for diameter in l1

� Easy: O(dn2) time

� Canwe reducethe dependenceon n
(e.g., if d constant) ?

We will show O(2dn)-time algorithm via:

� Embeddingld
1 into l2d

1

� Solvingthe problemin l1
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Algorithm for diameter in ld0

1

max
p;q2 P

kp � qk1

=

max
p;q2 P

max
i =1 ::: d0

jpi � qi j

=

max
i =1 ::: d0

�
max
p;q2 P

jpi � qi j
�

=

max
i =1 ::: d0

�
max
p2 P

pi � min
q2 P

qi

�

Runningtime: O(d0n).
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Embedding ld
1 into l2d

1

The mappingf is de�ned as:

f (p) = < s0 � p; s1 � p; : : : ; s2d� 1 � p >

wheresi is the i th vector in f� 1; 1gd. Then

kf (p) � f (q)k1 = kf (p � q)k1 = max
s

js � (p � q)j

= max
s

j
dX

i =1

si � (p � q) i j = j
dX

i =1

sgn((p � q) i )(p � q) i j

=
dX

i =1

j(p � q) i j = kp � qk1

Runningtime: O(d2dn).
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Properties of the embedding

� Isometry(distortion c = 1)

� Linear

� Oblivious: f (p) doesnot dependon P

� Deterministic

� Explicit
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Overview of the talk

� Motivation

{ General
{ Example:diameterin ld

1

� Embeddings of graph-induced metrics

{ into norms (Bourgain's theorem, Matousek's
theorem, etc.)

{ into probabilistic trees(Bartal's theorem)

� Embeddingsof norms into norms

{ dimensionality reduction (Johnson-Lindenstrauss
lemma,etc.)

{ switchingnorms

� Embeddingsof specialmetrics into norms

{ string edit distance
{ Hausdor� metric
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Embeddings of �nite metrics into norms

Embeddingsof M = (X ; D ) into ld
p

� X - �nite set, jX j = n

� D - distancemetric (symmetry, triangle inequality
etc)

� D (p;q) - shortest distancebetweenp and q in some
graph:

{ generalgraphs) generalmetrics
{ planar graphs, trees etc ) more specialized

metrics
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General �nite metric into norms

Bourgain'stheorem (1985):

Any M = (X ; D ) can be embeddedinto ld
2 with

distortion O(log n).

� d: originally exponential in n, can be reducedto
O(log2 n) [Linial-London-Rabinovitch'94]

� Proof yieldsrandomizedalgorithm with O(n2 log2 n)
running time, can be derandomized

Seminalresult:

� Initiated the investigation of embedding �nite
metrics

� Introduced proof techniquewhich works for other
norms and graphclasses
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The l1 version

Matousek'stheorem (1996):

For any b > 0, any metric M = (X ; D ) can be
embeddedinto ld

1 with distortion c = 2b� 1 for
d = O(bn1=b logn).

� ImpliesO(log n)-distortion embeddinginto l log 2 n
1

) O(log2 n)-distortion embeddinginto l2

� Proof somewhateasierthan Bourgain'sproof

� Sametechnique
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Proof: no-distortion case

Assumec = 1. Will show d = n (Frechet,1???).

Let X = f p1; : : : ; pn g. Considera mappingf de�ned
as:

f (p) = < D(p;p1); : : : ; D (p;pn ) >

Needto show jf (p) � f (q)j1 = D(p;q).

� f is a contraction, sincefor any pi 2 X

jD (p;pi ) � D (q; pi )j � D (p;q)

) jf (p)� f (q)j1 = max
pi

jD (p;pi )� D (q; pi )j � D (p;q)

� f doesnot \shrink" too much, since

jf (p) � f (q)j1 = max
pi

jD (p;pi ) � D (q; pi )j

� jD (p;p) � D (p;q)j = D(p;q)
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Proof: general distortion

Modi�cations:

� \Witness" is a set, not a point, i.e.,

{ De�ne D(p;A) = mina2 A D(p;a)
{ De�ne

f (p) = < D(p;A1); : : : ; D (p;Ad) >

for carefully chosensetsA i � X

� Advantage:can achieved = o(n)

� Drawback: \non-shrinking" only approximate, i.e.,
for any p;q there existsA i suchthat

jD (p;A i ) � D (q; A i )j � D (p;q)=c

15



Matousek's proof by picture

p

q

q

rp

r

For eachp;q:

1. There are r p; r q > 0, r q � r p + D(p;q)=c, and A i ,
suchthat

� A i hits the ball Bp of radiusr p around p
� A i avoidsthe ball Bq of radiusr q around q

(or the samefor p swapped with q).This implies

jD (p;A i ) � D (q; A i )j � D (p;q)=c; for someA i

2. jD (p;A i ) � D (q; A i )j � D (p;q) for all A i

(follows from triangle inequality)
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Matousek's proof, ctd.

p

q

q

rp

r

Needto construct the setsA i (the red dots).

Main ideas:

1. Ensureexistenceof r p; r q such that the volumeof
Bp is not muchsmallerthan the volumeof Bq, and
Bp; Bq disjoint (volume� cardinality)

2. ChooseA i 's at randomwith proper density, so that
with good probability it hits Bp and avoidsBq

(prob. of includingeachpoint � 1=vol. of Bq)
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Main lemma

Lemma: For eachp;q there existsr suchthat

jB (p; r )j
jB (q; r + D(p;q)=c)j

� 1=n1=b

or vice-versa,and the two ballsare disjoint.
(recall that c = 2b� 1)

Proof: Start from r = 0. Checkif jB (p;0)j not much
smallerthan jB (q; D (p;q)=c)j.

q

p

If so, we are done.

18



Main lemma: proof ctd.

Otherwise, swap the roles of p;q and take r =
D(p;q)=c.

q

p

Check if B (q; r ) not much smaller than B (p;r +
D(p;q)=c). If so, we are done. Otherwise,repeat.

Observations:

� The processcould take b stepsuntil Bp; Bq overlap

� If the balls grew by > n1=b eachtime, they would
have> n volumeat the end
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Matousek's proof: the end

We know that there existsr suchthat

jB (p; r )j �
jB (q; r + D(p;q)=c)j

n1=b

and the two ballsare disjoint.

If we choose A i by including each point to A i

with probability � 1=jB (q; r + D(p;q)=c)j, then with
probability � 1=n1=b:

� A i hits B (p;r )

� A i avoidsB (q; r + D(p;q)=c)

Now:

� Generate A i s using logn di�erent probabilities
1=2; 1=4; : : : 1=n (to make sure we are OK for all
densities)
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� For eachprobability, generateO(n1=b logn) setsA i ,
to get a high probability of success

� Total number of sets: O(n1=b log2 n) (can be
improved by a factor of logn=b using slightly
di�erent method)

21



Summing up

� Any metric canbe embeddedinto ld
1 with distortion

c = 2b� 1, d = O(bn1=b logn)

� For b = logn we get c = O(log n), d = O(log2 n)
) O(log2 n)-distortion embeddinginto l2

� Proof of Bourgain's theorem requires more
\counting"

22



From To Distortion Reference
any l2 O(log n) Bourgain'85

any lO(bn1=b log n )
1 2b� 1 Matousek'96

expanders lp; p = O(1) 
(log n) LLR'94

high girth any norm with Matousek'96
graphs dim 
( n1=b) 2b� 1 (Erdosconj.)

planar l2 �(
p

logn) Rao'99,Newman-
Rabinovich'02

planar l log 2 n
1 O(1)

outerplanar l1 O(1) GNRS'99

trees l1 1 folklore

trees lO(log n )
1 1 LLR'94

trees l2 �(
p

log logn) Matousek

(1,2)-metric lO(B log n )
1 1 Trevisan'97,

with B 1's (also lp's) I'00
23



Volume-respecting embeddings [Feige'98]

� Stricter notion of embedding

� Ensureslow distortion of k-dimensional\volumes"

� Specializesto ordinary embeddingfor k = 2

� Proof usesBourgain'stechniquein elaborate way
(and impliesBourgain'stheorem for k = 2)
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Applications (of embeddings into norms)

� Approximation algorithms: Bourgain'stheorem,
volume-respecting embeddings

� Proximity-preservinglabelling: Matousek'stheorem

� Hardnessresults: (1,2)-metrics
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App I: Approximation algorithms

Sparsestcut problem:

Given:

� graphG = (V; E), cost c : E ! < +

� k terminal pairs f si ; t i g, with demandsd(i )

Goal: �nd S � V minimizing

� (S) =

P
u2 S;v 2 V � S c(f u; vg)

P
i :si 2 S;t i 2 V � S d(i )
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Sparsest cut: algorithm

� Long history, starting from [Leighton-Rao'88]

� Bestsofar: O(log k)-approximation [Linial-London-
Rabinovich'94,Aumann-Rabani'94]

� Method:

{ Solve linear relaxation of the problem - the
solution forms a metric

{ Embed the metric into l1
{ Solve the problem optimally assuminga metric

inducedby l1

� Comments:

{ O(log k) comesfrom Bourgain'stheorem
{ Easier metric ) better bounds (e.g., planar

graphs)
{ Embedding does not provide a straightforward

reduction
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Applications of v. r. embeddings

� Min graph bandwidth: logO(1) n-approximation
[Feige'98,Dunagan-Vempala'01]

� VLSI designproblems[Vempala'98]

Again, embeddings do not provide straightforward
reductions.
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App II: Proximit y-preserving labelling

Proximity-preservinglabelling [Peleg'99]

� Given: a metric M = (X ; D ), distortion c

� Goal: to �nd a labelling f : X ! f 0; 1gd suchthat

{ givenf (p); f (q) we can estimateD(p;q) up to a
factor of c

{ d as small as possible
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Proximit y-preserving labelling

Immediateapplicationof low-distortion embeddings:

� Matousek's theorem gives best bound for general
metrics

� Best isometriclabellingschemefor treesalsofollows
from embeddings
(but not for constant tree-width graphs)

Implicationsin other direction [GPPR'01]:

� 
( n1=2=logn) dimensionlower bound for isometric
embeddingsof boundeddegreegraphs

� 
( n1=3=logn) for boundeddegreeplanar graphs
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App III: Hardness

Necessity of double exponential dependenceon d of
PTAS's in ld

p (e.g., for TSP) [Trevisan'97,I'00]

� Consider(1,2)-B metrics:

{ Distances1 and 2,

{ At most B 1's per vertex,B = O(1)

� (1 + � )-approximating TSP in suchmetrics is
NP-hard [Papadimitriou-Yannakakis'87]

� But suchmetricscan be embeddedinto lO(B log n )
p

{ With verysmalldistortion (and somewhatweaker
def of embedding) for p < 1 [Trevisan'97]

{ With no distortion for p = 1 [I'00]

� Therefore, cannot have22o(d)
time unless

NP � DTIME
�

22o(log n )
�

� DTIME (2o(n ))
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A digression

Embeddings used for all of the aforementioned
applications:

� Approximation algorithms

� Proximity-preservinglabelling

� Hardness(for l1 )

are basedon Bourgain'stechniqueof \witness sets".
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Overview of the talk

� Motivation

{ General
{ Example:diameterin ld

1

� Embeddingsof graph-inducedmetrics

{ into norms (Bourgain's theorem, Matousek's
theorem, etc.)

{ into probabilistic trees (Bartal's theorem)

� Embeddingsof norms into norms

{ dimensionality reduction (Johnson-Lindenstrauss
lemma,etc.)

{ switchingnorms

� Embeddingsof specialmetrics into norms

{ string edit distance
{ Hausdor� metric
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Embeddings into probabilistic trees

Probabilisticmetric is a convexcombinationof metrics,
i.e.,

� if T1; : : : ; Tk are metrics,Ti = (X ; D i )

� and � 1 : : : � n > 0,
P

i � i = 1

� then the prob. metric M = (X ; D) is de�ned by

D(p;q) =
X

i

� i D i (p;q)

If Ti chosenwith probability � i , then

E[D i (p;q)] = D(p;q)
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Probabilistic embeddings

For

� a metric M Y = (Y; D ), and

� probabilisticmetric M X = (X ; D ) de�ned
by Ti = (X ; D i ), i = 1: : : k

a mappingf : Y ! X is a probabilisticembeddingof
M Y into M X with distortion c if for any p;q 2 Y :

1. f expandsby at most a factor of c on the average,
i.e.,

D (f (p); f (q)) � cD(p;q)

2. f nevercontracts, i.e,

min
i

D i (f (p); f (q)) � D (p;q)

This is more than just an ordinary embeddingof M Y

into M X !
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Why embed into probabilistic trees ?

Not possibleto embeda cyclemetric into a tree metric
[Rabinovitch-Raz,Gupta'01]with o(n) distortion.

Cando much better for probabilistic trees!
(for any metric)

� [AKPW'91]: 2O(
p

log n log log n ) distortion

� [Bartal'96] and [Bartal'98]:

{ O(log2 n) and O(log n log logn) distortion
{ Simplerclassof trees

(HierarchicallyWell-Separated Trees)
{ Many applications

Imply identical resultsfor embeddingsinto l1
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Proof of weaker bound

We'll \show" O(log3 n � log �) distortion
(� - furthest/closestpair ratio)

Contains essential elements of [Bartal'96], with
additional ideas.

Proof:

� Embed M = (Y; D ) into ld
1 with distortion logn,

d = O(log2 n)

� From now on, weassumeM inducedby l1 , multiply
�nal distortion by logn

� Partition the ld
1 spaceprobabilisticallyinto clusters

of di�erent diameters

� \Stitch" the clusterstogether into a tree
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Probabilistic partitions

� l -partition: any partition of Y into clusters of
diameter� l

� (r ; � )-partition: a distribution over r � � partitions,
such that for any p;q 2 Y , the prob. that p;q go
to di�erent clustersis at most D (p;q)=r

In ld
1 , (r ; d)-partitions are easy to get by randomly

shifting a grid of sider � d

p
q

d r

Probability of a cut � d � D (p;q)
dr

38



Probabilistic tree construction

Recursiveconstruction of a random tree. Initially
r = � .

� Generatean r � � -partition P from a (r; � )-partition

� Within any clusterYi of P, generatea randomtree
Ti with root ui usingr =2

� Createarti�cial node u and connectu to ui 's using
edgesof length � � r =2
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Construction: I
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� Createa root

� We will createsubtreesrecursively
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Construction: II
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� Subdivideusinga randomlyshifted grid

� Createnodesfor eachcell

� Edgelength proportional to the sideof the grid cell

� Closepoints unlikely to be separated
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Construction: III
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� Further subdividewithin eachcell

� Stop whensinglepoints are reached
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Construction: IV
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Distortion:

� One factor logn comesfrom embeddinginto l1

� One factor comesfrom log � levelsin the tree

� One factor log2 n comes from � (ratio between
probability of cutting and the edgelength)
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Non-contraction

No tree contractsthe distances:

� Considerany clusterY of diameter� r �

� Adding newnode u with distancer �= 2 to all points
in Y cannot increasethe distance

�

��

� �

��

�

�

��

�

��
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Distortion

Fix pair p;q 2 Y . The pair p;q;:

� Is separated by (� ; � )-partition with prob. D (p;q)
�

) tree distance� � �

� Is separated by (� =2; � )-partition with prob. D (p;q)
� =2

) tree distance� =2 � � , etc...

Expecteddistance:

� 2i r � � � D (p;q)
2i r = � � D (p;q) per level

� times O(log �) levels

= O(� log �) � D (p;q)
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Summing up

� Overalldistortion: O(log3 n � log �)

� Treeshavespecialstructure (HST):

{ On the way from the root to a leaf distances
decreaseexponentially

{ All distancesfrom a node to its childrenare the
same

� Canget rid of the additional nodes) X = Y
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Summary of the prob. emb. into HSTs

From Distortion Reference
any O(log n log logn) Bartal'98

high-girth 
(log n) Bartal'96

planar O(log n) GKR

ld
2 O(

p
d logn) CCGGP'98
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Applications (of embeddings into prob. trees)

Algorithms (approximate, on-line):

� Prob. embeddingsprovide fairly generalreductions
from problemsovermetrics to problemsover trees

� Approximation algorithm for metric M :

{ Let A be an a-approximation algorithm for trees
{ ReplaceM by a randomtree T

) OPTT � c � OPTM

{ UseA on T to producea solutionfor T with cost
� a � OPTT � a � c � OPTM

{ Interpret it as a solution for M
{ Final cost � a � c � OPTM

� Similar approachworks for on-lineproblems

� The structure of HST makesthe task eveneasier
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Applications: on-line algorithms

Metrical task systems[Borodin,Linial,Saks'87]:

� De�ned by a metric M = (X ; D ), initial server
position p 2 X

� Input: a sequenceof tasks� = � 1; � 2; : : :,
� i : X ! [0; 1 )

� Givennext task � i , the algorithm:

{ Movesthe serverfrom its current position x to a
new position y

{ Servesthe task from y
{ Incurredcost: D (x; y) + � (y)

� Want: to design an algorithm A with small
competitive ratio, i.e.,

max
�

Cost incurredby A on �
Optimal cost of serving�
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Prob. embeddings for MTS

� We have seenprob. embedding of M = (X ; D )
into (X ; D), where(X ; D) is a convexcombination
of HSTs

� Can use it to reduce the problem over general
metrics to problemoverHSTs:

{ Let A be a b-competitive algorithm for HST
{ Choosea randomHST T
{ Feedall tasksto A
{ Interpret all servermovesof A as movesin M

� Cost estimations:

{ Let OPT be optimal servertrajectory in M with
cost C

{ It corresponds to a server trajectory in T with
expectedcost � c � C, wherec is the distortion

{ A will �nd a solutionS for T with cost � b� c� C
{ Interpreting S asa solution for M only decreases

the cost
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Applications of prob. embeddings

� For \metric" problems, a b-competitive algorithm
for HSTs implies a (randomized) O(blogO(1) n)-
competitive algorithm for generalmetric:

{ O(logO(1) n)-competitive algorithm for metrical
task systems[BBBT'98,FM'00]

{ distributed problems[Bartal'98]

� Sameholdsfor approximation algorithms:

{ \Buy-at-bulk" network design[Azar-Awerbuch'97]
{ GroupSteinerproblem
{ ...( � 10 problems)
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Overview of the talk

� Motivation

{ General
{ Example:diameterin ld

1

� Embeddingsof graph-inducedmetrics

{ into norms (Bourgain's theorem, Matousek's
theorem, etc.)

{ into probabilistic trees(Bartal's theorem)

� Embeddings of norms into norms

{ dimensionality reduction (Johnson-Lindenstrauss
lemma,etc.)

{ switchingnorms

� Embeddingsof specialmetrics into norms

{ string edit distance
{ Hausdor� metric
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Embeddings of norms into norms

Di�erent from �nite metrics:

� Embeddingsof in�nite spaces

� Advantage: we do not have to know all points in
advance

� Drawback: sometimesguaranteesonly randomized
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Randomized embeddings

For metrics M = (X ; D ); M 0 = (X 0; D 0), a
distribution F over mappings f : X ! X 0 is a
randomizedembeddingwith

� distortion c

� contraction probability Pcon

� expansionprobability Pexp

if for any p;q 2 X we have

� D 0(f (p); f (q)) < 1=c� D (p;q) with prob. � Pcon

� D 0(f (p); f (q)) > D(p;q) with prob. � Pexp

P = Pcon + Pexp is calledfailure probability
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Dimensionalit y reduction in l2

Johnson-Lindenstrauss(1984):

There is a randomizedembedding from ld
2 into

ld0

2 with distortion 1 + � and failure probability
e� 
( d0=� 2) .

Corollary: For any set P � ld
2 there exists an

embedding of (P; l2) into ld0

2 with distortion 1 + � ,
whered0 = const

� 2 � ln jP j.

( const � 4 for small enough� > 0)
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Proof

� Severalproofsknown [JL'84,FM'88,IM'98,DG'99,AV'99]

� All of them proceedby showing:

Take any u 2 < d, kuk2 = 1.
Let A1; : : : Ad0 be \random" vectors from < d,
and let A = [A1 : : : Ad0]T . Then kAuk2 is
sharply concentratedaround its mean (equal
to 1).

� Linearity of A impliesthat for p;q 2 ld
2, we have

kAp� Aqk2 = kA(p� q)k2 = kp� qk2�kAuk2 � kp� qk2

whereu = (p � q)=kp � qk2.
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Proof (sketch)

We show a proof when all entries in A chosenfrom
Gaussiandistribution N (0; 1) [I-Motwani'98]

� Sumof independentrandomvariablesfrom Gaussian
distribution hasGaussiandistribution
) eachA i u hasGaussiandistribution

� The varianceof a sum is a sumof variances
) the varianceof eachA i u is

P
j u2

j = 1
) eachA i u is indep. chosenfrom N (0; 1)

� kAuk2
2 is a sumof squaresof independentGaussians

{ sum of squaresof two Gaussianshasexponential
distribution

{ sum of squares of many Gaussianhaschi-square
distribution

{ the distributionswell understood
{ \Plug and Play"
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Summary of the results

� Distortion: 1 + �

� Prob. of contraction: Pcon

� Prob. of expansion:Pexp

� Failure probability P = Pcon + Pexp

Norm Dimension Reference
l2 O(log(1=P)=�2) JL'84

l2 
(1 =log(1=�) � log(1=P)=�2) A+C+M

l1 (log(1=Pcon ) + 1=Pexp )O(1=� ) I'00

Hamming O(log(1=P)=�2) KOR'98
I'00

(dist. range)
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Techniques used

� l2 upper bound: random projection on a plane
spannedby set of randomvectors

{ choseni.i.d. from d-dim Gaussiandistribution
(can be e�ciently derandomized[EIO'02])

{ choseni.i.d. from uniform dist. overa sphere
{ forcedto beorthonormal (Haar measure)[JL,FM]
{ chosen i.i.d. from f� 1; 1gd or f� 1; 0; 1gd

[Achlioptas'01]

Canbe derandomizedusing[Shivakumar'02]

� l2 lower bound: upper bound on \almost
orthogonal" vectors in < d [Alon, Charikar,
Matousek]

� l1 upper bound: 1-stabledistributions,i.e., generate
A suchthat kAx k1 estimateskxk1

� Hamming metric: random linear mapping over
GF(2)

59



Application of dimensionality reduction

� \Straightforward" applications

� Fasterembeddingcomputation

� Continuous(clustering) problems

� Sublinear-storagecomputation

� Miscellaneous:

{ learning robust concepts[Arriaga-Vempala'99]
{ deterministic approximation algorithms using

semide�niteprogramming[Engebretsen-I-O'Donnell'02,
Shivakumar'02]
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App I: Straightfo rward applications

Runningtime:

T(n; d) ) T(n; logn) + d logn � (# points to embed)

� Linear improvement: closestpair, nearest neighbor,
diameter,MST etc.

{ time: O(dn2) ) O(log n � n2) + O(dn logn)

� Exponential improvement: nearest neighbor
[Kushilevitz-Ostrovsky-Rabani'98,I-Motwani'98]

{ space:n2O(d) ) nO(1)

{ query: (d + logn)O(1) ) O(d logn + logO(1) n)
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App II: Faster embedding computation

� Computingembeddingin o(dn) time

� Feasibleif the pointset de�ned implicitly, e.g., as a
set of all d-substringsof a givenstring

� A substringdi�erence problem: preprocessthe data
to estimate(quickly) the distancebetweentwo given
d-substrings[I-Koudas-Muthukrishnan'00]

{ dim. reduction gives O(n logn) space and
O(log n) querytime
... but �( dn logn) preprocessingtime

{ embedding linear ) can use FFT to get
O(n logd logn) preprocessingtime

string:

random
vector  :

d
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App II: Faster embedding computation, ctd.

� Other string problems: variable d, string nearest
neighbor problem[I-Koudas-Muthukrishnan'00]

� Line crossingmetric [Har-Peled-I'00]
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App III: Continuous (clustering) problems

� Genericproblem:

{ Given: n points in ld
p

{ Find: k centers in < d to minimize the total
distance between the points and their nearest
centers

(total distance2 f max dist., sumof dist.,: : :g)

� Simpledimensionality reductiondoesnot work!
(solution in the reducedspacecould be bogus)

� Idea[Dasgupta'99]:

{ Reducethe dimension
{ Identify (or guess)the clusters(not centers!) in

the low-dimensionalspace
{ For eachcluster, �nd its center in original space

� Works for learning mixturesof Gaussians[D'99],
k-medianfor small k [OR'00], k-center
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Low-storage computation

� Dimensionality reductionreducesspaceas well

� Prototypical example:vector maintenance

{ Data structure maintainingx 2 < d

(x i - counter for elementi )
{ Enablesincrements/decrementsof coordinates
{ Reports estimationof kxkp

� Applications:

{ p = 0: # non-zeropositions(distinct elements)
{ p = 2: self-joinsize
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Norm maintenance: results

(1 + � )-approximation in (log n + 1=�)O(1) space:

� p = 0 (but x � 0): Flajolet-Martin'85

� p = 2: Alon-Matias-Szegedy'96
(also any integerp with sublinear storage)

� p 2 [0; 2]: I'00, Cormode-Muthukrishnan'01
(earlier FKSV'99,FS'00)
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Norm maintenance: approach

� Maintain low-dimensionalAx to representx

� Reducethe amount of randomnessusedin A

� Implementation:

{ [AMS'96]:
� 4-wiseindependententriesof A
� Usemedian(not sum) to estimatethe norm

{ [I'00]:
� UseNisan'sgenerator to generateA
� Can \simulate" JL lemma
� Works for any p 2 [0; 2] via p-stable

distributions
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Other low-storage results

� Maintaining string properties[CM'01]

� Norm maintenancein �xed window [DGIM'02]

� Maintaining approximationsof a vector
(wavelet[GKMS'01],piecewise-linear [GGIKMS'01])

� ...
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Overview of the talk

� Motivation

{ General
{ Example:diameterin ld

1

� Embeddingsof graph-inducedmetrics

{ into norms (Bourgain's theorem, Matousek's
theorem, etc.)

{ into probabilistic trees(Bartal's theorem)

� Embeddingsof norms into norms

{ dimensionality reduction (Johnson-Lindenstrauss
lemma,etc.)

{ switching norms

� Embeddingsof specialmetrics into norms

{ string edit distance
{ Hausdor� metric
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Switching norms

� We haveseenonealready(l1 ! l1 )

� Mostly ordinary embeddings,at last!
(although often constructed using random
mappings)

� Switch from \hard" to \easy" norms (l1 or l1 )

� All constructedusinglinear mappings

� Topic extensivelyinvestigatedin functional analysis
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Embeddings

Embeddingsfrom ld
p into ld0

1

From Dist. d0 Reference
p = 2 1 + � O(d log(1=�)=�2) FLM'77 ala JLp

2 O(d2) Berger'97 explicit
1 + � dO(log d) I'00 explicit

p 2 [1; 2] 1 + � O(d log(1=�)=�2) JS'82

Embeddingsfrom ld
p into ld0

1

From Dist. d0 Reference
p = 1 1 2d� 1 folklore
polyhedral 1 F=2 folklore
norm (F = # faces)

any norm 1 + � O(1=�)d=2 folklore
(Dudley's theorem)

p = 2 1 + � (log(1=Pcon ) + 1=Pexp )O(1=� ) I'01
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Applications of norm switching

� Embeddingsinto l1 norm

{ l2 ! l1 ! Hamming: approx. nearest neighbor
algorithms
[Kushilevitz-Ostrovsky-Rabani'98,I-Motwani'98]

{ same route: k-median algorithm [Ostrovsky-
Rabani'00]

� Embeddingsinto l1 norm

{ Diameter/furthest neighbor in l1, l2
{ Nearest neighbor in product of l2 norms [I'01]
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Overview of the talk

� Embeddingsof graph-inducedmetrics

{ into norms (Bourgain's theorem, Matousek's
theorem, etc.)

{ into probabilistic trees(Bartal's theorem)

� Embeddingsof norms into norms

{ dimensionality reduction (Johnson-Lindenstrauss
lemma,etc.)

{ switchingnorms

� Embeddings of special metrics into norms

{ string edit distance
{ Hausdor� metric
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Special metrics

� Hausdor� metric: for any two setsA; B � X in a
metric M = (X ; D ), de�ne

!
DH (A; B ) = max

a2 A
min
b2 B

D(a;b)

DH (A; B ) = max(
!

DH (A; B );
!

DH (B ; A))

Applications: vision,pattern recognition
(M = l2

2; l3
2)

� Levensteinmetric: DL (s; s0) = minimum number
of insertions/deletions/substitutions/etc.neededto
transform s into s0

Applications: computationalbiology, etc.
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Special metrics

� Would like to solveproblems(e.g., nearestneighbor,
clustering)overDH ; DL

� However, these metrics are more complex than
normed spaces

{ DH \contains" l1
{ DL \contains" Hammingmetric

� Thus, would like to embedthem into proper normed
spaces

� Additional bene�t: if embedding is fast, can get
fast approximate algorithm for computingD(�; �)
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Embeddings of special metrics

From To Dist. Dim. Ref
DH over (X ; D ) l1 1 jX j FI'99

DH over ld
p l1 1 + � s2=�O(d) FI'99

(s-subsets)

DL with Hamm. � logd CPSC'00,
block moves MS'00,CM'01

Other metrics:

� Permutation distances
[Cormode-Muthukrishnan-Sahinalp'01]
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Conclusions

� We haveseenlots of embeddings!

� But alsomain techniquesused:

{ Finite metrics: \witness sets"
{ Normed spaces:randomlinear mappings
{ Probabilistictrees: stitching prob. partitions into

trees

� Tools mostly taken from combinatorics and
functional analysis
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Open problems

� Generalopen problems:

{ More embeddings
{ More applicationsof embeddings

� Speci�c problems:

{ Planar graphmetrics into l1
{ O(log n) distortion for embedding metrics into

probabilistic trees
{ Dimensionality reductionfor l1
{ Embeddingsof Levensteinmetric
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