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A Posterior Distribution of Weights

In this section, we show the derivation of the posterior distribution over cluster-weights, 7, condi-
tioned on the cluster labels, z. We begin with the definition of a Dirichlet process from [1].

Definition A.1 (Dirichlet Process). Let H be a measure on a measureable space, ). If for any finite

partition, (A1, A, -+, Ak) of the space, the measure, G, on the partition follows the following
Dirichlet distribution
(G(A1)7 G(AQ)v o 7G(AK)) ~ DiI‘(OéH(Al)7 aH(A2)7 T 7aH(AK))v (D

for some positive scalar o, then G is said to be a Dirichlet process with concentration parameter o
and base measure H.

For each unique cluster label, k, there is a corresponding parameter 6y, drawn from the base measure.
Thus, the posterior base measure is the sum of H with delta functions located at each 6y, each with
area Ni. Here, N; denotes the number of data points assigned to cluster k. Conditioned on the K
unique clusters, we can then form a partition of the space as follows:

{Al = 691,A2 = (592,-“ JAg = 69K’AR+1 = Q\ ((5,41 U5A2 U ---U(SAK)} . 2)
Using the definition of Dirichlet processes, this partition has the following distribution

(7T1,7T2,"' ,7TK,77FK+1) ~ Dir(Nl,N2,~ .. ,NK,OZ). (3)

B Auxiliary Variable Distributions

For the naive choice for auxiliary parameter distributions of Equations 11-13, reproduced here
p(Tk) = Dir(Tk ¢, Th s v, ), “)
P(Ok) = fo(Or.e; M) fo(Or,r; A), S
o _ Tk,z, fw(wﬁgk,fl)
p(Z|7T,9,{E,Z) - Hk;H (6)

{i;zi=k} Tho,0 fo (23308, 0)+ Tk, fu (2408, )

the joint distribution for auxiliary parameters for cluster k can be expressed as

p(ﬁ]wgkaz{k}la:)ﬂ-a 2, 0)

— Dir(= = . . . .. ?k,zifw(wﬁgk,zi)
- Dlr(ﬂ—k,b Tkry O a)f@(ek,b )‘)fe (ek,m )‘) H{i;zi:k} ?k,,efz(Ii?gk,e)+fk,rfz(l’i;§k,,r) (7)
= Dir(Ty,0, Th,r; @, @) O (2, 2, T, O HS:{E " W;ZZ'Sfm@{k,s};gk,s)fe(ak,s; A). ®)



where the function C' is defined to be

3 1
Cla, 2,7k, 1) £ 0 Orr)’ ’
(a: 2, Tk k) {Z’zll_lk} fk,ffz(xi;ekaz) +%k,rfm($i§9k,r) &)

By simply ignoring terms that do not correspond to the variable of interest, the posterior distributions
for the the sub-cluster weights and parameters can be expressed as

Nke—NkT

p(ﬁk‘ ) ( Zvﬁkvak)Dir(ﬁk,fafk,r;aaa) ﬂ-kg k7 (10)
C(z, 2,7, O) Dit(Tr 0, Tpo,r; & + Nig oy & + Ni.ro), (11)
p(Orle) ox C(x, 2, Tk, Ok) fo(Or,e; A) fo(Or,rs A) fo(@iner; One) fo(Tio s Oer)  (12)

X C(xa Z7ﬁk7 91@) fe(gk,f; Z,f) fQ(Ek,T; )\}:,fr)a (13)

where o is used to denote all other variables, and we have assumed conjugate priors for explanation

purposes. The term, C(x, z, T, 03 ), complicates these distributions because they no longer follow
the form of regular-cluster parameters.

If the sub-cluster parameters follow the distribution of Equation 14 instead of Equation 12, repro-
duced here,

p(Oklz, z,m) o< fo(Oke; ) fo(Orrs N) H{Z_.Z:k} (Trefo(@is Ope) + Thp fo(@i3 Okyp))  (14)
= fo(Or.e; N) fo(Or.rs N) Clz, 2,74, 08) 7, (15)

the joint distribution can be expressed as
p(ﬁkyaka E{k} |£E, T, 2, 9)
= Dir(Tx, ¢, Th,r @ @) fo (O3 ) fo (O, 5 N) H

= Dir(T,e, Thri o o) [ |

s={tr} ks fm(z{ks}aek s)fé(gk,s;/\)- (17)

Following a similar argument as before, this results in the desired sub-cluster posterior distributions
expressed in Equations 15-17.

C Hastings Ratios for Splits

In this section, we develop the Hastings ratio for a split proposal. We first note the following useful
distribution

OéK « «
p(Z)p(7T|Z): F( )Hk:F(N) ( +N 7TK+1H7TNk 170[ 7rK+1H7rNk 1

Ila+N)  T(a) [T, I'(
(18)
The Hastings ratio for a split can be expressed as
pli, 2,0, 2)p(F. 0,512, 2) q(r,2,0,7,0,%%, %,0,7,0,% Querge-rn)
Hsplit-c = = _ . ~ A = — . (19)
(ﬂ—’ % 67 .I)p(’ﬂ', 9’ Z|.’L', Z) Q(ﬁ-v Z, 9; T, 97 E|7ra 2, 9, T, 072, Qsplil»c)
Because of the deferred proposal for auxiliary variables, this can be simplified to
T Aé\ ) 79A7A7éﬂigg mn
Hsplit_c — p(ﬂ-? Z? 71‘) . q(ﬂ- AZ ~ |’iT z ﬂ—i j Qmerge ) (20)
p(m,z,0,x)  q(#,2,0|r,206,7,0,%, Qsplit-c)
We now analyze these terms separately.
The posterior ratio of z and 7 can be easily simplified to
p(EIp(Hl2) _ adp tig
=0 2 . 2D
p(2)p(r|z) me e



This results in the following posterior ratio

p(#, 2,0
T, 2,0
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(22)

The ratio of proposal distributions can similarly be simplified. We first note that the proposal for the
new labels is an indicator function at the particular split or merge move:

4(Zgmy> 2312, Z, Qsplice) = W[(Z{my, Z{ny) = split-c(2,Z)], (23)
Q(Z{c}‘27%u Qmerge—mn) = ]I[(Z{c} = merge-mn(é)]. (24)

We note one important observation; the reverse label move that merges the two proposed clusters
does not depend on auxiliary variables. This results in all split moves being exactly reversible by a
merge move. The proposal ratio for proposed labels can then simplify to

Q(z{c} |27 %a Qmerge—mn)

Al ne —1 (25)
Q(Z{m}7 Z{n} |Z7 2, Qsplit—c)

Conditioned on these new labels, we use the Reversible-Jump MCMC (RIMCMC) [2] algorithm to
calculate the term for the 7w’s. RIMCMC is a generalization of Metropolis-Hastings where auxiliary
variables may be used to propose deterministic moves in mismatched dimensions. In general, if
2 € RP is the current D-dimensional variable and we desire to transition to & € RP14, we augment
the current space to be [z, v] and the proposed space to be [, @]. The auxiliary variables v and @
must be chosen so that both spaces have the same dimensionality (i.e. v € RE*? and v € R,
where C' is any integer that satisfies C'+d > 0 and C' > 0). An RIMCMC algorithm then performs
the following steps

1. Generate auxiliary variables for the current state:

v~ q(v]x). (26)
2. Apply a deterministic function, f to the current state to obtain a new proposal:
[2,4] = f(z,v). 27
3. Accept the proposal with the following probability
[, p@)q(a]2)
min |1, —5———= |det(J . 28)
p)atola) 4

Here, J is the Jacobian matrix of function f(x,v). We will refer to the ratio, Z&ﬁlg |det(J¢)]| as the

RJ proposal ratio, which generalizes the typical proposal ratio in the Metropolis-Hastings algorithm.
We now calculate the RJ proposal ratio of the 7’s using the RICMCMC algorithm. The split proposal
can be expressed as

[Te, v] = [T, T, (29)

where v ~ Beta(N,,, IV,,) and the deterministic mapping between dimensions is
Tm = TV, Tp = (1 — 0). (30)

Because of the relationship between the Beta distribution and the Dirichlet distribution, the above
construction can also be seen as a draw from a Dirichlet distribution followed by scaling by 7. The
Jacobian matrix can be expressed as

which has a corresponding absolute value determinant
|[det(Jx)| = |=mcv — (me(1 = v))| = 7. (32)



Therefore, the RJ proposal ratio for the 7’s can be expressed as

q(m|e) 1 F(Nm)F(Nn) N —1 N,—1
= — = c = m 1 - " c 33
Gl Beta(v;N7n,Nn)7T NOA v (1-v) 7r (33)
D)D) [\ 7\
B [(Ne) (7"0 ) TTC e B9
_ F(Nm)F(Nn) ANp—1~AN,—1_—N.+1
o P(Nc) 7rm 7Tn 7Tc . (35)

A similar reversible-jump proposal ratio can be found for the ’s. This requires one to define a 6-
dimensional augmented space which we do not express here. Because the Jacobian can be written
as the identity matrix, the determinant is simply 1. Thus, the ratio can be expressed as

q(@l‘): ] q(A@ch,zzz) | 36)
q(fe) (b2, 2,2)q(0n |z, 2,Z)

Combining the boxed expressions, we arrive at the split Hastings ratio of Equation 23.

D Hastings Ratios for Merges

As stated in the paper, the Hastings ratio for a merge move is more complicated. This is due to the
following proposal ratio for labels

q(z{m}7 Z{n} ‘27 %a Qsplil—c)
Q(é{c} ‘Zv z, Qmerge-mn)

(37

The numerator calculates the probability of splitting the proposed merged cluster back into the orig-
inal two clusters. This means that the sub-cluster labels, Z, must exactly correspond to the current
clusters for the ratio to be non-zero. In practice, this is very unlikely for most situations. Con-
sider the case where cluster m and cluster n have essentially the same weights and parameters (e.g.
both Gaussian with the same mean and covariance). In the limit, this results in p(z{m}, 2{n}) =

Ny 4Ny . . . ) . Np+Nn
(3 T since all configurations are the same. This means that with probability () TV the

proposed sub-cluster labels exactly correspond to the original regular-clusters. Clearly, this prob-
ability is very small for large N. When the proposed sub-cluster label does not correspond to the
regular-clusters, the proposal is automatically rejected since q(z{m}, 2{n}|2; Z, Qsplit-c) = 0.

As the clusters m and n become more separable, the probability of proposing merged sub-cluster
labels that exactly correspond to the regular-cluster labels increases. Imagine the limiting case where
clusters m and n are infinitely far apart so that the only non-zero label assignment is the one that
splits the data points correctly. In this case, the probability of the labels is one, and the probability
of proposing the corresponding merged sub-cluster labels also is one. This results in a proposal ratio
for labels equalling one. However, under the same assumption that the clusters m and n are very
separable, it should be intuitive that they should not be merged to begin with. As such, the posterior
ratio in the Hastings ratio will begin to dominate the overall acceptance ratio, and consequently still
approach zero.

More precisely, the probability of accepting a proposed merge can be expressed as
min(1, Hmerge-mn]
T(N.) fol@geps A)
I Tremny T(Ne) fo (@33 A
INOAVACTREDY
o Tremmny T(Ne) fo (@133 M)

Again, we have assumed conjugate priors for simplifying the explanation.

= min |}, ) I [(%{C,Z}vé{c,r}) = (Z{m}, Z{n})] (38)

U[(Zenys Zery) = Gimp 2a))] - G9)

= min [17
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Figure 1: Probability quantities associated with rejecting a merge proposal. The numbers in the
parenthesis correspond to the maximum observed upper bounds to the acceptance ratio over all

samples and separations.
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We note the following inequality

fz(x{c},A) :/fr(z{c};ec)fG(aca)‘)dep S/fm(x{c}aej)fe(om)‘)def:fx(x{c},or)a (40)

where ¢; is the mode of the distribution and can be expressed as, 0 = maxg, f.(7{c};0.). For any
realization of data, the probability of accepting a proposed merge can then be upper bounded by the
following

Inin[la Hmerge—mn]

P(Nc)fr(x{c%)‘) 2
p c} = m}r “{n , 41
"o T re oy DOV fo @ g5 V) r[Zer = (2my» 2y 12 2] @1)

T« Hk:e{m,n} F(Nk)fw(x{k}v

We test our approximation that this acceptance ratio is 0 on synthetic data. We generate data from
two 1D Gaussian distributions with mean separated by some amount. We use a Gaussian prior on the
mean and assume the variance is known. The probability that the proposed merge is automatically
rejected due to the second term in Equation 42 for varying separations and varying number of data
points is shown in the first panel of Figure 1. Each value on each curve was calculated with 1000
samples of NV data points. Clearly, as /N increases, the proposed merge is rejected automatically
more and more frequently. As expected, as the separation between the two clusters is increased, the
automatic rejection is less likely.

= min ll

< min ll )\)‘| Pr [%{L} = (Z{m},Z{n})|SC,Z,g::| . (42)

Next, we show the probability of rejecting the merge due to the first term in Equation 42. The
curves are shown in the second panel of Figure 1. This plot shows that as the separation increases,
the posterior ratio favors rejecting the sample more and more. The overall log acceptance ratio is
shown in the last panel of Figure 1 (note the additional log scale). In the legend, the values in the
parenthesis indicate the maximum observed upper bounds to the acceptance ratio over all samples
and separations. Even for relatively small N, approximating the proposals for merge moves with
automatic rejections is very good. We note that the samplers are typically run for less than 103
iterations even for large datasets of N ~ 10°, reinforcing the validity of the approximation even
more.

E Random Splits and Merges

Since the merges are rejected automatically, we have included another pair of split/merge moves that
typically propose good merges. As with any Metropolis-Hastings sampler, proposal distributions
that are close to the true conditional distribution are desired. As such, we generate a random split of
cluster c into clusters m and n as follows:

qr (2|2, Qrspiit-c) = Dir-Mult(2; /2, /2, N,.), (43)

where notation is slightly abused, since only the data points assigned to cluster c are reassigned.
Here, Qrspiit-c denotes the prior probability of proposing to split cluster c. To sample from the
Dirichlet-Multinomials, we first sample temporary proportions, 7, and 7,,, from a Dirichlet distri-
bution:

(Tm, Tn) ~ Dir(a, @), (44)



followed by sampling the new assignments from a categorical distribution
Z; ~ Cat(ftym, Tn), Vi€ {i;2; =c}. (45)
This is easily verified to be a valid sample from the proposal in Equation 43.

The corresponding random merge move is deterministic, since there is only one way to merge two
clusters.

The Hastings ratio for a random split can then be expressed as

. pEpx|?) Qrmerge-mn “6)
T p(2)p(2]2) Qupice - Dir-Mult(2; /2, /2, Ne)

_ al(Ny)D(Ny) p(2]2) Qumerge-mn T+ Ne) — T(/2)? )

F(NC) p(£C|Z) Qrsplil—c F(a) F(Nm)F(N,L)
_ CMF(O(/Q)QF(O( + Nc) p(ﬂﬁ) Qrmerge—mn (48)

I'(a)L'(Ne) p(]2)  Qusplite
Similarly, the Hastings ratio for a random merge can then be expressed as

Hrmerge»mn — F(Q)F(Nm + Nn) p(x|2) Qrsplit—c (49)

OéF(Oé/Q)2F(O¢ + Nop + Nn) p(ﬂ?|2’) Qrmerge—mn .

We note that the Hastings ratio for a random merge proposal can be calculated efficiently from the
summary statistics since the two current clusters, m and n, are already instantiated. Thus, a merge
can be proposed in constant time. The Hastings ratio for a random split proposal depends on the
resulting split cluster assignments, 2. Consequently, a random split proposal requires linear time in
the size of the cluster. We therefore choose Qyepii-c = 0.01 X Qrmerge-mn 0 that the random split
proposals do not take too much computation. We note that any value besides 0.01 could be used
without much difference.
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