1The Complexity of Clerkship SchedulingJonathan FeldmanComputer Science Honors ThesisDartmouth CollegeJune, 1997Professor Clifford Stein, AdvisorDepartment of Computer ScienceDartmouth College

AbstractMedical students must complete a clerkship program in their fourth year. Individualstudents have preferences for the clerkships to which they are assigned. However, individualhospitals also have capacities on how many students may be assigned to each clerkship. Theproblem of scheduling medical students to clerkships is formalized. The problem is then placed ina theoretical framework, and the most general case of Clerkship Scheduling is proven NP-hard. Adetailed approximation algorithm is given, and an implementation of this algorithm is discussedand tested.PCS-TR97-316

2I n t r o d u c t i o n In the fourth year of medical school, every student must complete a clerkship program inseveral different areas of medicine. Each clerkship is for a different specialty of medicine, andeach is offered at different times and locations. Additionally, hospitals can only accommodate acertain number of students for each clerkship. Students select their choices of assignments; someare granted, some are not. Ideally, the algorithm to schedule these students would maximize theirsatisfaction, and still obey the capacities that the hospitals set forth.In the past, Dartmouth Medical School (DMS) has used a system where students areassigned random numbers, and given preference based on those numbers. When a student’snumber came up, they selected a schedule based on what was available. Students were alsoallowed to trade with each other afterwards.DMS is currently in the process of automating their system. Each student will be allowedto quantify his or her satisfaction with certain clerkships by entering them into a database. Theyare allotted a certain number of points, and they distribute these points among specificassignments. Additionally, the students specify whether time and/or location are important tothem. The system tries to assign specific choices with the highest happiness values, granting timeand/or location if either is specified as important. For the rest of the assignments, it picks randomstudents, and tries to make switches between schedules that have a small impact on the satisfaction. Essentially, the system DMS is implementing now is an automation of the process used inpast years. While this may make the process easier for the students and the hospitals, it will notnecessarily produce better results. The problem is rich in complexity, and needs to be analyzed ina pure theoretical fashion. By understanding the structure of the complexity, perhaps we can makean algorithm that will not only run efficiently, but also increase student satisfaction. We wouldalso like to be fair to all students; we do not want to rely on random numbers to determinepreference.This paper discusses the complexity of clerkship scheduling; we do not attempt to solvethe specific problem of student scheduling at DMS, but rather we abstract clerkship scheduling to acombinatorial scheduling problem. A system that is specific to one medical school could bedesigned using the ideas from this abstraction. We rigorously define the most general problem,prove it to be NP-hard, and provide an approximation algorithm that produces excellent results. Animplementation of this algorithm is also described, and its performance is tested and analyzed.It is divided into four sections:¥Section A focuses on placing the central problem of clerkship scheduling in a theoreticalframework. General clerkship scheduling is strictly defined using set notation. Subproblems areeither solved by polynomial-time algorithms or proven NP-hard.¥Section B discusses how to come up with an approximation algorithm for generalclerkship scheduling, as defined in section A. Upper bounds on student happiness are defined,proven and analyzed. A general methodology is given for using these upper bounds to produce aschedule, using exponential-time algorithms as examples.¥Section C defines and analyzes the Flatten algorithm, a polynomial-time approximationalgorithm for general clerkship scheduling that uses the methodology described in section B.¥Section D describes an implementation of the Flatten algorithm, and discusses itsperformance in terms of the upper bounds described in section B, for instances that would occur inpractice. Essentially, this is an implementation of the Flatten algorithm. However, thisimplementation also considers one issue specific to DMS concerning a block structure of clerkshipassignments imposed on each student.Source code may be found at: http://www.dartmouth.edu/~jonfeld.

3A. Complexity of Subproblems

How do we quantify student satisfaction in a general way? Some students may wantspecific clerkships, times and locations. Others may want to be in a certain location at a certaintime, or at a certain location for a certain clerkship. Maybe some students have seniority overothers. Maybe some students get precedence for certain clerkships due to special ability ortraining.In all of these cases, we can express student satisfaction by assigning a discrete value to theoverall happiness a certain assignment will produce. These values can be represented by an arrayof numbers, measuring happiness for each particular assignment to a clerkship, time and location.Hospital capacities can be similarly described, by an array of values representing how manystudents are allowed to be scheduled to a particular clerkship, time and location.In this section, we will concentrate on solving the problem of using the values in thesearrays to come up with a schedule that assigns each student to each clerkship at a unique time, andobeys the hospital capacities. The means by which these values are produced can be left as apolicy decision for the medical schools.We can think of a schedule as a collection of assignments, where each assignment is aparticular student, clerkship, time and location. To have a legal schedule for all students, eachstudent must be scheduled to each clerkship exactly once. Additionally, students may not havetime conflicts, so no more than one clerkship can be scheduled for a specific student and time.Finally, the collection of these assignments may not violate the capacity constraints of the hospital,so no more than the capacity may be scheduled at a specific clerkship, time and location.Notation And DefinitionsTo talk about instances of clerkship scheduling abstractly, I will use the following notationand definitions:Terms¥A spot is a specific clerkship, time and location to which students are scheduled.¥An assignment is a placement of a particular student into a particular spot.¥The capacity of a spot is the maximum number of assignments allowed to that spot.¥A clerkship/time assignment is a potential assignment of a particular student to a clerkshipand a time, at some arbitrary location.¥A schedule is a set of assignments for all students.¥An individual schedule is a set of assignments for one student.¥An individual optimal schedule for a specific student is the individual schedule with thehighest total happiness value that assigns the student to each clerkship at unique times (with orwithout unique locations), ignoring capacities.¥The unique location constraint is the requirement that each assignment for a particularstudent be to a unique location.Sets and variables¥ N = set of all possible students.¥ I = set of all possible times.¥ J = set of all possible clerkships.¥ L = set of all possible locations.¥ S = set of all spots = I x J x L.¥ A = set of all possible assignments = N x I x J x L.¥ c(s) = capacity of spot s, where s

∈

S.cijl = capacity of spot (i, j, l).

4¥ h(a) = happiness with assignment a, where a

∈

A.hnijl = happiness with assignment (n, i, j, l).Instances¥An instance of clerkship scheduling will be described by the sizes of the sets N, I, J and L,surrounded by brackets. For example, {|N| = 5, |I| = 10, |J| = 10, |L| = 1} represents aninstance with 5 students, 10 time slots per clerkship, 10 clerkships, and one location perclerkship/time assignment.¥The general problem is {|N| arbitrary, |I| arbitrary, |J| arbitrary, |L| arbitrary}, without theunique location constraint.Formal Definition of the general problem:

Clerkship SchedulingGiven:¥Set of spots S = I x J x L, where I, J and L are sets containing possible times, clerkships, andlocations, each of arbitrary size;¥

∀

s

∈

S, capacity c(s).¥Set of students N, of arbitrary size;¥Set of possible assignments A = N x I x J x L;¥

∀

a

∈

A, happiness h(a).Question:Find Hmax, the maximum happiness over all legal schedules, where¥ A legal schedule is a set of assignments A’ ˝ A s.t.a)

∀

student/clerkship pairs (n,j)

∈

(N x J)

∃

exactly one a

∈

A’ s.t. a agrees withthat pair in both n and j,b)

∀

student/time pairs (n,i)

∈

(N x I)

∃

no more than one a

∈

A’ s.t. that a agreeswith that pair in both n and i, andc)

∀

s

∈

S,

∃

no more than c(s) a

∈

A’ s.t. s agrees with a in i, j and l.¥ The happiness of a schedule H(A’) =

h(a) a∈A'∑

.A1 Finding the Individual Optimal ScheduleThe problem of finding the individual optimal schedule for one student with only onelocation per clerkship can be simply reduced to a weighted bipartite matching problem. The basicidea is to make a vertex for each clerkship, a vertex for each time, and transform the happinessvalues to weighted edges between clerkship and time vertices.Weighted Bipartite Matching:An undirected bipartite graph is a graph G(V,E) whose vertices can be partitioned into two disjointsubsets V1 and V2 s.t.

∀

edges {u,v}

∈

E, u

∈

V1 and v

∈

V2.Given an undirected bipartite graph G(V,E) and

∀

e

∈

E, a weight w(e), find the matching with themaximum weight, where a matching is a set of edges E’ ˝ E s.t.

∀

vertices v

∈

V, at most one e

∈

Eis incident to v, and the weight of the matching =

w(e) e∈E'∑

.

5Algorithm A1:Find an individual optimal schedule using Bipartite Weighted Matching:Given: ¥N, I, J, L, sets of students, times, clerkships and locations.¥|N| = 1, |L| = 1.¥A = set of all possible assignments = N x I x J x L.¥S = set of all possible spots = I x J x L.¥hnijl = happiness with assignment (n, i, j, l).Return:¥A’˝A, where A’ is an individual optimal schedule.¥Usingthevaluesinh1ij1,weconstructaninstanceofbipartiteweightedmatching:_∀j_∈J, make a vertex x in V1 (x1, x2, ... x|J|).

∀

i

∈

I, make a vertex y in V2(y1, y2, ....y|I|). Create a complete bipartite graph by placing an edge from each vertex in V1 to each vertex inV2, setting w(j,i) = h1ij1 + k, where w(j,i) = the weight of an undirected edge {xj, yi} and k is aconstant > 0.The capacities cijl can be ignored, since we are only scheduling one student to theirindividual optimal schedule.

......x1x2xJy1y2yI......h1ij1h1IJ1V1V2fig. a.1

Proof of the Correctness of Algorithm A1:Lemma A1.1: |E’| £ |J|, where E’ is the set of edges found by the maximum weight matching.Proof: Assume |E’| > |J|, so there are > |J| edges in the matching. Every edge has to connect V1 toV2, and edges cannot share vertices, there must be more than |J| vertices in V1. There are only |J|vertices in V1, therefore the assumption is false.Lemma A1.2: |E’| ‡ |J|.Proof: Assume |E’| < |J|, so there are < |J| edges in the matching. There must exist a vertex u

∈

V1that is not on an edge in the matching, since |V1| = |J|. There must also exist a vertex v in V2 that isnot on an edge in the matching, since |I| ‡ |J|, and therefore |V2| ‡ |V1|. If we add edge {u,v} to thematching(itmustexist,sincethegraphiscomplete),theweightofthematchingwillincreasebyatleast the constant k, hence the original matching was not of maximum weight, which is false, andthereforetheassumptionisfalse.It follows that |E’| = |J|.

6Lemma A1.3: If A’ = the set of all assignments (1,i,j,1) s.t. {xj, yi}

∈

E’, then A’ is a legalschedule.Proof: A’ meets the three criteria for being a legal schedule:¥

∀

fixed j,

∃

exactly one (1,i,j,1)

∈

A’. This is true because |E’| = |J|, so every xj is included in exactly one edge {xj, yi}

∈

E’, and therefore

∀

fixed j, assignment (1,i,j,1) is the one and only assignment included in A’.¥

∀

fixed i,

∃

£ one j for which assignment (1,i,j,1)

∈

A’. This is true because

∀

{xj, yi}

∈

E’, only (1,i,j,1)

∈

A’, and all yi are included in no more than one edge, since edges cannot share vertices.¥Capacities are ignored.The weight of the matching corresponds to the happiness of the students, so a higherweight matching will yield a schedule with a higher total happiness. Since the maximum weightmatching E’ will always yield a legal schedule A’, the maximum weight matching will yield thelegal schedule A’ with maximum happiness Hmax. Therefore H(A’) = Hmax.�A2 Location As The Third DimensionWhat if we add locations? Happiness values are now specific to all possibleclerkship/time/location assignments. How does this complicate the problem of finding the bestschedule for one student?It makes a big difference if students are required to go to a unique location for everyassignment. If this is required, finding the optimal solution for one student is much more difficult,and is actually NP-hard with respect to |I|,|J| and |L|. This is clear with a reduction from 3-Dimensional Matching:

Reduction A2:

Reduction from 3DM to {|N| = 1, |I| arbitrary, |J| arbitrary, |L| arbitrary}, with the uniquelocationconstraint.Black box for one student with unique locations::Assume the existence of a black box that when given a set of happiness values hnijl, returns A’, alegal schedule (with unique times and locations), maximizing H(A’), the total happiness. Again,the capacities are ignored, because |N| = 1.¥Three Dimensional Matching(3DM) [1]Disjoint sets X,Y,Z, all with exactly q elements. M is a set of triples (x,y,z)

∈

X x Y x Z. Does Mcontain a matching; Does

∃

M’ ˝ M s.t. |M’| = q and no two elements of M’ agree in anycoordinate?Reduce a general instance of 3DM to a specific instance for the black box:¥Set |I| = |J| = |L| = q.¥

∀

triples (x,y,z)

∈

M, set h1xyz = k, where k is a constant > 0.¥

∀

triples (x,y,z)

∉

M, set h1xyz = 0.¥Feed the happiness values into the black box and find the schedule A’ with happiness H(A’) = Hmax.

7Proof of Reduction A2:Lemma A2.1: Hmax = kq iff M contains a matching.Proof :a) If Hmax = kq, then M contains a matching.Every legal schedule has exactly |J| assignments (1,i,j,l).

∀

i,j,l hnijl= 0 orhnijl= k. |J| = q, so if H(A’) = kq, that means

∀

i,j,l s.t. (1,i,j,l)

∈

A’, hnijl = k. If hnijl = k,(x,y,z)

∈

M; therefore

∀

i,j,l s.t. (1,i,j,l)

∈

A’, (i,j,l)

∈

M. A legal schedule has unique clerkships,times and locations (with the unique location constraint) for all assignments, so

∀

a

∈

A’, a isunique in every coordinate.

∃

M’ ˝ M s.t. |M’| = q, and no two elements of M’ agree in any coordinate, since

∀

i,j,ls.t. (1,i,j,l)

∈

A’, (i,j,l)

∈

M, and |A’| = |J| = q. Therefore, M contains a matching.b) If M contains a matching, then Hmax = kq.If

∃

a matching in M, then

∃

M’ ˝ M s.t. |M’| = q and no two elements of M’ agree in anycoordinate. Let set of assignments A’’ ˝ A consist of all assignments (1,x,y,z) s.t. (x,y,z)

∈

M’.

∀

(x,y,z)

∈

M, h1xyz = k, therefore H(A’’) = k |A’’|.A’’ includes a different assignment for every unique (x,y,z)

∈

M’, and no two elements ofM’ agree in any coordinate. |M’| = q = |J|, therefore, A’’ includes |J| assignments that are unique inevery coordinate. It follows that |A’’| = |J|, and that A’’ is a legal schedule, since A’’ includes |J|assignments, unique in every time, clerkship, and location. H(A’’) = k|A’’| = k|J| = kq. ThereforeHmax ‡ kq.ConsideralllegalschedulesB˝A:¥|B| = |J|, since every clerkship must assigned exactly once.¥H(B) £ k|J|, since

∀

a

∈

A, h(a) = 0 or h(a) = k.Hmax represents the total happiness value H(B) for some legal schedule B˝A, thereforeHmax £ k|J|. |J| = q, so Hmax £ kq. Hmax ‡ kq, therefore Hmax = kq.�A3 Lifting The Unique Location RestrictionWithout the unique location restriction the problem for one student is much easier. It isessentially no different than having only one location, since every student will be happiest in thebest location for each clerkship/time assignment. We simply have to isolate the best location foreach clerkship/time assignment, and use bipartite weighted matching on those locationassignments.

Algorithm A3:

Polynomial time algorithm for {|N| = 1, |I| arbitrary, |J| arbitrary, |L| arbitrary}, withouttheuniquelocationrestriction.

Given: ¥N, I, J, L, sets of students, times, clerkships and locations.¥|N|=1¥A = set of all possible assignments = N x I x J x L.¥S = set of all possible spots = I x J x L.¥cijl = capacity of spot (i, j, l).¥hnijl = happiness with assignment (n, i, j, l).

8Return:¥A’˝A, where A’ is an individual optimal schedule.¥Let A1˝A = all assignments (n,i,j,l) s.t. hnijl =

Max1≤l≤L (hnijl )

; A1 is the set of |I||J|location assignments with the highest happiness values

∀

fixed i,j.¥Use A1 as the complete assignment set in an instance of finding anindividual optimal schedule for one location, as described in (A1).¥Schedule A’ ˝ A1 ˝ A is returned by the instance described in (A1).

Proof of Correctness of Algorithm A3:Lemma A3.1: A’ is the optimal schedule

∀

assignments a

∈

A1.Proof: The matching reduction described in (A1) finds the optimal schedule for instances withonly one location per clerkship/time assignment. This instance described by A1 has only onelocation per clerkship/time assignment, therefore A’ is optimal

∀

assignments a

∈

A1.Lemma A3.2: The optimal schedule A’

∀

a

∈

A1 is also optimal

∀

a

∈

A.Proof by contradiction:Assume

∃

optimal schedule B ˝ A s.t. H(B) > H(A’). Create a new schedule B’˝A1whose assignments all agree with assignments in B in both i and j. H(B’) ‡ H(B), since A1 is theset of |I||J| location assignments with the highest happiness values

∀

fixed i,j. A’ is the optimalschedule

∀

a

∈

A1 ( A 3 . 1 ) , therefore H(A’) ‡ H(B’) ‡ H(B), and our assumption is false.�A4 Multiple Students As The Next DimensionSo far the problems have been restricted to one student, but the real complexity of clerkshipscheduling occurs when there an arbitrary number of students. In fact, the number of students willbe the largest variable in practice, since the number of clerkships, times and locations will usuallyall be fixed. For problems with one student, we could ignore the capacities, but now the capacitiesconstrain the individual student. To find the optimal solution, we have to resolve complexrelationships between student preferences and capacities.The most general case of clerkship scheduling I will consider is {|N| arbitrary, |I| arbitrary,|J| arbitrary, |L| arbitrary}, without the requirement of going to a unique location for everyassignment. The happiness values are now specific to four dimensions: n,i,j and l. The capacitiesare specific to three dimensions: i,j and l . The general problem is NP-hard, even when |J| = 1,and/or all capacities = 1. To prove it NP-hard, we again reduce from 3DM:

Reduction A4:

Reduction from 3DM to {|N| arbitrary, |I| arbitrary, |J| arbitrary, |L| arbitrary}, withouttheuniquelocationrestriction:Black box for one student with unique locations:Assume the existence of a black box that when given A, a set of assignments, happiness valueshnijl and capacities cijl returns A’, a legal schedule, where H(A’) = Hmax.Three Dimensional Matching(3DM)Disjoint sets X,Y,Z, all with exactly q elements. S is a set of triples (x,y,z)

∈

(X x Y x Z). Does Scontain a matching; Does

∃

S’˝S s.t. |S’| = q and no two elements of S’ agree in any coordinate?

9Reduce a general instance of 3DM to a specific instance for the black box:¥Set N = I = J = L = q¥

∀

(x,y,z)

∈

S, set hxy1z = k.¥

∀

(x,y,z)

∉

S, set hxy1z = 0.¥Set all capacities cijl = 1¥Feed A, the happiness values hnijl and capacities cijl into the black box and find the best schedule A’.

Proof of Reduction A4:To prove the reduction, we must show that H(A’) = kq iff S contains a matchinga) If H(A’) = kq, then S contains a matching.All hnijl = 0, except those for j = 1. So, the weight of an individual student�s scheduledepends completely on when and where they are assigned for j = 1.Lemma A4.1 : If H(A’) = kq, then there are q occurrences of a j = 1 assignment (an assignmentto clerkship 1 for some student n, time i, location l), all of which don�t agree in any n, i or j, andall have hnijl = k.Proof: The only possible happiness values for a j = 1 assignment are k and 0. Therefore, if H(A’)= kq, then

∃

exactly q occurrences of a j = 1 assignment with hnijl = k. None of these qassignments will agree in any i or l, since all cijl = 1. Furthermore, these q assignments will all befor different students (and therefore won�t agree in any n), since each student has exactly one j = 1assignment, and there are q students.If H(A’) = kq, then there are q occurrences of a j = 1 assignment, all of which don�t agreein any n, i or l, all with happiness k, as shown above. If hni1l = k, then (n,i,l)

∈

S. So, theexistence of a schedule with H(A’) = kq suggests the existence of q members of S, all of whichdon�t agree in any n,i or l. Therefore, S contains a matching.b) If S contains a matching, H(A’) = kqA4.2 Lemma: If S contains a matching, each student has unique i and l for which they can beassigned to j = 1 with hni1l = k.Proof: If S contains a matching, there is a subset of q members of S, all of which don’t agree inany x,y or z.

∀

(x,y,z)

∈

S, hni1l = k. Therefore, there are q happiness values for j = 1, all with aunique n, i and l, all = k. There are q students, so each one has unique i and l for which they canbe assigned to j = 1 with happiness k.A4.3 Lemma: If S contains a matching, H(A’) ‡ kq.Proof: Put all q of the j = 1 assignments described above into a new schedule B˝A . B is legalfor j = 1, with H(B) ‡ kq, since cijl = 1

∀

i, l, and (A4.2) holds. All other assignments in B areincluded arbitrarily; that is, each student’s schedule is filled in for all j > 1 in any legalcombination. Retaining the legality of B is possible, since all students can use every possibleclerkship/time assignment for j > 1 (there are q possible locations for every clerkship/timeassignment, and only q students).Schedule B˝A is legal, with H(B) ‡ kq, therefore the maximum happiness schedule H(A’) ‡ kq.

10A4.4 Lemma: H(A’) £ kq.Proof: Assume

∃

a legal schedule B with H > kq. Since all hnijl are either k or 0, there must be> q scheduled assignments anijl with hnijl = k. All such weights occur when j = 1, so there mustbe > q assignments to j = 1. This cannot be the case, since there are only q students, and all haveexactly one assignment to j = 1. Therefore the assumption is false, and H(A’) £ kq.H(A’) ‡ kq and H(A’) £ kq, therefore H(A’) = kq.�B. Using an Upper Bound To Approximate

Thus the general problem is NP complete. This is not good news to medical schooladministrators, because it means they will probably never be able to satisfy as many students asthey theoretically could. However, all is not lost. A good approximation algorithm could yieldexcellent results. To find an approximation algorithm, we need to know what heuristics we canuse to simplify the problem, and how we can measure the success of these heuristics in theory andin practice.B1 An Upper BoundHow can we measure the success of an approximation? We want to see how close analgorithm gets to the optimal happiness Hmax. For example, if the algorithm produces H =

58

(Hmax), it is measured by the coefficient

. In general, we call this coefficient r.Unfortunately, we cannot find the optimal schedule, so we don’t know the value of Hmax withwhich to calculate r. We need an upper bound on Hmax that is as small as possible to get thetruest values of r.

B1The upper bound U.Wecanfindonestudent�soptimalscheduleinpolynomialtime,ifweignorethecapacities,andalltheotherstudents(A3).So,ifwefindtheoptimalscheduleforeachstudentindividually,andscheduletheminthegeneralproblem,thisschedulewillbemadeupentirelyofoptimalschedules.Unfortunately,thisscheduleisnotalwayslegalinthegeneralproblemduetocapacityconstraints.However,thetotalhappinessofthisscheduleisaniceupperboundfortheoptimalschedulebywhichwecanjudgethesuccessofourapproximationalgorithms.Wewillcallthisupper bound U.¥LetA=NxIxJxL,thesetofallpossibleassignmentsinaninstanceofthegeneralproblem.¥LetObethesetofallindividualoptimalschedulesfoundbyignoringthecapacities(A3).¥Let A’ be the solution to the general problem, so H(A’) = Hmax.¥LetU=

H(O n )

O n ∈O

∑

.The following lemma will show that U is an upper bound for Hmax:B1.1 Lemma:

∀

instances of the general problem, Hmax £ U.Proof: Assume Hmax > U. Therefore, Hmax >

H(On ) On ∈O∑

. Divide A’ into |N| distinct subsetsO’k, where O’k = {anijl

∈

A’ : n = k}. These subsets represent the individual schedules for the

11solution A’.

H(O'n )

O'n ∈A∑

= H(A’) = Hmax, since {O’1

∪

O’2,

∪

...

∪

O’|N|} = A’.Therefore:

H(On )

On ∈O∑ > H(O'n )

O'n ∈A∑

. It follows that

∃

some q for which H(O’q) > H(Oq), whereOq

∈

O. However, O is the set of all individual optimal schedules, therefore H(O’q) £ H(Oq). Wehaveacontradiction,thereforeourassumptionisfalse.�How close is U to the true Hmax? In some cases, U = Hmax:B1.2 Lemma:

∃

an instance of the general problem for which U = Hmax.Proof: Consider a case where all cijl = |N|. Schedule every student to O, their individual optimalschedule. This schedule is legal, since every spot can hold every student and still be at or undercapacity. Hmax =

H(On ) On ∈O∑

= U.�In (B1.2), we see a case where

UHmax

= 1. However, this ratio could be as bad as |N|:B1.3 Lemma:

∃

an instance of the general problem for which

UHmax

= |N|.Proof: Consider the following case:¥All cijl = |N|, except c111 = 1.¥All hnijl = 0, except

∀

n, hn111 = k.U =

H(On ) On ∈O∑

= k|N|, since all students� optimal schedules will include their only non-zero happiness value at an111. However, Hmax = k, since c111 = 1, and only one student canactually be scheduled to their only non-zero happiness value.

UHmax

=

k|N|k

= |N|.�So U is not consistently close to Hmax; U can be equal to Hmax, and U can besignificantly larger than Hmax. However, in practice, U is still useful. It takes an extremeexample to make U significantly larger than Hmax, one that has a lot of high happiness values inspots with small capacities.B2 Methodically Rescheduling From The Upper BoundWhat heuristics can we use? Our final schedule has to get every student into everyclerkship, and it must obey the capacity constraints, so our approximation must yield a legalschedule. In addition, we want to get as close to the upper bounds as we can. Instead ofsearching within the legal schedules, we will start with one of the upper bounds, and work ourway down until we find a legal schedule.What if we start with the upper bound U? To get a schedule with total happiness of U issimple; all we have to do is schedule all students to their individual optimal schedule, which is a

12polynomial time problem, as shown in (A3). This schedule is not necessarily legal, so to workour way down to a legal schedule, we have to methodically reschedule the students, trying to keepthe happiness up while still working towards a legal schedule.We will first look at a solution to the general problem that finds the optimal schedule inexponential time, but illustrates the concept of using the upper bound as a starting point:

Algorithm B2.1:

Exponential time algorithm to solve the general problem:

Given: ¥N, I, J, L, sets of students, times, clerkships and locations.¥A = set of all possible assignments = N x I x J x L.¥S = set of all possible spots = I x J x L.¥cijl = capacity of spot (i, j, l).¥hnijl = happiness with assignment (n, i, j, l).

Return:¥Anoptimallegalschedule.¥

∀ n, set Aon = the set of all subsets A’˝A s.t. A’ schedules student n to exactly |J| differentclerkships, all at unique times; Aonisthesetofalllegalindividualschedulesforstudentn.¥Let set P = (Ao1 x Ao2 x Ao3 x ... x Ao|N|-1 x Ao|N|) ; P is the set of all possible combinations oflegalindividualschedules.¥

∀

p

∈

P, let q(p) = (A1

∪

A2

∪

...

∪

A|N|), where p = (A1, A2, ... A|N|). Each q(p) representsthe total schedule including all the individual schedules in p.¥Let set Q = {q(p) : p

∈

P}.¥Return q’ =

arg max

legal q∈Q H(q)

, the legal schedule in Q with the highest happiness value.

Running Time of Algorithm B2.1:This algorithm is obviously exponential, since it must look at every possible combinationof every possible schedule for all |N| students, and test for legality.¥

∀

n, Contstruct Aon:FindalllegalindividualschedulesforallstudentsO(|N||L||I|!)¥Construct P,Q:O(|L||I|!)|N|¥

∀

q

∈

Q, test for legalityO(|L||I|!)|N|

Total time needed: O(|L||I|!)|N|Algorithm B2.1 takes an exponential amount of time because it looks at every possiblecombinationofschedules.Wecanimproveuponthismethodbyconstructingsolutionsgreedily;wesorttheindividualschedulesbeforewecombinethem.Whenwecombinethem,wewilltestthemforlegality.Wewillconstructcompleteschedulesindescendingorderofhappiness,sowecanstopafterfindingourfirstlegalschedule.Thuswewillfindanoptimalschedulewithagreedyalgorithm:

Algorithm B2.2:

Pseudocode for a greedy algorithm to find a solution to the general problem

Given and

Return values: same as B2.1

13For all students n £ |N|let A’nk = the schedule in Aon with the kth highest happiness value.let rn = 1, where rn = the current schedule for student n being considered.BeginLoop:Let B’ = empty schedule, therefore H(B’) = 0Letchanged_student=0/*Thefollowinglooptrieseveryschedulewhereexactlyonernincreasesbyone,andtheschedulewiththehighesthappinessvalueiskept.*/For student k = 1 to |N|Consider schedule B = (A’1r1

∪

A’2r2

∪

... A ’ k ( r k + 1 ) ...

∪

A’|N|r|N|)If H(B) > H(B’), then let B’ = Bchanged_student = kIncrease rchanged_student by 1Loop until B’ is a legal scheduleOutput B’

Proof that Algorithm B2.2 gives an optimal solution:By contradiction: assume B’ is not optimal. Therefore

∃

a legal schedule D’ s.t. H(D’) >H(B’). The algorithm found B’ as the first legal schedule. Therefore, all schedules that includeindividual schedules for any student n with higher happiness values than the individual schedulefor student n included in B’ must not be legal, or else the algorithm would have chosen it earlier inthe loop. So, D’ must consist entirely of individual schedules with happiness values greater thanor equal to the individual schedules included in B’. Therefore H(D’) £ H(B’), and our assumptionis false.�In the worst case, Algorithm B2.2 will still be exponential. This is clear, since there mightbe only a few possible combinations of legal schedules, all of which have low happiness values;the algorithm would then have to consider most of the combinations of schedules before finding alegal one. Again, more bad news for the medical school administrator. Algorithm B2.2 is based on starting with a schedule that is not necessarily legal, but hasa happiness value equal to the upper bound U. It proceeds by using a heuristic to change thatschedule until it is legal. We can use this general concept, but employ a polynomial time heuristic,so we will be able to find good solutions quickly, with happiness values close to the upperbounds.C. The Flatten Algorithm

We now introduce an approximation algorithm based on the concept of methodicallyrescheduling from the upper bound (B2). First, some background is given concerning the theorybehind the algorithm (C1). Then, pseudocode for the Flatten algorithm is given, along with aproof of correctness and an analysis of the running time (C2). We then provide some theorybehind the tightness of an instance of scheduling, a phenomenon that seems to affect the runningtime of the algorithm, as well as the happiness of the schedule it produces (C3). Finally, weexplore the limitations of the Flatten algorithm, and provide some possible solutions for gettingaround these limitations (C4).

14C1 IntroductionThe Flatten algorithm begins with the upper bound U, and schedules students to each oftheir individual optimal schedules. If this schedule is legal, the algorithm is done. If it is not legal,it �flattens� the schedule by rescheduling students from spots that are over-capacity, until thereexist no such spots.This seems easy in theory, but it is far from trivial to come up with a good way to do thismethodically, so that the algorithm finds a legal schedule in a reasonable amount of time. We needa heuristic to reschedule students away from individual over-capacity spots, and into other spots.This heuristic must reduce the over-capacity spots to capacity, maintain as high a happiness aspossible, and eliminate more and more options to switch as it progresses, so it may approach alegal schedule.I have found such a heuristic based on the concept in B2.2 of using happiness rankings ofschedules specific to each student. The Flatten algorithm uses happiness rankings of locationassignments, specific to each student/clerkship/time.C2 The HeuristicFlattening the schedule is the heuristc that enables us to move students away from over-capacity spots. The Algorithm first searches for the most over-capacity spot. When an over-capacity spot is selected, exactly as many students are rescheduled from that spot as are needed tomake that spot obey its capacity. The students selected to be rescheduled are the ones for whommoving them would cause the least reduction in happiness value. When students are selected to berescheduled, they are never allowed to return to that spot.How do we reschedule the selected students, and force them never to return to spots fromwhich they are rescheduled? Consider the algorithm described in (A3) that found an individualoptimal schedule for one student with multiple locations. The problem reduced to an instance offinding an individual optimal schedule for one location (A1) by including only the locationassignments to clerkship j, time i, with the highest happiness values

∀

fixed i,j. In fact, we cancreate an instance of (A1) using any location assignments we choose, and (A1) will return theoptimal schedule among those location assignments. In the Flatten Algorithm, for each clerkship/time assignment, we will maintain the sortedhappiness values for each location, and use an array of global variables keep track of whichlocation rank the algorithm is currently considering for each student/clerkship/time; at thebeginning of the algorithm, these global variables are all set to 1, since the algorithm begins byscheduling each student to an individual optimal schedule. Each time a student is selected to berescheduled, we increase the location rank variable for that spot by 1, and create an instance of(A1) using the location assignments referred to by the values in the location rank variables.Thus the selected students are rescheduled from the over-capacity spot, and are forcednever to return to that spot again. The algorithm proceeds by finding a new over-capacity spot,and repeating the whole process. As students are restricted further and further by having theirlocation rank variables increased, the schedule is forced towards legality.For convenience, since we will not be using formal set notation to explain the flattenalgorithm, we will use the constants N,I,J,L to denote the size of sets N,I,J,L.

C2.1 Pseudocode for the Flatten AlgorithmGiven: N = number of students, I = number of time slots,J = number of clerkships, L = number of locations.hnijl = happiness with assignment (n,i,j,l)cijl = capacity of slot (i,j,l)Return:AlegalscheduleA’

15Function: Sort_Student_HappinessFor all students nFor all clerkship/time assignments i,j1:¥sort hnijl in descending order, and store the original locations of each assignment into a separate array locnijr. hnijr now representstherthhighesthappinessvalueforstudentn,timeiandclerkshipj.2:¥set all ranknij = 1, where ranknij = the current rank being considered for student n, time i and clerkship j.Function: Match(student n)3:¥Create an instance of finding an individual optimal schedule for one location (A1):Values needed for instances of (A1): Sets N,I,J,L, hnijl.¥Let N = {n}¥Let I = {1,2,3....I}¥Let J = {1,2,3....J)¥Let L = the set of all locnij(ranknij)

∀

i,j ; the locations of the current ranks begin considered for student n, time i, clerkship j.¥Let hnijl=hnij(ranknij)4:¥Return the schedule M returned by (A1).

Flatten Algorithm5:¥Call Sort_Student_Happiness6:¥

∀

n, Call Match(n), and add each returned schedule M to the complete schedule A’, initializing atijl = number of students scheduledtotimei,clerkshipj,locationl.7:LoopUntilA’obeysallthecapacityconstraints8:¥Find a spot (i,j,l) where atijl - cijl > 0. This spot is over-capacity.9:For each student n scheduled at spot (i,j,l):10:¥StorecurrentindividualscheduleintoO, an array of original schedules.11:¥Increase ranknij by 1.12:¥Call Match on student n.13:¥Store returned individual schedule M into D, an array of schedules.14:¥Sort D and corresponding O by H(o) - H(d), the difference between the happiness value of the new schedule and the happiness value of the old schedule, where o

∈

O and d

∈

D.15:For the first cijl schedules in D: (with the cijl lowest differences in happiness)16:¥Remove original schedule O from A’, decreasing atijl by 1 for all assignments o

∈

O17:¥Add new schedule D to A’, increasing atijl by 1 for all assignments d

∈

D18:For the remaining schedules in D:19:¥Decrease ranknij by 1.20:Return A’�

16The Flatten algorithm will not always find a legal schedule if one exists. At line 11, Weincrease the value of ranknij by 1. If ranknij = L, we would not be able to increase this value andmaintain a meaningful value. We say that the student has reached an empty rank for thisclerkship/time assignment. We will discuss in great detail the situations under which empty ranksoccur, as well as solutions to get around them, in section (C4). However, if no students reachany empty ranks, and the flatten algorithm as listed above finds a schedule, we can prove that thisschedule is legal:Lemma C2.2: If no students reach empty ranks, then A’, returned by the Flatten algorithm, is alegal schedule.Proof:¥Every individual schedule added to A’ during the course of the algorithm, at lines 6 and 17, hasbeen returned by the Match function. The Match function returns only individual optimalschedules, which are legal.¥All students are initially scheduled to A’ exactly once at line 6, and every time a student isremoved from A’ at line 16, they are immediately placed back into A’ at line 17. Therefore, whenthe algorithm terminates, all students are scheduled in A’ exactly once.¥Since all students are scheduled in A’ exactly once, and every individual schedule added duringthe course of the algorithm is legal, A’ contains exactly one legal individual schedule for eachstudent.¥Line 7 is the start of a loop that does not terminate until A’ obeys all the capacity constraints.Since A’ contains exactly one legal schedule for each student, and it obeys all the capacityconstraints, A’ is a legal schedule.�

C2.3 Running Time of the Flatten Algorithm¥Function: Sort_Student_HappinessLoop NIJ times, sorting L itemstime: NIJLlgL

Total time: NIJLlgLI ‡ J, so time = O ( N I 2 L l g L ) ¥Function: Match(student n)Transform IJ happiness values into an instance of bipartite weighted matchingtime: IJRun a bipartite weighted matching, #Vertices = I + J, #Edges = IJtime: (I + J)IJ

Total time: IJ + IJ(I + J).I ‡ J, so time = O ( I 3 )¥Flatten Algorithm¥Call Sort_Student_HappinessO(NI2LlgL)¥Call Match on every studentO(NI3)¥Add returned schedules to A’ for every studentO(NI2L)(each schedule size IJL, I ‡ J)¥Loop until A’ is legal; let P = #of iterations¥Find an over-capacity spotO(PI2L)

17(IJL spots,I ‡ J)¥For each student scheduled at that spot (£N)¥Store current scheduleO(PNI2L)(each schedule size IJL, I ‡ J)¥Call Match on each studentO(PNI3)¥Store returned scheduleO(PNI2L)(each schedule size IJL, I ‡ J)¥Sort schedulesO(PNlgN) (£N schedules)¥Remove and add schedulesO(PNI2L)(£ N schedules, each schedule size IJL, I ‡ J) TOTAL = O(PNI3 + PNI2L + NI2LlgL + PNlgN)= O(P(NI3 + NI2L + NlgN) + NI2LlgL)Since N is large compared to I,J and L, it is important to look at the degree of Nindependent of I,J and L in the analysis of the running time. PNlgN represents the most significantterm of the total running time, so we can say that the algorithm runs in O(PNlgN). But, eventhough I,J and L will be small compared to N, they will still be significantly sized numbers. I willdiscuss running time in practice when I describe testing of the implementation in section D.How big is P? The size of P will vary according to how many times we need to flatten aspot before we find a legal schedule. P = the number of iterations of the flattening loop, whichbegins at line 7. At each iteration of the flattening loop, we permanently increase the value of atleast one ranknij.EachranknijcanonlytakeonLdifferentvalues,correspondingtotheLpossiblelocationsforeachclerkship/timeassignment.So,wecanonlypermanentlyincreasethevalue of at least one ranknij NIJL times. Therefore P £ NIJL. Since I,J and L are small, P =O ( N ) .Therefore, the theoretical running time of the Flatten algorithm = O(N2lgN).�The actual running time of the algorithm is highly dependent upon P, which is not an inputvalue, but rather a result of how many times we need to flatten spots until we reach a legalschedule. Additionally, every time we flatten a spot, we reduce the happiness of the schedule. Ifwe never have to flatten a spot, P could equal 0. We have shown above that P £ NIJL.How can we determine the number of times we need to flatten spots from the input values?Through experimentation with the implementation in section D, I will show a relationship betweenthe tightness of the instance, as defined in (C3), and the happiness and running time of theschedule returned by the flatten algorithm.C3 The Tightness of an InstanceWe introduce the concept of the tightness of an instance; how many available slots there arecompared to how many are needed. Formally,

Definition C3.1: The Tightness of an Instance:¥The tightness, T, of instance {|N|,|I|,|J|,|L|}, (with capacities cijl) =

1≤ j≤|J|∑ 1≤i≤|I|∑ C^{ijl} 1≤l≤|L|∑ |N||J|

.

18If T < 1, there are fewer available assignments than needed assignments; therefore thereare no possible legal schedules. When T > 1, there could be a legal schedule, but not necessarily;Lemma C3.2:

∃

Instances of clerkship scheduling where T > 1, but

∃

no legal schedules.Proof: Every student must be scheduled to every clerkship. Therefore, if

∃

a legal schedule,then

∀

j,

Cijl 1≤l≤|L|∑ 1≤i≤|I|∑

‡ |N|. Consider an instance of clerkship scheduling where:¥

Ci1l

= |N| - 1 ; the sum of the capacities of the spots for clerkship 1 is |N| - 1.¥

Cijl 1≤l≤|L|∑ 2≤ j≤|J|∑ 1≤i≤|I|∑

= |N||J| , the sum of the capacities of all other spots is |N||J|.In this instance, T =

1≤ j≤|J|∑ 1≤i≤|I|∑ Cijl 1≤l≤|L|∑ |N||J|

=

|N||J|+|N|− 1

|N||J| =1+ |N|− 1|N||J|

. Therefore, T > 1.However, for j = 1,

Cijl 1≤l≤|L|∑ 1≤i≤|I|∑

= |N| - 1. Therefore,

∃

no legal schedules.�Lemma C3.2 points out that even though the total number of available spots is larger thanthe spots needed, there must still be a sufficient number of available spots for each clerkship. Nowconsider instances where |I| = |J|. Since every student must be scheduled to each clerkship at aunique time, and |J|=|I|, every student must also be scheduled to each time. As in A5.2 forclerkships, If such an instance had fewer than |N| available spots for any time, it would also haveno legal schedules.Is having enough available spots for every clerkship, and enough available spots for everytime a sufficient condition to claim that

∃

a legal schedule? No, in fact it is not:Lemma C3.3:

∃

an instance of clerkship scheduling for which¥T > 1,

∀

j,

Cijl 1≤l≤|L|∑ 1≤i≤|I|∑

‡ |N|, and

∀

i,

1≤l≤|L|∑ 1≤ j≤|J|∑

‡ |N|, but

∃

no legal schedules.Proof:Consider the following instance:¥|I| = |J| = |N| = 3¥|L| = 1¥The capacities are represented by the following chart,

i =1 2 3 j =123 1 1 1

0 3 0

2 0 2

f i g c 3 . 4

19where the rows represent clerkships, the columns represent time slots, and an entry in the tablerepresents cij1, the capacity of clerkship j, time slot i. We see that

∀

j,

Cijl 1≤l≤|L|∑ 1≤i≤|I|∑

‡ |N|, and

∀

i,

1≤l≤|L|∑ 1≤ j≤|J|∑

‡ |N|. T =

1≤ j≤|J|∑ 1≤i≤|I|∑ Cijl 1≤l≤|L|∑ |N||J|

=

109

. Therefore T > 1.¥We claim that

∃

no legal schedule for this instance. Proof by counterexample: Assume

∃

a legalschedule. All 3 students must be assigned to clerkship 1, at some time slot. Since Ci11 = 1 for all3 time slots i, each student must be assigned to a different time slot for clerkship 1. Therefore,some student n must be assigned to clerkship 1, time slot 2. Student n must also beassigned to clerkship 2, at some time slot. c121 = 0 and c321 = 0, so student n must beassigned to clerkship 2, time slot 2. The two assignments in boldface violate therequirement that all student assignments be to unique time slots. Therefore, our assumption isfalse.�C4 LimitationsThere is no guarantee that the Flatten algorithm will come up with a legal schedule if oneexists. Consider the following situation, which I will refer to as a student reaching an empty rank:

C4.1 One example of an

E m p t y R a n k : ¥Some student n has been rescheduled from over-capacity spots a number of times, in particularfrom locations within clerkship 3, time 5.¥After a while, the algorithm decides to flatten clerkship 3, time 5, location 8. It begins toreschedule students when it comes across student n.¥The algorithm sees that ranknij = L, where ranknij = student n’s rank for clerkship j,time i. . Thismeans that during the previous iterations of the algorithm, student n has been rescheduled to eachlocation assignment within that clerkship/time¥Student n cannot be rescheduled anywhere for that clerkship/time; they have reached an emptyrank. at clerkship j, time i.To get around an empty rank, we can instruct the algorithm to do the following:

C4.2 Method to get around an empty rank:If spot (i,j,l) is being flattened, and for some student n, ranknij = L, and student n is instructed toincrease ranknij by 1,¥Let K = a large constant; K > IJL

Max^{i, j,l} (hnijl )

.¥Call Match on student n, but set the weight of the edge {xj, yi} = -K.The matching will choose an alternate schedule that doesn’t include an assignment toclerkship j, time i. What if an empty rank occurs a number of times for some student n? Thealgorithm may eventually reach a situation where student n cannot be legally rescheduled at all froma particular spot (i,j,l) using the student�s values in ranknij. I will refer to this situation as a deadend:

20C4.3: An Example of aD e a d E n d : ¥Some student n reaches an empty rank for clerkship 3, time 5.¥Student n is rescheduled a number of times, and reaches a number of empty ranks, especially forclerkship 3.¥The algorithm decides to flatten clerkship 3, time 4, location 2.¥The algorithm tries to reschedule student n, and sees that student n has an empty rank forclerkship 3, time 4. So, it sets the weight to -K, and attempts a matching.¥But, student n has reached an empty rank at all clerkship 3 assignments, and the maximum weightmatching just leaves out clerkship 3 from the matching to avoid the -K weight, and thereforereturns an illegal schedule; this student has reached a dead end.What should the algorithm do with a student in the case of a dead end? A dead end can beokay if there are enough students at that spot that can be rescheduled to flatten the spot. But, ifthere are more students that have reached this �dead end� than the capacity for the spot, thealgorithm cannot proceed, since it will be unable to flatten the spot.Can we do anything about this situation when it occurs? We can�t avoid it withoutfundamentally changing the algorithm, but we can �clean up� afterwards, by putting the dumpedstudents back into the open spots in the schedule.How could there be any open spots in the schedule? Every time a student reaches an emptyrank for a clerkship/time assignment, it means every spot for that clerkship/time has been flattened.After a spot is flattened, it is left exactly at capacity. If a student is dumped, they have reachedenough empty ranks to leave them unable to be scheduled. How could this student possibly berescheduled, if they have reached so many empty ranks?After a spot is flattened, it won�t necessarily stay at capacity:

Lemma C4.4: Flattened spots do not necessarily stay at capacity:¥Consider some student n who is scheduled to a spot s1 that is flattened.¥Student n remains at s1 after it is flattened, since student n is among the students who produce thelowest c(s1) happiness values when rescheduled, where c(s1) = the capacity of spot s1.¥Spot s1 is now exactly at capacity, since it has just been flattened.¥Later in the algorithm, a different spot s2 is flattened; student n is also scheduled at s2.¥Student n is rescheduled from s2, since rescheduling student n produces a higher happiness valuethan rescheduling c(s2) other students, where c(s2) = the capacity of spot s2.¥The new schedule for student n does not include s1, therefore s1 is now under-capacity.We take advantage of this phenomenon by removing students that have reached a dead end,and rescheduling these students after the all the spots are all flattened:

C4.5: A method to

D u m p s t u d e n t s w h e n t h e y r e a c h a d e a d e n d : During the algorithm, if some spot (i,j,l) is being flattened, and x students scheduled at spot (i,j,l)have reached a dead end, where x > cijl,¥Arbitrarily pick (x-cijl) of the students that have reached a dead end, and dump them; take them out of the permanent schedule A’, and do not reschedule them.¥Flatten spot (i,j,l) normally, rescheduling the students that have not reached a dead end.¥Proceed with the algorithm, and do not require dumped students to be scheduled when determining the legality of A’.Dumped students will be ignored for the rest of the algorithm, since students arerescheduled only when they are scheduled in spots to be flattened. Dumped students are notscheduled anywhere, so they will never be put back into A’.

21We can build the methods described C4.2 and C4.5 into the flatten algorithm, thusallowing the algorithm to handle more cases.To build C4.2 into the algorithm, we replace line 11 with the following conditional statement:9:For each student n scheduled at spot (i,j,l):10:¥Store current individual schedule into O, an array of original schedules.11:If ranknij £ L¥Increase ranknij by 1.Else¥Let hnij(ranknij) = -K, where K > IJL

Maxi, j,l (hnijl )

.12:¥Call Match on student n.13:¥Store returned individual schedule M into D, an array of schedules.For C4.5, we replace line 17, also with a simple conditional statement:15:For the first cijl schedules in D: (with the cijl lowest differences in happiness)16:¥Remove original schedule O from A’, decreasing atijl by 1 for all assignments o

∈

O17:If H(D) ‡ 0 ¥Add new schedule D to A’, increasing atijl by 1 for all assignments d

∈

DElse¥Let boolean array Dumped[n] = TRUE.18:For the remaining schedules in D:19:¥Decrease ranknij by 1.Now we must reschedule the dumped students into open spots created by the phenomenondescribed in C4.4. The problem of rescheduling the dumped students is equivalent to an instanceof the general problem, since there are an arbitrary number of students, student/spot-specifichappiness values, and spot-specific capacities.We could recurse on the flatten algorithm. However, we must be sure that dumpedstudents are not scheduled to the spots that are already at capacity from the first pass. So,

∀

dumped students n, and spots (i,j,l) that are at capacity, we let hnijl = -K, as in (C4.2). When thenumber of dumped students is small enough, an algorithm that finds the optimal legal solution,such as B2.2 or B2.3 , may be the best choice.D. An Implementation of the Flatten Algorithm

I have implemented the flatten algorithm in a way that would be useful in practice toschedule medical students to clerkships at Dartmouth Medical School (DMS). The program iscalled Clerk, and it is written in C++. Clerk is a direct implementation of the Flatten algorithm,with one modification based on a restriction on student schedules imposed by Dartmouth MedicalSchool (D1). Clerk also implements the strategy explained in (C4.5) to dump students when theyreach a dead end (D1.3).D1 Modifications of the Flatten Algorithm

22DMS has a requirement that student schedules be in a block structure, defined as the following:

D1.1 The DMS

B l o c k S t r u c t u r e 1¥Thereare3blocks;eachcontaining3clerkships,foratotalof9clerkships.¥Ineachblock,oneclerkshiphastimelength2,andtheothertwoclerkshipshavetimelength1.¥Theclerkshipsineachblockmustbescheduledtogether.¥Withineachblock,theclerkshipwithtimelengthtwomustbescheduledfirstorlast.¥The3blockscanbescheduledinanyorder.TheBlockstructurehasaprofoundeffectonthelegalityofindividualschedules.However,theonlypartoftheflattenalgorithmthatneedstobechangedtoaccommodatetheblockstructureistheMatchfunction.TheMatchfunctionoutputstheoptimallegalindividualschedule;thisimplementation’sMatchfunctiondoesthesamething,butobeystheblockstructure.Theflatteningprocessitselfremainsthesame.In (C2) we saw how to control the location ranks for each clerkship/time assignment, anduse instances of (A1) on certain location assignments. We do the same thing with the Matchprocedure for the block structure, since the unique location restriction still does not apply. Thedifference comes in performing the actual bipartite weighted matching, because the block structureforces us to choose only certain sets of assignments.In this implementation we use a brute force method, and bypass (A1) altogether, since theconstants are quite small. So, given one location assignment for each clerkship/time, we try everypossible individual schedule among those that are legal. How many possibilities are there?

D1.2 The number of individual schedules that obey the block structure¥Let A,B,C represent the three clerkships in one of the three blocks, where A is of length 2, and Band C are both of length 1.¥There are 4 possible clerkship configurations for this block, since A must come first or last:ABC, ACB, BCA, CBA¥There are 3 blocks, so given the order of the blocks, there are 43 clerkship configurations.¥Let X,Y,Z represent the three blocks. There are 6 possible orders of the three blocks:XYZ, XZY, YXZ, YZX, ZXY, ZYX¥So, the number of possible legal schedules = 6(43) = 384.Looping through each possibility in the block structure would require 384 happinesscalculations. If we tried a similar brute force method for 9 clerkships and 9 time slots without theblock structure, there we would need 9! = 362,880 happiness calculations. Even if we usebipartite weighted matching, as in (A1), on 9 clerkships and 9 time slots, the time needed is on theorder of (#vertices)(#edges) = 9(81) = 729.We see from this analysis that to find an individual optimal schedule with the blockstructure imposed, it is more work to use an instance of bipartite weighted matching than to use abrute force method. So the Match function implemented in Clerk simply tries every possibility,and returns the legal individual schedule with the highest total happiness.

D1.3 Dumping StudentsClerk also implements the strategy explained in C4.5 to dump students when they reach adead end. After the Flatten algorithm is complete, Clerk reschedules the dumped students:¥Loop through each dumped student n in an arbitrary order:¥

∀

i,j find the location assignment l for which hnijl is maximum, and cijl - atijl > 0.¥Call Match on those location assignments, as in (C2)¥Update values of atijl.

23D2 PerformanceWe can measure the performance of Clerk using the happiness of the output schedule, andthe upper bound U, from section (B1). Clerk outputs a schedule, A’, and it also calculates thetotal happiness of that schedule, H(A’). U is easy to calculate, because the algorithm begins byscheduling the students so that their happiness equals U. So, when Clerk stops running, it outputsa report containing H(A’), U, and r, where r =

H(A')U

; r epresents the happiness of theschedule as a fraction of the upper bound.There is a close relationship between r and T, where T is the tightness of the instance,which we explore through experimentation with Clerk. Recall that the tightness of an instance, T,is defined as:

1≤ j≤ J∑ 1≤i≤I∑ Cijl 1≤l≤L∑ NJ

(A5). T compares the number of available spots to the numberof spots needed. When T<1, there exist no legal schedules, since there are fewer spots availablethan spots needed. When T > 1, there could be a legal schedule, but not necessarily, as proven in(A5.2) and (A5.3).We can design our test data to be similar to data that would appear in practice. Studentswould be given a fixed amount of points to distribute arbitrarily among different assignments,indicating their preference for combinations of clerkship, time and location. We simulate this withthe following procedure:¥For each student n, ¥Loop until the point total has reached the fixed allocation:¥Choose a random assignment (n,i,j,l). ¥Place a random happiness value hnijl on that assignment, and increase the point total by hnijl.As an experimental tool to get a cleaner value for T, we can fix the capacities of the spots:If

∀

i,j,l, cijl = CAP, where CAP is a fixed value, T =

IJL(CAP)

NJ = IL(CAP)N

.

24Experiment D2.1: r as a function of T, with constant I,J,L and fixed capacities.¥Hold I,J and L constant.¥

∀

i,j,l, cijl = fixed value CAP, as defined above.¥Run Clerk, changing the values of N and CAP for each trial.Student Happiness as a Function of the Tightness of the Instance0.50.550.60.650.70.750.80.850.90.95111.21.41.61.82Trfig d2.1We see from these data that r is a function of the tightness of the schedule. We can also getan idea of the values of r Clerk can produce. Even for schedules where T = 1, Clerk usuallyproduces values for around

23

, and never less than

12

. When T = 1.2, Clerk produces valuesfor r above .85.

25The running time of Clerk depends greatly on the number of students:

Experiment D2.2: The running time as a function of N, with constant I,J,L, cijl.¥Hold I,J,L constant;¥

∀

i,j,l, cijl = CAP, where CAP is a constant;¥Run Clerk, changing the value of N for each trial.Running Time as a function of N0102030405060020406080100Number of students, N

Running Time (Seconds)I = 12J = 8L = 4CAP = 2When N increases, more students need to be scheduled, and rescheduled, which increasesthe running time. When all other input values remain constant, the tightness also increases as Nincreases, and this may also effect the running time. So, we should also look at the running timewhen the tightness stays constant.

26Experiment D2.2: The running time as a function of N, with constant I,J,L, and constanttightness T.¥Hold I,J,L constant;¥RunClerk, changing the value of N for each trial, while holding the tightness T constant,where T =

IL(CAP)N

, by setting CAP =

ILTN

.0510152025050100150200Number of Students, N

Running Time (Seconds)I = 12J = 8L = 2T = 1.25CAP =

ILTN

We see from this graph that when T is held constant, the running time seems to be a linearfunction of N.In practice, T indicates how many spots are available compared to how many are needed.This will probably remain a consistent value, since no student would be completely denied aprogram, and hospitals are not going to offer many more opportunities than are needed. So, therunning time of Clerk can be easily predicted from the number of students to be scheduled.We have shown above that Clerk produces values of r that are smaller for tighterschedules. Is this due to a limitation of the algorithm, or is it due to the upper bound U being lessreliable for tighter instances? The upper bound U is independent of the tightness T, since theindividual optimal schedules ignore the capacities. However, the true optimal schedule for allstudents must certainly depend on T, since fewer spots are available per student. Thus we canspeculate that the smaller values of r are due to the fact that U is a less reliable measure of the trueoptimal schedule for instances when T is close to 1, and not due to a limitation of the algorithm.Clerk performs very well for scheduling medical students; it gives legal schedules withhigh happiness values in a reasonable time. The performance of Clerk suggests that the Flattenalgorithm would perform very well in practice.

27ConclusionClerkship Scheduling is a four-dimensional weighted scheduling problem. Students(N),times(I), clerkships(J) and locations(L) make up these four dimensions. Different requirements areimposed on each dimension to produce a legal schedule. It is interesting to see how theserequirements differ, and how these dimensions depend on one another. A legal schedule mustschedule each student to each clerkship. So, a legal schedule must be complete in (NxJ); everymember of (NxJ) must be covered exactly once. A legal schedule must not schedule any student tomore than one time. So, a legal schedule must be unique in (NxI); every member of (NxI) may becovered at most once. Finally, a legal schedule must obey the capacity constraints. So, a legalschedule has a capacity in (IxJxL); every member of (IxJxL) may be covered at most a fixedamount. These dimensional relationships make Clerkship Scheduling a problem rich incomplexity. We have shown that Clerkship Scheduling can solve 3-Dimensional Matching, whichis an NP-hard problem.As a method of approximation, the Flatten algorithm is a useful way to produce legalschedules without enumerating every possibility. It begins by finding each student’s individualoptimal schedule, thus obeying the requirement that a schedule be complete in (NxJ), and unique in(NxI). The flatten algorithm continues by changing the schedule to the point where it obeys thecapacities of (IxJxL), while maintaining as high a happiness as possible. We have shown animplementation of the Flatten algorithm that performs very well on test data. The Flatten algorihmobeys all the restrictions of Clerkship scheduling, and still produces legal schedules with highhappiness values in a reasonable amount of time.There are many open questions that we did not address. At DMS, spots can haveminimums, and one of the clerkships also has prerequisites; that is, students must complete twospecific clerkships before going on this clerkship. In general, how would the complexity ofclerkship scheduling be affected by spot minimums and precedence constraints? If I, J, and L areconstant, is there a polynomial time algorithm to solve the general problem? We discussed how wemay be able to predict whether or not there exists a legal schedule by the tightness of the schedule,but in general, how can we determine if there exists a legal schedule from the input values? For theFlatten algorithm, what is the best way to reschedule dumped students? Additionally, is there amore rigorous analysis of the performance of the Flatten algorithm in terms of the true optimal?

28Notes1) The actual block system used at DMS is slightly different than the one implemented in Clerk;Three blocks are used, but the third block only has two clerkships, both of size 2. To implementthis change, one would make a few simple modifications to the Match procedure. DMS medicalstudent scheduling also has special cases for staggered schedules, where students take a clerkshipat the end of the third year.Bibliography[1] Garey, Michael R. and David S. Johnson [1979], �Computers and Intractability, a Guide to theTheory of NP-Completeness�, W.H. Freeman and co., New York.[2] Lawler, E. L.[1976], �Combinatorial Optimization: Networks and Matroids,� Holt, Rinehartand Winston, New York.[3] Pinedo, Michael [1995], "Scheduling: Theory, Algorithms, and Systems," Prentice Hall,Englewood Cliffs, New Jersey.[4] Stroustrup, Bjarne [1991], "The C++ Programming Language," AT&T Bell Laboritories,Murray Hill, New Jersey. Addison-Wesley, New York.