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Abstract

Enveloping,or themappingof skeletalcontrolsto thedeformations
of asurface,is key to driving realisticanimatedcharactersDespite
its widespreadise,envelopingstill relieson slow or inaccuratede-

formationmethods We proposea methodthatis bothfast,accurate
andexample-basedOur techniqueintroducesa rotationalregres-
sion model that capturescommonskinning deformationssuchas
musclebulging, twisting, andchallengingareassuchasthe shoul-
ders.Ourimprovedtreatmenbf rotationalquantitiess madeprac-
tical by model reductionthat ensuregeal-time solution of least-
squaregroblems,independenbf the meshsize. Our methodis

signi cantly moreaccuratethanlinear blend skinningand almost
asfast,suggestingts useasareplacementor linearblendskinning

whenexamplesareavailable.

CR Categories: 1.3.7 [ComputerGraphics]: ThreeDimensional
Graphicsand Realism—Animation].6.8 [Simulationand Model-
ing]: Typesof Simulation—Animation

Keywords: Enveloping,skinning,deformationmodelreduction,
animation

1 Introduction

Enveloping (or skinning) is a commonand fundamentaltask in
computergraphics.When&er ananimatorcontrolsa charactevia
a skeleton,enveloping is usedto mapthesecontrolsto deforma
meshsurface. Thereis no standardvay to envelope.An artistmay
run a physical simulationto model muscledeformationsor tune
complex systemsof shapeblendingfor more direct control. For
interactive applications|inear blendskinningenjoys the mostpop-
ularity. It is easyto useandcanbe accelerate@n graphicshard-
ware.However, linearblendskinningsuffersfrom artifactssuchas
joint collapseand restrictsthe rangeof deformationsavailable to
theartist.

The shortcomingsof linear blend skinning are well-knowvn, and
therehasbeena rich body of work on alternatves. Much of this
work proposesien modelingapproached-Hdowever, giventheintri-

cag of existingmodelingtools,anartistmaynotwantto or beable
to switch. For this case therearetechnigueghat train on exam-
plesexportedfrom otherenvelopingtools. Most of theseexample-
basedapproachetearna modelof correctve displacementsn top
of linear blend skinning. However, displacemenmodelsextend
poorly to correctingthe rotationalerrorsof linear blend skinning.
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Figure 1: Anatomy-basetecniquesproducegoodresultsbut are
tooslowfor manyreal-timeapplications.Our techniqueaccumately
captuesmuscledeformationsfroma setof examplesgeneatedby
the bladk-box anatomicalmodeland efciently evaluatesthemon
graphicshardware. Our techniqueis more accumte than linear
blendskinningandalmostasfast. (Credit: JoelAnderson)

The methodsthat directly model rotational deformationsrely on
strongassumptiongboutwhereand how thesedeformationsoc-
cur. Finally, mosttechniquesresimply not fastenoughfor usein
applicationssuchasvideogamesandtraining simulations.

We believe thatanartistshouldbe ableto useary envelopingtool,
or evenrun a musclesimulation,without worrying aboutthe com-
putationalefciency of the resultingmodel. Thus, our technique
learnsfrom examplesexportedfrom ary black-boxenvelopingtool
andgenerates modelsuitablefor fastevaluationon graphicshard-
ware. We also anticipatethat a commonset of skinning beha-
iors would include deformationssuchas twisting, musclebulges,
andshoulderdeformations.We designedur rotationalregression
modelwith thesebehaiors in mind. All in all, we are proposing
our techniqueas a more general lessartifact-ridden,replacement
for linearblendskinning.

We formulatethe ervelopingproblemaslearninga mappingy (q)
from a setof exampleskeleton-mestpairsf (q';y')g. We choose
to learnour mappingin the spaceof deformationgradients Defor
mation gradientsencodethe local orientation,scaling,and shear
ing of a deformedmeshwith respecto the meshin therestpose
We train and evaluatedeformationgradientpredictorsD (q) that
canrelateour input, bonetransformationsto deformationgradi-
entsof ouroutputmeshsurface(Section3). Fromthesepredictions,
we canreconstructhe meshvertex positionsby solvinga Poisson
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Figure 2: Overviev. Our modelmapsskeletal poseq to its corre-
spondingmeshy (q). Themappinghastwo steps.Fir st, we predict
deformationgradientsof the meshbasedon the skeletal pose We
thenreconstructvertex positionsfrom thesepredictionsby solving
a Poissonequation.

equation(Section4). We begin by describinga predictionstepthat
evaluatesthe deformationgradientof every triangle,anda recon-
structionstepthatsolvesfor the positionof every vertex. However,
we canexploit cohereng andcoordinationof the verticesandtri-
angles(Section5) to reducethe numberof deformationgradients
we have to predictandthe numberof coordinatesve have to solve
for atruntime.Ourreductionnotonly makesCPUevaluationmuch
faster but alsotakesthe particularform of matrix-paletteskinning,
allowing us to performthe bulk of our runtime evaluationon the
GPU (Section6).

2 Related Work

Physicall y based and anatomy-based approaches have pro-
ducedsomeof the mostrealisticresultsin enveloping[Scheepers
etal. 1997; Wilhelms and Gelder1997; Teranet al. 2005]. Com-
mercial packagedor musclesimulationsarereadily available and
commonlyusedin movie productionand specialeffects[cgChar
acter2003; Comet2006]. Otherapproachesise physics but not
anatomyto describemuscledeformationgHyun etal. 2005;Capell
etal. 2002; Capellet al. 2005; Guo andCheongWong 2005]. We
complementheseapproacheby transforminghemodelsthey pro-
duceinto a form suitablefor evaluationon graphicshardware. In
fact,our mainapplicationis to take customriggedmodelsthatare
costly to evaluateandlearnan ef cient form for usein atraining
simulationor videogame.

Linear blend skinning is the mostpenasive enveloping tech-
nigueusedin interactize applications.This unpublishedechnique
is also known as single-weighterveloping and skeletal subspace
deformationwhoseacrorym SSDwe usefor theremaindeof this
paper Thebene t of SSDlies in its easeof useandapplicability
to moderngraphicshardwarein theform of matrix-paletteskinning
[Lee 2006]. SSDtransformsachvertex with alinearblendof bone
rotations.Theblendweightsareusuallyhand-paintedput thereare
alsowell-known techniquedor optimally trainingthemfrom a set
of examplegMohr andGleicher2003;Jamesand Twigg 2005].

Linearly blendingrotationsleadsto well-known artifactssuchas
collapsingjoints andthe“candywrappereffect” [Lewis etal. 2000;
Mohr and Gleicher2003]. Therehave beenmary techniqueghat
addressheseproblems.WangandPhillips [2002] andMerry etal.
[2006] proposevariationsto SSDthattrainsmoreblendweightsper
vertex perjoint. While thesemodelsaremoreexpressie, they also
requiremore training datato prevent over tting. The remaining
techniquedall into two broadcateyories: displacemeninterpolat-
ing approacheandrotationinterpolatingapproaches.

Displacement interpolating approaches take asinput a base-
line SSDmodelanda setof training posescomposedf skeleton-
meshpairs[Lewis et al. 2000; Sloanet al. 2001;Kry et al. 2002;
Allen etal. 2006;Rheeet al. 2006]. They computecorrective dis-
placementso the SSDmodelbasedon thetraining dataandinter
polatethesedisplacement$n posespace. Adding displacements
workswell to correctminor errorsof SSD.However, we shav that
interpolatingdisplacements$o correctSSD rotationalerrors,such
as thosefound in twisting motion, becomesunwieldy, requiring
alundanttraining data. Our techniquecomplementghe displace-
mentapproacheabove becausé providesasuperiomhaselingech-
niguethatbetterapproximatesotationaldeformations.

Rotation interpolating approaches suchasthework of Weber
[2000],andMohr andGleicher[2003] extendthe expressve power

of SSD by introducing additional sphericallinearly interpolated
“half-way” joints. However, thesejoints areaddeda priori, with-

outregardto the actualdeformationggiven by exampleposes.We

extendtheideaof introducingadditionaljoints by identifying pre-
ciselywherethey areneededSection5) andby tting thebehaior

of thesgoints to surfacedeformationsWe shaw thatthis improves
uponexisting techniquesespeciallyfor the caseof joints with both

bendingandtwisting. KavanandZara[2005] take anexisting SSD
model and non-linearly blend quaternionsnsteadof transforma-
tion matrices. This techniquecorrectstwisting defectsbut cannot
approximatemuscledeformationsthat were never presentin the
original SSDmodel.

Deformation gradients have beenusedby a variety of tech-
niguesfor posemodeling[Sumnerand Popwi¢ 2004; Anguelos
et al. 2005; Der et al. 2006]. We sharewith thesetechniquesa
commonPoissonreconstructiorstep, but differ in how we model
the deformationgradients.Der et al. [2006] describea posespace
with thenon-linearspanof a setof deformatiorgradientsextracted
from example meshes. This posespacecanthen be explored by
mesh-basethverse-kinematicsWhile this is usefulfor certainap-
plications,animatorsoften want to control a meshwith a speci c
skeletonor preciselydrive non-end-dkctor joints. Furthermore,
Der et al. [2006] modelthe posespacenon-parametricallyincur-
ring anevaluationcostcubicin the numberof trainingposes.The
SCAPEposemodel predictsdeformationgradientsfrom bonero-
tationsmuchlike our own model[Anguelor et al. 2005]. SCAPE
caneven handledifferentidentitiesin additionto differentposes.
On the otherhand,our methodmoreaccuratelypredictsrotational
deformationsandis ordersof magnitudefasterto evaluate.

3 Deformation Gradient Prediction

The deformationgradientD is a local descriptionof orientation,
scaling,andshearingf adeformedmeshsurfacey relativeto arest
(or undeformed)surfacey. For a triangle mesh,the deformation
gradientfor eachtriangleis simplya3 3 matrix [Sumnerand
Popwit 2004;Jamesand Twigg 2005].

Our taskis to predictthesedeformationgradientsD from bone
transformationsg| givenasetof examples.For anarticulatedrigid-
body, thismappings theidentity; thedeformatiorgradientsof each
rigid sgmentareequalto the bonerotationaffectingthatsegment.
Linearblendskinninggeneralizeshis mapping allowing meshde-
formationsto dependon a linear blend of bonetransformations.
We've designedur deformationgradientpredictorsD (q) to cap-
ture additionaldeformationsuchastwisting andmusclebulges.

EachdeformationgradientD can be separatednto a rotational
componenR anda scale/sheacomponentS usingpolar decom-
position,andthesecomponentsieedto be treateddifferently We



predicttheformerwith arotationalregressiormodelandthe latter
with a scale/shearegressionmodel. Together thesetwo predic-
tionsform our deformationgradientpredictorsD (q) (Figure3).

To performtheregressiorabore, we requiresequencesf bonero-
tationsq' and deformationgradientsD'. We extract the former
from theexampleskeletalposesandthelatterfrom thecorrespond-
ing examplemeshesWhile we describethe constructiorof defor
mationgradientpredictorson a pertrianglebasisbelow, our model
canbe appliedto ary sequencef deformationgradients—arop-
erty we exploit for our reducedeconstructiorstep.

Al D

Deformation gradient

R(a) * S(q) =D(q)
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Figure 3: We learn a mappingfrom a sequencef bonetransfor
mationsto a sequencef deformationgradients.\We build sepaate
regressionmodelsfor rotation and scale/shearlearning parame-
ters W andu for rotationandH for scale/shear Therotational
modelR(q) andscale/sheamodelS(q) combineto form our de-
formationgradientpredictor

3.1 Notation

We denoteeachskeletal poseq to be a vectorof J concatenated
bone transformations[veq Q1) ;d];:::;vedQ;)";dJ " 2
R2J 1 Bonetransformationgrede ned relative to therestpose
but arenotrelative to theparentirame.Eachmeshy 2 R®V lisa
vectorof V concatenateglertex positions.In the next section,we
nd it convenientto work in axis-anglerepresentationsie use
and to denotetheaxis-angl€formsof bonerotationsQ andmesh
rotationsR respectiely. We representxis-angleguantitiesas 3-
vectorswith angleencodedn the magnitudeand axis encodedn
thedirection.

3.2 Rotational Regression

Thebasicassumptiorof SSDis thatverticesonthemeshtransform
with somesubsetof the bonesaffecting them. However, whena

musclebulges,somepartsof the meshdo not rotateby the same
amountasthejoint causingthebulge. Otherpartsmayrotatein the

oppositedirectionor alonga differentaxis (Figure4). We propose
amoregeneramodelrelatingajoint rotationsequencéo atriangle
rotationsequence.

Figure 4: Arm exing.
While most of the forearm
rotatesin thesamedirection
and amount as the bone
parts of the bicep rotate
aboutdifferent axesand by
differentamounts.

Below, we assumehatwe know which joint affectsthetriangle.In
practice,we train a modelfor eachjoint in the skeletonandselect
theonethatbestapproximateshetrianglerotationsequence.

3.2.1 Model

To relatebonerotationsto trianglerotations,we rst needto ex-
pressbothin the samecoordinateframe. Let ~ and ~ denoteour

bonerotationsandtriangle rotationsexpressedn the joint frame.
Intuitively, ~ is thejoint rotation. We relatetheangleof thetriangle
rotationto the joint angleby a scalefactoru andthe axis of the
trianglerotationto the joint axis by a rotationoffsetW. By using
theaxis-angleaepresentatiorthis relationship(Figure5) takesona
linearform:

~(q) = uW ~p(a);
where p(q) extractstherotationof boneb from skeletalposeq.

k u & W \
— )
ﬂ angle “ axis \
' ‘ scale ' ‘ offset
I source target
rotation rotation

Figure 5: Our rotation predictois learn a constantrotational axis
offsetW anda constantanglescalefactor u to relatea joint rota-
tion sequencésource)to a triangle rotationsequencétarget).

For eachtriangle,we are tting only four parametergthreefor the
rotationoffsetW andonefor thescalefactoru). Thissimplemodel
is surprisinglypowerful andgeneral. The model handlestwisting
with therotationscalefactoru, while therotationoffsetto the axis
effectively modelsmusclebulges(Figure6).
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Figure 6: Musclearm error histogram and scaleplot. We plot a
histogramof the errors for our rotationalregressiorheuristiccom-
paredto SSDfor threeposesf a muscle e xing. We alsoshowthe
anglescalefactorin falsecolor. Notethattrianglesonthebicepare
relatedto the joint rotation by a small (but non-zeo) scalefactor
while triangleson theforearmmove nearlyrigidly.

3.2.2 Training

For training, we are given rotationsequence$or a boneq " anda
triangle '. First, we transformboth setsof rotationsinto the joint
frame,forming ~p(q') and~'. Theoptimalrotationoffsetandscale
parametersiV. 2 SO(3) andu 2 R, aregivenby

kuw ~o(q')  ~'KZ;
i21::N

argmin
W;u

which canbe solved with coordinatedescentalternatingbetween
solvingfor u andW separately Given rotationoffset W, the op-
timal scaleu hasa closed-formsolution. Given scalefactor u,
solvingfor W becomesninstanceof the Procrusteproblem,also
yielding a closedform solution[Eggertetal. 1997].



We initialize the scalefactoru independentlyf W :
X

argmin uk (g )k k~'k %

Yoiz21mN
If therotationaldeformationis well representedly this scale-ofset
model,it canbeshavn thatstartingwith thisinitial guessyieldsthe

optimalparameterfn the rst iteration.

Our training techniqueis fastenoughthat we canaffordto t a
modelfor eachjoint andselectthe bestonethat ts ourtrianglero-
tationsequenceWe do notrequireary prior informationrelatinga
triangleandajoint. We rely onthis propertyin section5.2to relate
anarbitrarysurfacerotationsequencéo ajoint rotationsequence.

Furthermorewe can t the residualrotationsto additionalbones
for areaswith multiple joint dependenciesin practice,we found
thattwo bonesweresufcient for all of ourexamples.

3.3 Scale/Shear Regression

We predicteachcomponenbf the scale/sheamatrix linearly with

respectto the axis-anglerepresentatiorof two joints [Anguelos

etal. 2005],

vedS(q)) = H by p,(a)

The two joint rotations that we use are the joint associated
with the bestrotational predictorfound by the rotational regres-
sion step b, (Section3.2), andits parent ,,. We concate-
nate thesetwo rotationsand a bias term to form Ty, .,(q) =

[0, (q) ~b,(q)" 1 2 R7 1. Givenascale/sheasequence'
andbonerotation sequencey', we candeterminethe parameters
H 2 R® 7 of this predictorusingleast-squares:

X

KH oy, (q')  vedS')k’:
i21::N

argmin
H

4 Mesh Reconstruction

To mapdeformationgradientpredictionsbackto vertex positions,
we solve a Poissonequation. First, we describethis processn its

most generalformulation: whenwe have a deformationgradient
predictionat eachtriangle and nothingelse. Next we modify the
formulationto integratethe global positionsof a setof nearrigid

vertices. Thesenearrigid verticesare easyto predictwith SSD,
andimprove accurag by introducingglobaltranslatiorinformation
into our Poissorproblem.Finally, we formulatea reducedorm of

our meshreconstructioroptimizationby exploiting cohereng and
coordinatiorof trianglesandvertices.Thiswill allow usto perform
theentirereconstructiorstepon the GPU.

4.1 Poisson Mesh Reconstruction

Poissormeshreconstructions the procesof piecingtogetherthe
deformationgradientpredictionsfrom the previous sectioninto a
single coherentmesh. Our Poissonequationformulation relates
deformationgradientsto verticesthroughedges[Anguelor et al.
2005]:
X
argmin
y k21:T j=2;:3

KDi(a)®uy Vi K 6N}

wherevy; = yk;  Yk;1 denoteshejth edgeof thekth triangle
in the posewe are solving for and ¥ denoteghe sameedgein
therestpose.Equationl is aleast-squareproblemcorresponding
to alinear system.We pre-factorthe left-handside of this system
with the sparseCholesly factorizationSumneretal. 2005]. Given
the pertriangle deformationgradientpredictionsfor a new pose,
we canobtainthevertex positionsby backsubstitution.

4.2 Near-Rigid/SSD Vertex Constraints

Withoutinformationaboutthetranslationatomponenof theskele-

ton, the Poissonoptimization doesnot detector compensatdor

globaltranslationalproblems. Low-frequeng errorscanaccumu-
late (Figure 7), andthe extremitiesof a charactemay veeraway

from the joint con guration. We addresghis problemby identi-

fying a setof nearrigid vertices. Nearrigid verticesare easyto

predict,sinceby de nition, evenanarticulatedigid-bodypredictor
would sufce. In practice we usethericherSSDmodel. SSDdoes
notsuffer from erroraccumulatiorproblemshecauseachvertex is

dependenbn the translationakcomponent®f the skeleton,which

containgnformationaboutthe globalpositionof eachbone.Fixing

a setof verticesto their SSD predictionprovidesour optimization
with this informationaswell. An additionalbene t of this process
is that our methodis exactly asfastas SSDfor regionsthat SSD
predictswell andimprovesthe quality whereit doesnot.

G (b) (c)
=
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Figure 7: “Fixing” Poisson. We usethe Poissonequationto re-
constructvertex positionsfromedge predictions(a). However, low-
frequencyerrors can accumulate and the extremitiesof the mesh
may no longer matd the joint con guration (b). Fixing a setof
nearrigid verticesto their SSDprediction (red dots) solvesthis
problem(c).

We evaluatetheerrorof eachvertex overthetrainingsetandthresh-
old to selectthe setof verticesbestpredictedby SSD,F. We x
the verticesof this setF to their SSDpredictionsin our objective
nction. De ne thelinearmap . suchthat ,q is equvalentto
g Wab Th(Q)¥a, the SSD predictionof vertex a at poseq. We
obtainour SSDweightsw,, by non-ngative least-squareglames
and Twigg 2005]. We substitutey, = aq forally, 2 F into

Equationl:
argmin KD (0)0k;j Vi K2
y k21T j=2:3
where

8
2Ykj Yk ifyky Z2F andyx 2F

Vi = Yk k1q ifonlyyks: 2 F 2

kid Yk ifonlyyk; 2 F.

If bothverticesof anedgeare x ed,theerrortermfor theedgecan
be droppedcompletelyfrom the objective function.

We cansolve Equation2 similarly to Equationl, by pre-factoring
the left-handside of the correspondindinear system,and evalu-
ating new poseswith back-substitution While this formulationis
sufcient for someapplicationswe introducea fasterformulation
in thenext sectionthatis competitve with SSDin termsof speed.

4.3 Reduced Mesh Reconstruction

The optimizationproblemin Equation2 solvesfor the coordinates
of everyvertex (3V degreesof freedom)andrequiregpredictingthe
deformationgradientof every triangleD (q). In this section,we
reducethis optimizationto involve only thetransformatiommatrices
of asetof P proxy-boneg12P degreesof freedom)andto require
thepredictionof only P deformationgradients Thesizeof P does
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Figure 8: Training a ReducedModel. Givena setof examplesleleton-mestpairs, we can extract triangle deformationsequence® | .

Our predictor reductionstepgivesus sequencesf key deformationgradientsequence® !, fromwhich we train key deformationgradient
predictor Thesepredictors, combinedvith the meshreconstructiormatricesC; andC,, form our model.

not dependon the resolutionof the mesh,but ratheron the com-
plexity of the deformation.In our examplesP never exceedsl00.
While we reformulateour optimizationin this section thedetailsof
selectingthe key deformationgradientsandproxy-bonesaregiven
in Section5.

Our reducedmeshreconstructiorscheme(Figure 8) is basedon
theideathatthe trianglesandverticesof an articulatedmodelare
very coordinated We leveragethis assumptiorby expressingeach
triangle deformationgradientpredictorasa linear combinationof
P key deformationgradientpredictors:

D«(q) =

21 P

ki D (): ®)

We alsoexpresseachvertex asthe SSD-like predictionfrom a set
of proxy-bones:
Ya(t) = ab Tb(t)fa = at (4)

b2 1:: P

where , is de ned similarlyto 5 andt packsthe proxy-bone
transformationdy, similarly to g. Ourchoiceof anSSD-like model
hereis signi cant becaus¢heevaluationof y (t) canbe performed
onthe GPUwith matrix-paletteskinning.

We substituteEquations3 and4 into Equation2 andsolwe for the
proxy-bonetransformations:

X X X

t(q) = argmin ke D (@)% Vi
t k21::T j=2;3 21 P
where
8
2 it it ifyw; 2F andyg;1 2 F
Vi = kit kaq dfonlyyka 2 F ®)
ki d kit ifonlyyy; 2 F

Becauseave choselinear modelsfor both predictorand vertex re-
ductions,the solutiont (q) is alsolinearwith respecto the defor
mationgradientpredictorsD- (q) andthe bonerotationsq, taking

theform of
t(q) = Cid(q) + C2q; (6)

whered(q) = [vedD1(q))" :::vedDr (q))"]". Thederivation
of C1 andC; aregivenin thesupplementaaterials.To obtainthe
vertex positionsy , we substitute (q) for t in Equationd.

Thuswe have reducedour entire Poissormeshreconstructiorstep
into a matrix-vectormultiplication (Equation6) andmatrix-palette
skinning(Equation4). We describein Section6 thatboth of these

operationscan be performedon the GPU. The costof evaluating
P deformationgradientpredictorsis negligible comparedo mesh
reconstructioninvolving only nine 7-componentot productsand
ahandfulof quaterniomrmultiplicationsper predictor

5 Dimensionality Reduction

In the previous section,we describeca reducedormulationof the
meshreconstructiorstep. We outlined the form of the reduction
to be matrix-paletteskinningfor verticesanda linear blendmodel
for deformatiorgradientslin thissectionwe nd theparameterse-

quiredby thereduction:theSSDweights for thevertex reduction,
theblendweights for the predictorreduction,andthe key defor

mation gradientpredictorsD - (q). Given the formulation of our

reducedeconstructioimodel,we canwrite objectve functionsfor

nding eachof theseterms.As we shallsee however, solvingthese
optimizationproblemsdirectly canbeintractable andwe describe
a clusteringtechniquefor nding thesequantitiesapproximately
Notethatour proposectlusteringis oneof mary thatarepossible.
In particular the mean-shiftapproactadwocatedin skinningmesh
animationsy JamesandTwigg [2005] couldbe substitutedor the
vertex reductionbelon. Mean-shiftclusteringis lesssusceptibleo

noise. On the otherhand,our approachs faster progressie, and
clustersboneshasedn vertex error.

5.1 Vertex reduction

We measurehe errorof our vertex reductionover a setof training
meshey' by theL 2 differencebetweerthe SSD- basegroxy-bone
Bredlfgtlon and Rge groundtruth vertex position, E(T,; ab) =
Ykyh  © anTi9ak?. Ideally wewouldliketo nd the
solutlonW|th the minumumnumberof proxy-bonedP for a given
maximumerrorthreshold . Thiswould requireusto solve
Timin P subjectto E (T; ab) <
b' ab

Given x ed P and x ed transformationsT},, we can solve for
weights . using non-ngative least-squareflamesand Twigg
2005]. Similarly, given x edP and xed 41, we can nd the
least-squaresolution for proxy-bonetransformationsr},. How-
ever, we cannotsolve for bothsimultaneouslyandwe do not know
P beforehandlnsteadwe take an approximateapproactinspired
by work in meshdecimation[Cohen-Steineet al. 2004; Diebel
etal. 2006].

Dere tpeerrorEN g Of joining proxy-boneA to proxy-boneB
as 2G4 kyh,  Ti9ak®. Thiserroris anupperboundfor
the real apprOX|mat|onerror of joining the verticesof group Ga



to groupGs . We addall possiblgoins betweercontiguousggroups
into apriority queueanditeratively performthejoin with thelowest
erroruntil our errorthresholds reachedFigure9). Speci cally:

1. Begin with a proxy-bonefor eachtrianglek initialized to the
transformatiomatricesT, mappingtheverticesof k fromthe
restposeto eachposei. Initialize the associatedroupGy to
containtheverticesof trianglek.

2. Greedilypickthejoin A'! B with thesmallesterrorEa: g
andaddtheverticesof groupA to groupB.

3. Solwefor theweights .., giventhecurrentsetof transforma-

tions T}
4. Solwe for the transformationsT, given the current set of
weights 4.
5. IFE(T{; ab) < gotoStep2.
Predictor
P=500 250 120 60 30 Reduction

Figure 9: \ertex clustering Successivéerations meige coordi-
nated verticesinto fewer and fewer proxy-bones. The resulting
transformationslsoform a goodinitial guessfor predictorreduc-
tion.

In practice,we neednot evaluatesteps3, 4, or 5 at every iteration.
Errorincreasesmoothly andwe only needto be carefulwhenwe
getcloseto thethreshold For ef ciency reasonsye alsoonly con-
siderjoins of contiguougproxy-bonegCohen-Steineetal. 2004].
We restricteachvertex to dependon only the proxy-bonetransfor
mationsof the groupit belongsto andthe groupsadjacento that
group. Thisreducesver tting andalsoboostsperformance.

5.2 Predictor Reduction

To obtainkey deformationgradientpredictorsD- (q), we rst nd

key deformationgradientsequence®' from triangledeformation
gradientsequence® . We thentrain predictorsfrom thesese-
quencessin Section3 (Figure9). Ourerrormetricfor nding the
bestkey sequencess the objectie functionfrom Equation2 with

the substitution X

Dy = Kk D*
21 P

where . aretheblendweights:

X X X X ) 2
argmin kD Vi

ki D21 N k21T j=2:;3 "21.:P

We cansolve the optimizationabove usingcoordinatedescental-
ternatingbetweersolvingfor . andD' separatelyFortunately
vertex reductionallows us to startfrom a particularlygoodinitial
guesdor D'. Weinitialize D! to betheuppetleft 3x3matrixof the
T} matrix we foundfrom vertex clustering.Thecoordinatedescent
corvergesin threeiterationsor lessfor all of our examples. Hav-
ing obtaineckey deformationgradientsequences) ', we cantrain
deformationgradientpredictorsD - (q) asdescribedn Section3.

On GPU
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Figure 10: Meshreconstructioronthe GPU. Weload C4, C, and
the boneweightsfor matrix-paletteskinningon the GPU before-
hand. At runtime we needonly sendthe vectos d(q) andqg per
model.

6 GPU Implementation

Therearetwo component®f our GPUimplementation:a matrix-
vectormultiplicationandmatrix-paletteskinning(Figure10). Both
operationsare straightforvard on moderngraphicshardware and
our implementationis one of mary that are possible. We take a
total of three passego skin our characternot including the nal

renderingpass.The rst passperformsthe matrix-vectormultipli-
cation. The next passusesmatrix-paletteskinningto computethe
vertex positions.Thethird passcomputeghe normalvectorsof the
skinnedcharacterfrom the post-transformedjeometry The only
datathatwe sendto the GPU at runtime are the vectorizeddefor
mationgradientpredictionsd (q) andbonetransformationg|—the
remaindeiof thecomputatioris performedcompletelyonthe GPU.

Matrix-vector multiplication: ~ We precomputeand upload C,

and C, into video memoryasa static oating-point texture. For
eachmodel, we uploadtexturesd(q) and g at eachframe and
usea fragmentprogramto perform the matrix-vector multiplica-
tion, onecolumnatatime. Theresultsarerenderedn to the same
12P 1 rectangleandaccumulatedisinghardwareblending. We
storethe nal result,avectorof concatenatedroxy-bonetransfor

mationmatricesasatexture.

Matrix-palette skinning:  Therearemary waysto apply matrix-
paletteskinningon moderngraphicshardware; seelee [2006] for
a recentsunwey. In light of the increasein multi-passrendering
in video games,we choseto skin only onceper framein a sepa-
rate pass,storing the positionsin a texture. Theseresultscanbe
playedbackfor eachsubsequentenderingpass. This avoids re-
dundantskinningon eachrenderingpassandis similar to DirectX
10 memexport skinning[Lee 2006] and deferredshading[Har-
greaves 2004]. For eachvertex, we sendthe proxy-boneweights
andindicesastexture coordinatesvhich canbeusedto look up the
proxy-boneransformatiormatricescomputedn thepreviouspass.

Normal vectors: While traditional normal vector computation
for a skinnedcharacteiis usually approximatedon the GPU, we
performthis computationmore accuratelyusing the triangle nor-
malsof the skinnedvertices. For eachvertex, we precomputehe
indicesof its 1-ring of neighbors. At runtime, theseindicesare
passedlongastexture coordinatesand usedto fetch the position
of eachneighborcomputedfrom the skinningcomputationin the
previous pass.We thentake the appropriatecrossproductsto com-
pute eachtriangle normal, and normalizethe sum of the triangle
normalsto obtainthevertex normal.
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Figure 11: Our errors are not only geneally lower than SSD but
their standad deviations(error-bars) are smalleraswell, meaning
that the errors are usuallyharder to detectvisually All errors are
normalizedsothat 100%correspondgo the bestrigid-articulated
bodypredictorfor eacd example Bothapproximationerror (dotted
line) and genealization error (solid line) for both SSDand our
rotationalregressiormethodRR)are shown.(Loweris better)

7 Results

Ourtechniquecomparedavorablyin quality to SSD,displacement

interpolating approachesand rotation interpolating approaches.

We alsocomparethe speedbf our GPUimplementatiorto matrix-
palette skinning. Our datasetsncluded artist-createdexamples
from Poser anatomicallysimulatedexamplesusing the cMuscle-
System2006], and3-D humanscandata[Anguelov etal. 2005].

7.1 Error Metric

We evaluateall our examplesusingametricinspiredby thepercent
position error (PPE)developedby Karni and Gotsman[2004] in

thecontext of animationcompressionPPEmeasurethetotal error
of eachpredictedvertex, normalizedby thebestconstanprediction
of theanimation.However, in thecontet of erveloping,theanima-
tion of amoving walk couldbe globally well presered but locally
proneto artifacts. We are only interestedn theselocal deforma-
tions;theglobalmotionis alreadygivenby the skeletalinformation
ateachpose.Ourenvelopingerror metricnormalizeghetotal error
at eachpredictedvertex by the error of the bestarticulatedrigid-

body predictionof the animation:
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wherera(q') is the best articulatedrigid-body prediction of yh
basedon the skeletalframesq', computedby selectingthe single
bestbonetransformatiorfor the vertex over all the poses.

We measurdothapproximatiorerrorandgeneralizatiorerror. Ap-
proximationerroris measuredby evaluatingthe modelonthetrain-
ing set. We measuregeneralizatiorin two ways. For the datasets
wherewe aregiven ananimationsequenceye samplekey frames
from the sequencdor training and evaluate over the entire se-
quence. For the datasetsvhere we are given a set of random
anddisjoint poseswe evaluatethe leave-one-outcrossvalidation
(LOOCV) error Thatis, for eachexamplei 2 1:::N wetrainon
theN 1 posesiotincludingi andevaluatetheresultingmodelon
posei.

Example | Vertices | Joints Proxy | Train| Test Our | SSD | Our| SSD | Our | SSD Train
bones |Poses| Poses | flops | flops | fps | fps | Mem | Mem | Time

James 11106 73 80 31|LOOCV| 5.1M| 2.6M| 595| 1000] 5.2M| 530K| 6m
Drago 12500 16 80 49]LOOCV| 5.0M| 2.9M| 618| 1030] 4.2M| 600K| 7m
Gorilla 25438 61 100 46]LOOCV| 9.9M| 5.9M]| 449| 673] 8.1M| 1.2M| 18m
Dragon Leg 2210 14 40 9 86| 1.0M| 0.5M| 681| 1144] 1.1M] 110K| 35s
T-Rex 29380| 155 60 11 121| 9.4M| 6.8M| 443| 583 5.8M| 1.4M| 6m
Elbow 2610 2 30 3| 15| 1.0M] 0.6M| 685| 1164] 880K] 130K| 30s
Bar 80 2 25 3 50| 0.2M| 0.0M] 711} 1228| 310K 3K 5s)
Muscle Arm 5256 3 30 4 40| 2.0M] 1.2M| 692| 1200| 860K|] 250K| 50s
Shoulder 2610 2 40 10 100| 1.0M| 0.6M| 690] 1172| 880K| 130K| 30s

Table 1: While our methodis slower than SSD,we are usually
within a factor of two in termsof both frame-ate and the number
of oating-point opemtions. Our resultscompae mostfavorably
for large detailedmeshessud as the T-rex, becausemostof the
time is spenton the samematrix-paletteskinningcomputationas
SSD.Our absolutespeedand memoryrequirementsare sufcient

for usein interactiveapplications.

Comparison with SSD: We comparedur modelbothin terms
of quality andspeedo SSD.All of our SSDmodelsweretrained
using non-n@ative least-squareflamesand Twigg 2005]. Like
Jamesand Twigg [2005], we capthe numberof non-zeroweights
at four. In Figure 11, we show that our techniqueis superiorin
termsof quality on every examplewe tried. Both ourtotal ervelop-
ing errorandthe varianceof our errorsacrosghe verticesis lower,
meaningthat our errorsare low-frequeng andlessdistractingvi-
sually We compareparticularposesn Figure12.

We evaluatethe speedof our techniquein Table1l. While we are
slower than SSD, the performancedifferenceis always within a
factorof two. While fasterGPUimplementationsrepossiblewe
usethe samematrix-paletteskinningimplementatiorfor both our
methodand SSD.Both methodswvere benchmarkd on a Pentium
4 2.8 GHz machinewith anNVIDIA GeForce8800GTX. We also
estimatehenumberof oating-point operationgor eachmethodto
provide a hardwareindependenperspectie on performance.

The memoryusagefor our techniqueis signi cantly higherthan
that of SSD. However, even for the largestmodels,the memory
usageis well within the capabilitiesof moderngraphicshardware.
Training for our modelis alsoreasonabldor anof ine processing
step.

Overall, our technigue approximatesdeformationssigni cantly
better than SSD, while generalizingwell and being comparable
enoughin speedo sene asits replacement.

Comparison with Displacement Interpolating Approaches:

We highlight the limitations of displacemeninterpolationfor the
caseof asimpletwo-joint twisting model,illustratedin the Barand
Elbow examplesof Figure13. Onejoint twists180degreeswith re-
spectto theother Thisexampleis aspecialcaseof whenEigenskin
[Kry etal. 2002]andposespaceleformatior{Lewis etal. 2000]are
equivalent. Our modelcanlearnthetwisting deformationwith just
threetraining examples,while posespacedeformation,thougha
perfectapproximatoyfails to generalizecorrectlyto the new pose.

Comparison with Rotation Interpolating Approaches: Thein-
sertionof half-way joints andexpanding/contractingpints aspro-
posedby Mohr andGleicher[2003] canperfectlymodelthe twist-
ing effectsin Figure13. In othercasesthetechniqueis lessaccu-
rate.We highlightthelimitationsof Mohr andGleicherstechnique
with ananatomicallyriggedarm(Figurel4). In thiscasetheelbov
is undegoingbothbendingandtwisting. Applying Mohr andGle-
icher's modelallows the verticesof the forearmto choosea linear
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Figure 12: Our modelcaptuesdeformationf 3-D humanscandataandartist createddata. In bothcaseswe are betterat approximating

theshouldes thanSSD.
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Figure 13: Twistingbar andarm test.\\e tookthreeposesroman

animationsequencef a twistingbar andtrainedan SSDmodel,an

EigenSkin/PSDmodel,and our model. We evaluatedead model
on an unseertestpose While SSDhasdif culty evenrepresenting
the twisting deformation the EigenSkin/PSDmodelovertrains on

thesmallsetof posesandfails to correctlyinterpolatethe twist.

combinationof the bendingjoint andthe half-way twisting joint,
but not the correctsolution—ajoint thatbendsand twists halfway.
While morejoints canalwaysbe addedmanually our methodlo-
cateswherethey aremostneededindaddsthemautomatically

8 Conclusion

We have presente@nexample-basednvelopingmodelsuitablefor
usein interactve animationsystems Speci cally, our experiments
have shawvn thatrotationalregressions aneffective way of captur
ing musclebulging, twisting and areassuchasthe shoulder We
have testedour techniqueon awide varietyof examplesmeasuring
bothapproximatiorandgeneralizatiorerror Ourmethodcompares
favorablyto previoustechniquesn termsof quality andis usually
within afactorof two of SSDin termsof speed.

Our modelis goodat approximatingsmooth large-scaledeforma-
tions suchas musclebulges. However, more sophisticatedlefor
mations,andin particular deformationghatcannotbe linearly re-
latedto theunderlyingbonerotationsmaynotberobustly captured.
We strike a carefulbalancebetweersimplicity andexpressveness,
capturingonly commondeformationgo avoid over tting. If train-
ing posemeedto bereproduceaxactly, ourtechniquecanbeaug-
mentedwith a displacementorrectionmodelsuchas posespace
deformation. While our runtime modelis slower than SSD, it is

Training Evaluation

Ground Our  [Mohr and SSD
truth method Gleicher]
Figure 14: Anatomicalarm test. We extracteda setof posesrom
an anatomicallymotivatedarmrig with both bendingand twisting
at theelbow Thetwistingandmusclebulgesare enoughto prevent
SSDfromapproximatingthe exampleswell. Thetechniqueof Mohr
andGleicher[2003] doesbetter but there are still differencesOur
modelproducesa resultalmostindistinguishablerom the ground
truth.

still fastenoughto notbea bottleneckfor real-timerendering.Our
memoryrequirementsiresigni cantly higherthanthatof SSD.For
highly memory-sensitie applicationsthe parametefrom Section
4.2canbeusedio smoothlyreducememoryusagedy sacri cing ac-
curag. Furthermorepur modelis morecomple thanlinearblend
skinning, displacementnterpolatingtechniquesand the work of
Mohr andGleicher[2003].

We have shavn thatrotationalregressioris a surprisinglypowerful
modelthat, combinedwith a reducedPoissorformulationanddi-
mensionalityreduction,canbe usedin real-timeapplications.An
exciting avenueof futureworkisto nd ananalogto our rotational
modelfor dynamics.
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