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Network of web pages
http://amodern.net/wp-content/uploads/2013/08/FIG1_Graph-of-Ideas_IMG2.jpg 
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Predict the missing histogram
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Bimodal result
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Histograms slide along clock
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Measure of divergence 
matters.



𝑣 ∈ 𝑉0 

𝑣 ∉ 𝑉0 

Propagation of distributional labels



Barycenter of set of distributions



W2(½v; ½w) := inf
¼2¦(½v;½w)

µZZ

R2
jx¡ yj2 d¼(x; y)

¶1=2

Minimum transportation cost
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ED[½] :=
X
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http://realgl.blogspot.com/2013/01/pdf-cdf-inv-cdf.html 
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Linear solve 



1. Transform boundary PDFs into CDF-1’s 
 

2. Perform Dirichlet label propagation 

𝚫𝒈𝒔 = 𝟎 𝐰𝐢𝐭𝐡 𝒈𝒔  
𝑽𝟎

 𝐟𝐢𝐱𝐞𝐝 

 
3. Transform CDF-1’s back to PDFs. 



1. Transform boundary PDFs into CDF-1’s 
 

2. Perform Dirichlet label propagation 

𝚫𝒈𝒔 = 𝟎 𝐰𝐢𝐭𝐡 𝒈𝒔  
𝑽𝟎

 𝐟𝐢𝐱𝐞𝐝 

 
3. Transform CDF-1’s back to PDFs. 



• Means and variances are bounded 
by those on the boundary. 
 
• Boundary distributions are 𝜹’s ⇒ 

propagated distributions are 𝜹’s. 
• Underlying map from Dirichlet label propagation 
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Propagation along a line



Propagation of circular histograms



Ground truth (mean)

PDF (mean)

Wasserstein (mean)

Ground truth (std. dev.)

PDF (std. dev.)

Wasserstein (std. dev.)
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𝜹 encoding Wasserstein prop. 

Extract peaks 



Labels are points on unit circle



 Extension of semi-supervised 
method to distributional labels 
 
 

 Fast computation and theoretical 
characterization for Prob(ℝ) 



0 10 1

Do peaked distributions propagate 
to peaked distributions?



Optimization for optimal transportation 



Learning with geometric labels
http://en.wikipedia.org/wiki/Diffusion_MRI   •   http://www.leda-tutorial.org/en/unofficial/ch03s02.html 
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Questions? 


