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Abstract

This is the supplemental material for the paper “A Mixture of Manhattan Frames: Beyond the Manhattan World” [8]. We
derive the distributions involved in the split/merge proposals for the Mixture of Manhattan Frames (MMF). Additionally, we
give details for how we define a Gaussian distribution on rotations in 3D, as well as details for the Riemannian exponential
and logarithm operators for the manifold of the unit sphere S2.

1. Split/Merge Proposals for the Mixture of Manhattan Frames (MMF) Model

Here we derive split and merge proposals for the MMF model as well as their acceptance probability in an approach
similar to Richardson and Green [7]. Note that a merge involves moving all points from MF [ and m into a new MF n and
then removing MFs [ and m. Similarly, a split creates two new MFs [ and m from a single MF n. Hence, both a split and
a merge change the number of parameters in the model. Specifically the parameters that change their dimension are the set
of MF rotations, R, and the set of covariances on the MF axes, 3. The labels z and ¢ remain the of same dimensions, only
the range for ¢ changes from [1, K] to [1, K — 1] (merge) or from [1, K] to [1, K + 1] (split). Therefore, we employ the
theory of Reverse Jump Markov Chain Monte Carlo (RIMCMC) [4] to derive a proper acceptance probability. RIMCMC
is a generalization of Metropolis-Hastings MCMC [5] and provides a way of computing an acceptance probability when the
number of parameters changes between moves. In the following we first introduce RIMCMC before we derive split/merge
proposal distributions for the MMF as well as the respective acceptance probabilities.

We will see that the split/merge proposals as well as the acceptance probabilities are similar to what one would expect to
see when employing the Metropolis-Hastings algorithm. For this reason and because the MH algorithm is more well-known,
we chose to refer to the inference algorithm in the MMF paper [8] as to Metropolis-Hastings MCMC.

1.1. General Introduction of Reverse Jump MCMC

RIMCMC utilizes auxiliary variables to propose deterministic moves to change between model orders. In general the
RIMCMC algorithm executes the following steps when proposing a move:

1. Draw auxiliary variables v given the current state x from some proposal distribution ¢(v|x):
v~ q(v[x). (1)
2. Apply a deterministic function f([x, v]) to generate the state after the move X as well as auxiliary variables u:
F([x,v]) = [u,x]. 2
By [x, v] we denote stacking of all parameters in x and v.

3. Accept the move from state x to state X with probability

Pr (accept move) = min {1, — | det(Jf)|} ) G)

where the Jacobian J; = %



As an example, suppose that we wanted to merge two clusters A and B parameterized by x4 and xp into one clusters C'
(with parameters X). We would first sample an auxiliary cluster v from the current clusters:

v~ q(V[xa,XB), “)

where ¢(v|x4,Xp) is some proposal distribution. Second, we would use a deterministic function f([x4,Xp, v]) to generate
the parameters for the merged cluster X¢. In this example, the deterministic function assigns the auxiliary cluster v to the
merged cluster C:

[u17u27§(0] :f([XAaXva]) = [XA,XB,V]. (5)

Therefore, the Jacobian J; is the identity matrix which has determinant 1. Merge moves are thus accepted with probability

(6)

Pr (accept merge) = min{l, p(Xc) Q(XA,XB|XC)} .

p(xa,XB) ¢(Xc[xa,XB)
1.2. RJMCMC Merge Moves in an MMF

In the following, we will give the RIMCMC algorithm for a merge proposal between two MFs as well as the acceptance
probability of the move. Note that the computation of the acceptance probability requires the probability of an inverse
proposal: the split proposal ¢(split). Since the details of the split proposal are not important for the derivation in this section,
we defer those details to the next section.

As outlined in the previous section, an RIMCMC merge proposal is executed in the following three steps:

1. Draw an auxiliary MF v parameterized by v = {¢",z", w", R,, %, 11. 6} } from the current MFs [ and m parameterized
by x; = {c{c:l}a Zic=1}, Wi, Ry, 2l,{l..ﬁ}} and x,,, = {c{c:m}v Zic=m}, Wm, Ry, 2m,{l...6}}, where Zic=m} denotes
the set of labels z; for which ¢; = m.

U

We first assign all normals of MF [ and m to MF v: ¢/ u

m} = Us which corresponds to the proposal distribution:

a(CYeefimpy|e) = 0(Clecimyy — ) - @)
Second, we sample the axes assignments zj;_, = {#}}i:¢;=0 according to

q(zf = jlwi, Ry, 2p,q) o< wy; pgss [Mi]j, Eij) - ®)

Next, given associations ¢” and z”, we optimize the rotation of MF v to obtain R} starting (arbitrarily) from rotation
R; — in our experiments the conjugate gradient optimization was not sensitive to initialization and R; as well as R,
were generally close to R}. Then we sample R, from a narrow Gaussian distribution over rotations with mean R;:

q(Ry|2",¢",q, Ri) = N (Ry; R} (2",¢",q, Ri), Too(3)) = N (R} Log gy () (R0))"; 0, Zso(3)) ©)

where Logp. (R) : SO(3) — Tr:SO(3) denotes the logarithm map of R into the tangent space Tz SO(3) around

R?. The vee operator ¥ [2] extracts the unique elements of a skew-symmetric matrix W € R3*3 into a vector w:
WY = w = [~Was; Wig; —Wia] € R3. S5y € R¥*3 is the covariance of the Normal distribution in T, SO(3).
Refer to Sec. 2 for an in depth discussion.

Finally, we obtain samples for the axis covariances 3, (1.6} according to the proposal distribution

6
Q(Ev,{l...ﬁ} |c’U’ Zﬂ7 Rva q; A? V) = H p<21}j |Zva cv7 q, RU7 Aa l/) ) (10)

j=1

where p(X,;|z",¢’,q, Ry; A, v) is the posterior distribution over covariance X,; under the assigned normals in the
tangent space Ty, ); S2. Since the Inverse Wishart (IW) prior on the covariances is a conjugate prior, the posterior
distribution is an IW distribution as well. Therefore, it is straight forward to sample from the posterior distribution.



2. Apply the deterministic function f([X;,X;,V]) = [u1,u2,X,] to obtain MF n parameterized by X,, (MF after the
merge). The auxiliary MFs u; and us absorb MFs [ and m (MFs before the merge). The function f([x;, X, V]) is
hence defined as

u = X
u = Xy (11)
X, = V.

Therefore, the Jacobian J; of the function f([X;, X;,, V]) is

_ (9f([Xl,Xm,VD

J =1, 12
J X1, X, V] (12)
where I is the identity matrix.
3. Accept the merge move with acceptance probability
¢, 7,7, W, 3, R; o, 7, A lit
Pr (accept merge) = min { 1, p9.62,7 W3 Ria,y, & v) g(split |det(Jf)| ¢ , (13)
p(q’ c’ Z7 Tr? W7 EvR;a)’Y7 A? V) q(merge)

where parameters after the merge are designated with a hat and J; is the Jacobian of the deterministic transformation
f(-) in the RIMCMC algorithm. The proposal distributions for a split or a merge are denoted ¢(split) and respectively
g(merge). From Eq. (12) we immediately see, that | det(Jy)| = 1 and hence

p(q7 é’i’ ﬁ—? w) Eﬂﬁ;QV 77 A? I/) q(split) } (14)

P t = min ¢ 1
r (accept merge) mm{ "p(q,¢,z,m,w, %, R; a, 7, A, v) g(merge)

Note that the RIMCMC acceptance probability for split/merge moves in an MMF looks like the Metropolis-Hastings
acceptance probability, because | det(J)| = 1. However, since the model orders in the nominator and denominator of
the fractions are different, it technically is not a Metropolis-Hastings acceptance probability.

1.3. RJMCMC Split Moves in an MMF

For a split move, the reverse of a merge, we sample two auxiliary MFs u; and us and use the inverse of Eq. (11) to obtain
the MMF after the split. In the following, we compress steps (1) and (2) in the RIMCMC algorithm into a single: we directly
draw the state after the split from the MMF state before. Note that while this process looks like Metropolis-Hastings MCMC,
it technically still is RIMCMC since we are changing the model order between moves. Here we denote variables after the
split with a hat.

First, we randomly assign normals in MF n to MF [ or m by drawing MF assignments to MFs m and [ according to

q(Cfe=n}|¢; ) = DirMult (é{c:n}; ay, am) . (15)
Within each of the MFs [ and m we assign normals q to an axis by drawing the assignments Zgc—,} = {Z;}i.c;=n as
(2 = jlwn, Ry, B, q) o< Wi p(ai; [Mn]j, Enj) - (16)
Using these assignments, we find optimal rotations Rl* and R:n and draw R; and R,,,:
q(Ry, Rinl2,&,q, Rn) = N (Ri; B} (R, 2,€,q), Sso(3)) N (R Ry (R, 2,€,q), Seo3)) - 17)

Given rotations as well as labels, we can draw axis covariances 3i(; ., 11...6) from the respective posterior:

6
Q(E{l,m},{l..ﬁ} |é7 iv q, R{l,m}7 A’ V) = H p(zl]|i7 év q, Rl7 Aa l/)p(zmj|iv é) q, Rm7 Av V) (18)

j=1

While for a merge move the acceptance probability is equal to Eq. (14), we invert the ratio to obtain the acceptance
probability for a split move:

19)

¢, 7,7, W, 3, Ry, v, A
p(q7 c? Z7 71-7 W7E7R; a? 77A)V) q(spllt)



1.4. Acceptance Probability for Split/Merge Proposals in an MMF

After introducing the RIMCMC merge and the split proposals in the previous sections, we will now derive the acceptance
probabilities for those two moves by detailing the distributions involved in the computation of Eq. (14) and (19). First, the
joint distribution for the MMF model is

N K
p(qa C,zZ,7, W, Ea Ra a, 7, Aa Z/) = Hi p(Qi‘cia Ziy Rci ) Zcizi )p(zi|cia wci)p(cilﬂ-)p(ﬂ-; O{) Hk: p(Rk)p(wk7 'Y)

[ (5 8,0). 0
For the evaluation of the acceptance probability, we marginalize over the categorical variables 7 and {wy, }1_,:
p(c;a) = /p(c|7r)p(7r; a)dr = DirMult(c; «) 20D
P(Ze=ryle;y) = / P(Zge=r} €, wi)p(wk; v)dwy, = DirMult(zge—x};7) , (22)
w
where Ze—x} = {2 }i:c;—« and DirMult denotes the Dirichlet Multinomial distribution:
DirMult(c; o) = OELTY ﬁ a’“ - N ) (23)

(Zk 1ok + Ni) ¢

The counts Ny, of labels ¢ pointing to MF k are computed as Ny, = Zf\il 1}, =) After marginalization of 7 and {wk}szl,
the joint distribution of the MMF is:

p(q,C,Z,E,R;Oé,')/,A, V) = p(c7 Oé) sz‘vp(Qi|ci7zi7RCi7ECizi)Hi(p(Rk)p(z{C:k}‘c; ’Y) H?p(zk.ﬂA?V) I (24)

where we have assumed that the prior over rotations factors according to p(R) = Hszl p(Ry). Each p(Ry) is an uniform
distribution over all rotations R, € SO(3). Since SO(3) is a manifold with finite support, we can compute its volume
and obtain 872 [2] which implies p(Ry) = #. Therefore, the ratio of joint probabilities in the merge move acceptance
probability in Eq. (14) becomes

p(q,8,2,3 Ry, v,A ) p(0)p(qlé,z,R,3)p(E]¢;7)p(;A,0)p(R) 87T2P(é§0‘)(niv (giléi,2:,R 2)) Hk 1 P(Zre=ry1€7) Hﬁ L P(EkjiA,)
p(a.2, 2Ry, Av) — plea)p(alez, R E)p(zle;y)p(E8,0)p(R) " ple;a) (T plailei 2. R,E)) TThey p(2gery l67) [T152; P(Shj3A0)
(25)

where K = K — 1. For the acceptance probability of a split proposal in Eq. (19) we get the following ratio:

p(q,é,i,ﬁ:,ﬁ;(x,’y,A,V) _ P(&Ot)(l_[iv p(qi ‘éivéiaﬁvﬁ:)) Hi‘{::[ p(i{?::k} &) H?:l p(f)kj;A,y) (26)
p(a,e2,2 Riay,Av) ™ 8n2p(c;a) (TT1 plaileizi R,E)) TThey p(zgery l6y) [T1S2; P(Skj3A.0)

where K = K + 1.
For a split or a merge move, we have to sample new labels, new rotations as well as new covariances given the assignments.
Therefore, we formulate the split and merge proposals as

Q(Spht) = Q(ca Z, W m}s R{l,m}a 2:{1,771},{1.4.6} |év UA}TM Rna 2%7 q; a7, A7 V) (27)
q(merge) = Q(éa i, W, Rn; 271,{1...6} |C, W{i,m}s R{l,m}7 E{l,1ﬂ}7 q; a7, A7 V) . (23)

In the following we will first derive the merge and then the split proposal distributions.
The merge proposal is the same as derived previously for the auxiliary MF v in the RIMCMC algorithm. Hence, the
proposal distribution in Eq. (28) of merging MF [ and m into MF n factors as

Q(merge) = q(é7 27 wna an ZA:n,{l..ﬁ} ‘C, W{l,m}s R{l,m}a 2:{l,m}a q; @, 7, Aa V)
N . A S & FOUS (29)
= q(c{CG{l,m}} ‘C) Hi:éi:n q(zi|wl7 Rl» Eh (I>Q(Rn‘Rla zC, Q)Q(En,{lts} ‘C, z,q, Rn7 Aa V) .



We restate the individual factors from Sec. 1.2 here for completeness:

q(€gectmyyle) = 0(Cfecfimyy = n) (30)
(2 = jlwy, By, 3, q) o< wyj plgis (M, Xj) 3D
q(Rn|Rla iv é? q) = N(an R;(Rlv ia éu q)7 Eso(3)) (32)
6
q(in,{l.“ﬁ} |év 27 q, an Av V) = H p(i}nj |ia éa q, I%Tia Aa V) . (33)
j=1

The split proposal distribution in Eq. (27) factors into

q(split) = q(e, 2, wimy Rimy> By (1.6} 1€, W, By B0, g v, VA v) =
= Q(c{é:n}|é;a) Hi:éi:n Q(szmRmEm(I) (Rlv m|za cvqaRn) (Z{Z,m},{l...6}|ca z,q, R{l,m};Avy) .

(34
The individual factors were introduced in Seq. 1.3 and are restated here for completeness:
q(Ce=n}|€; @) = DirMult (¢(emn}; v, oy (35)
Q(Zi :j|wn7Rn;ﬁ:n7q) X uA)njp(Qﬁ [Mn]jvinj) (36)
Q(Rl, R’m|zy ¢q, Rn) = N(Rl, RZ( (Rna z,C, q)v E50(3)) N(Rm; R’r*n(én7 z,C, (l)7 Zso(?))) (37)
6
Q(E{l,m},{l...ﬁ} |C, zq, R{l,m}; A, V) = H p(zlj |Z7 ¢, q, Ry A, V)p(zmj |Za ¢, q, Ry; A, V) . (38)
j=1

All in all, the ratio for the right side of the min(1, -) in the acceptance probability for a merge move in Eq. (14) is:

872 (ITIL, p(a:léi,2:,R,2))p(&a) TTh_y plre—iy [67) TTo; P(SksiA) glezwy, m} o Bimy B my i 631800, R B0 o, y,A,0)
(1_[7 1 p(gilei,zi,R 2)) (e;) Hk 1 P(Zge= k}‘c v) H6 1P(EkjAwv) gz w,L7R",E {1.6ylewmy, Ry, m}s ,my ey, A V)
— 82 HN (4l éi,2.R,2) 11, a(zi|n,Bn,En,a) H 5 (Sl RiA V) p(Sm; 2,60, Rin i Av)p(Sn;: A v)
=1 p(qi|ci,z; R, X) Lli:éi=n q(2;|wi,Ri,%:,q) Jj=1 P(Z1530,0)p (S ; A,0)p(2nj|2,6,q, R Aw)
DirMult(&;cv) DirMult(Z (¢—r} 57) DlrMult(C{cfn} al,am) N(Rl;Rf(Rn,z,c,q) Yoo(3)) N (Rm; Ry, (Rn,2,¢,q), Sso(3))
DirMult(¢;ov) DirtMult(ze—;} ;7) DItMUIt(Z {1} 7) 9 (€ (ce {1,m}} —T) N (Bni Ry (R1,2,8,9),S00(3))

(39)
Plugging Eq. (39) into Eq. (14), we can compute the acceptance probability for a merge of two MFs [ and m into MF n.
For a split of MF [ into MFs m and n the acceptance probability is computed using the inverse ratio of Eq. (39).

2. Normal Distribution over Rotation Matrices

A matrix R € R3*3 is called a rotation matrix if it is an element of SO(3), the Special Orthogonal group; namely,
RTR = 1 and det(R) = 1. Probability distributions over rotation matrices can be defined by exploiting the manifold
structure of SO(3) (e.g., [2, 6]). In particular, one well-known way to construct an analog of a Gaussian distribution over this
nonlinear space utilizes the linearity of the tangent spaces.

Let Logp, (R) : SO(3) — Tg,SO(3) denote the Riemannian logarithm map of R into the tangent space Tr, SO(3)
around R,

trace(Rz;R) -1
0 = arccos — | (40)
— 4 T T
Logr, () = £, (zsm(w (it = R“)> ' @

While Log (R) is in T, SO(3), the matrix W = RTLogR (R) is an element of the Lie Algebra so(3); i.e., W is skew-
symmetric. The vee operator V [2] extracts the unique elements of W into a vector w: WY = w = [—Wag; Wi3; —Wia] €
R3. The Riemannian logarithm map in conjunction with the vee operator allows us to define a normal distribution with mean
rotation 17, and covariance Y.,3) in the tangent space Tg, SO(3):

p(R7 Rua Z80(3)) = N((RZ LOgRH (R))\/’ 07 280(3)) ) (4’2)



N

Figure 1: The unit sphere S? in 3 dimensions. The blue plane on the sphere illustrates 73,52, the tangent space to S? at point
p. A tangent vector z € T},5? is mapped to ¢ € S? via Exp,,, the Riemannian exponential map with respect to p.

where 3,3y € R?*3.
In order to sample from the distribution in Eq. (42), we sample w = W ~ N/(0, Yso(3)) and map it back from the tangent
space Tg,SO(3) to SO(3) using the Riemannian exponential map Expp : Tg,SO(3) — SO(3):

0 = [[w]]2 (43)

Expr, (W) = R (I + Sing(e) W lo ;;’S(e) W2> (44)

For further details on the manifold of rotations SO(3), the log and exp maps we have briefly reviewed here, as well as the
relation to the Lie Algebra so(3), refer to [2, 3].

3. Geodesic Distances and the Riemannian Exponential/Log map for the Unit Sphere S

Let p and g be two points on the unit sphere in 3D S?, and let 7},5? denote the tangent space to S? at point p; namely,

pp=q"q=1 (45)
T,8* ={z:xcR?®; 2Tp=0}. (46)

Note that while S? is a nonlinear manifold, 7,,S? is a 2-dimensional linear space as depicted in Fig. 1. It can be shown [1, 3]
that the geodesic distance between p and ¢ is given by the angle between p and ¢

dea(p,q) = arccos(qu) ) 47

Furthermore, the Riemannian exponential map Exp,, : T, 2 — 52 maps a point z in the tangent space 7,52 around p onto
the sphere S?:

:z:r—>pcos(|\x||)+ﬁsin(|\m||). (48)
The inverse of Exp,,, the Riemannian logarithm map Log,, : S 2/{—p} — T,5? can be computed as:

g+ (¢ —pcosb) 0 (49)

sin @ ?

where 6 = dg(p, q).

In other words, the geodesic distance between two unit normals is the angle between them, Exp,, maps T,5?% onto S?, and
Log,,, whose action can be thought of as a linearization of S 2, is defined over the entire sphere except the antipodal point —p.
Note that Exp,, and Log,, depend on p. For further details and an introduction to Riemannian geometry see [3].
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