
Sampling Methods for Action Selectionin Influence Diagrams

Luis E. Ortiz
ComputerScienceDepartment

Brown University
Box 1910

Providence,RI 02912USA
leo@cs.brown.edu

LesliePackKaelbling
Artificial IntelligenceLaboratory

MassachusettsInstituteof Technology
545TechnologySquare

Cambridge,MA 02139USA
lpk@ai.mit.edu

Abstract

Samplinghasbecomean importantstrategy for inferencein
belief networks. It can also be applied to the problemof
selectingactionsin influencediagrams. In this paper, we
presentmethodswith probabilisticguaranteesof selectinga
near-optimalaction. We establishboundson the numberof
samplesrequiredfor thetraditionalmethodof estimatingthe
utilities of the actions,then go on to extend the traditional
methodbasedon ideasfrom sequentialanalysis,generatinga
methodrequiringfewersamples.Finally, weexploit theintu-
ition thatequallygoodvalueestimatesfor eachactionarenot
required,to develop a heuristicmethodthat achievesmajor
reductionsin requiredsamplesize. The heuristicmethodis
validatedempirically.

Intr oduction
The problemof decision-makinginvolves the selectionof
an optimal strategy. A strategy determineshow we should
actbasedonobservationsor availableinformationaboutthe
variablesof the systemrelevant to the decisionproblem.
Posedin theframework of decisiontheory, anoptimalstrat-
egy is onethatmaximizesourutility . Theutility definesour
notionof valueassociatedwith theexecutionof actionsand
thestatesof thesystem.Thestatesresultfrom thecombina-
tion of thestateof theindividual variablesin thesystem.In
the caseof decision-makingunderuncertainty, we areun-
certainaboutboth the stateof the systemandthe resultof
the actionswe take. We expressthis uncertaintyasproba-
bilities. Therefore,in this context anoptimalstrategy is one
thatmaximizesour expectedutility .

In thispaperourmaininterestis in decisionproblemsun-
der uncertaintyformulatedas influencediagrams(ID). An
influencediagramis agraphicalmodelthatprovidesacom-
pact representationof (1) the probability distribution gov-
erningthestates,(2) thestructuralstrategy modelrepresent-
ing how wemakedecisions,and(3) autility modeldefining
our notion of valueassociatedwith actionsandstates.We
studytheproblemof selectinganoptimalstrategy in an in-
fluencediagram,concentratingon thecasein which thereis
only onedecisionto be made. This is becausewe cande-
composethe problemof multiple decisionsinto many sub-
problemsinvolving singledecisions(i.e.,by usingthetech-

Copyright c
�

2000, American Associationfor Artificial Intelli-
gence(www.aaai.org). All rightsreserved.

niquepresentedby Charnes& Shenoy(1999)).Wenotethat
we canapply methodsdevelopedto solve IDs of this kind
to obtain methodsto solve finite-horizonMarkov decision
processes(MDPs)andpartiallyobservableMarkov decision
processes(POMDPs)expressedas dynamicBayesiannet-
works (DBNs) (i.e., by modifying the techniquepresented
by Kearns,Mansour, & Ng (1999)).

The problem of strategy selection involves the sub-
problemof selectinganoptimalaction, fromthesetof action
choicesavailablefor thatdecision,for each possibleobser-
vationavailableat the time of makingthedecision.There-
fore, we want to selectthe action that maximizesthe ex-
pectedutility for eachobservation. Oneway to do action
selectionis to compute,exactly or approximately, theprob-
abilities of the sub-statesof the systemdirectly relevant to
our utility in orderto evaluatethe expectedutility or value
of eachaction.A sub-stateis formedfrom thestateof asub-
setof variablesin thesystem.Webelievethisapproachfails
to takeadvantageof an importantintuition: it only matters
whichactionis best.Therefore,theproblemof actionselec-
tion is primarily oneof comparingthevaluesof theactions.
Wecombinethiswith theintuition thatactionsthatareclose
to optimal are also good. In this paper, we presentmeth-
odsfor actionselectionin IDs that takeadvantageof these
intuitionsto makemajorgainsin efficiency.

Notation
Before we presentthe definition of the ID model, we in-
troducesomenotationusedthroughoutthe paper. We de-
noteone-dimensionalrandomvariablesby capitallettersand
denotemulti-dimensionalrandomvariablesby bold capi-
tal letters. For instance,we denotea multi-dimensional
randomvariable by � and denoteall its componentsby�������
	�	
	��
�����

where
���

is the ����� one-dimensionalrandom
variable.We usesmall lettersto denoteassignmentsto ran-
dom variables. For instance,� ��� meansthat for each
component

� �
of � ,

� � ��� � . We also denoteby capi-
tal lettersthe nodesin a graph. We denoteby ��� �! "� the
parentsof node

 
in a directedgraph.

Wenow introducenotationthatwill becomeusefulduring
the descriptionof themethodspresentedin this paper. For
any function # with variables� and $ , theexpression

# � � � $ ��%'&)(+*



standsfor a function ,.- over variables� that resultsfrom
setting/ thevaluesof $ in # with assignment0 while letting
thevaluesfor � remainunassigned.In otherwords,

, - � � � �1# � � � $ ��% &)(+* �2# � � � $3�40 �!	
The notation $5� �
67�86:9;�

meansthat the variable $ is
formedby all thevariablesthatform

6
and

6<9
. Thatis, $3��!=:�>�
	�	
	?��=@�BAC� � ��DE�>�
	
	�	?��DF�?GH�
D - � ��	
	
	��
D -�JI � � �
6K�L6<9M�

,
whereN - �ON �+P NEQ . Notethatwe areassumingthattheset
of variablesforming

6
and thoseforming

6 - are disjoint.
The notation $SRT, meansthat the randomvariable $ is
distributedaccordingto probability distribution , . We de-
noteasequenceof samplesfrom $ by 0VU ��W � 0XU Q W ��	
	�	 , where0YU �ZW is the �
�[� sample.In thispaper, weassumethatthesam-
plesareindependent.

Definitions
An influencediagram(ID) is agraphicalmodelfor decision-
making(SeeJensen(1996) for additionalinformationand
references).It consistsof adirectedacyclic graphalongwith
a structuralstrategy model,a probabilisticmodelanda util-
ity model. Thegraphrepresentsthedecompositionusedto
compactlydefinethe differentmodels. Figure1 shows an
exampleof a generalgraphicalrepresentationof anID. The
verticesof thegraphconsistof threetypesof nodes:decision
nodes,chancenodesandutility nodes.Decisionnodesare
squareandrepresentthe decisionsor actionchoicesin the
decisionproblem. Chancenodesarecircularandrepresent
thevariablesof thesystemrelevantto thedecisionproblem.
Utility nodesarediamondsandrepresenttheutility associ-
atedwith actionsandstates. A stateis anassignmentto the
variablesassociatedwith thechancenodesof theID.

Structural strategy model Thestructuralstrategy model
defineslocally theform of a decisionrule for eachdecision
node \ � . This rule is a function of (a subsetof) the infor-
mationavailableat thetime of makingthatdecision,which
is containedin its parents]V^ � \ �H� in thegraph,thedecision
nodesthatarepredecessorsof decisionnode \ � in thegraph
andtheirrespectiveparents.TheexampleID of Figure1 has
only onedecisionnode. Denotea strategy for our example
modelby _ , the statespaceor setof possibleassignments
for the parentsof theactionnodeby `badc Ufe W andthesetof
possibleactions̀ e . Then,a policy _hgL` a.c Uie Wkj ` e .

Probability model The probability modelcompactlyde-
fines the joint probability distribution of the relevant vari-
ablesgiventheactionstakenusingaBayesiannetwork(BN)
(SeeJensen(1996) for additional information and refer-
ences). The model defineslocally a conditionalprobabil-
ity distribution � ��� � % ]V^ �'� � �
� for eachvariable

� �
given

its parents]V^ ���l�m� in thegraph. This definesthe following
joint probabilitydistribution over the N variablesof thesys-
tem,giventhataparticularaction n is taken:

� �'� � �
	�	
	?��� � %Jo �4n � �
�� ( � � ��� � % ]V^ �'� � �p��%iq (+r 	

s
t G

u
v G

w
u A
v A G

x�yz zx GxX{

|

vm} G v A } I

t.}
~

Figure1: Generalstructureof ID weconsider.

In our exampleID, ��� �
67�L6 - �H��� and,sincethereis only
onedecisionnode,we canexpress� � � %8o �4n � as

� � � % \��1� � � � �
6K�L6 - �H��% \���� �
� � �
67� � �p6 - %F6K�p��� \��1� � � ����%F67�!�

where

� �
6b� �
�?G� ( � � �!DF�V% ]V^ �!DF�H�
�!� (1)

� �
6 - %F6K�p��� \���� � �
� I� ( � � ��D -� % ]V^ �!D -� �
�
% e

(E� �
(2)

� �[�T%�6�� �
� ~� ( � � �!� � % ]V^ �!� � �
��	 (3)

Utility model Finally, theutility modeldefinestheutility
associatedwith actionsresultingfrom the decisionsmade
andstatesof the variablesin the system. The total utility
function � is the sumof local utility functionsassociated
with eachutility node. For eachutility node � � , the utility
functionprovidesa utility valueasa functionof its parents]V^ � � � � in thegraph.Thetotal utility canbeexpressedas

� � � �Ho�� � �� ( � � � � ]+^ � � � �p�!	 (4)

Note that we areusingthe label of the utility nodeto also
denotetheutility functionassociatedwith it.

In this paperwe assumethat the variablesandthe deci-
sionsarediscreteandthelocal utilities arebounded.In ad-
dition,weconcentrateonIDswith onedecisionnodeandthe
generalstructureshown in Figure1. Theresultsin thispaper
arestill valid for moregeneralstructuraldecompositionsof
the probability distribution. We usethe structuregiven by
the ID in the figure to simplify the presentation.Also, the
resultsallow randomutility functions.



Value of a strategy The value �7� of a strategy _ is the
expected� utility of thestrategy:

� � � ��� � � % \��O_ �����
� � � � � \���_ �����p�
� � � � A � �
6K�L6 - �H��% \��O_ �����p�

� �
6b�86 - �p��% \���_ �����
��	
The optimal strategy _:� is that which maximizes� � over
all _ . We denotethevalueof theoptimalstrategy by ��� .

Notethatwecandecomposethismaximizationinto max-
imizationsover thesetof actionsfor eachobservation. For
eachassignmentto theobservations � , we definethevalue
of an action � by

��� � � � � � � A � �
6b�86 - �p� �4� % \��1� �
� �p6b�86 - �p� �4� % \��1� ��	 (5)

Hence,the value of a strategy is � � � � � � � _ �����p� .
Note that this is not the traditional definition of the value
of anaction.We discussbelow why wedo notusethetradi-
tionaldefinition.

If we denoteby � � ��_ � � � � the action that maximizes�F� � � � over all actions� , thenthevalueof theoptimalstrat-
egy is ���7� � � � � _:� �[���p� � �l� ^d� � � � � � � . Hence,
the problemof strategy selectionreducesto that of action
selectionfor eachobservation.

Exactmethodsexist for computingthe optimal strategy
in an ID (SeeCharnes& Shenoy(1999)andJensen(1996)
for short descriptionsand a list of references).However,
this problemis hard in general. In this paper, we concen-
trate on obtaining approximationsto the optimal strategy
with certainguarantees.Ourobjectiveis to find policiesthat
are close to optimal with high probability. That is, for a
given accuracy parameter�>� andconfidenceparameter d� ,
wewantto obtainastrategy ¡_ suchthat ���E¢���£��¤ �m� with
probabilityatleast¥¦¢� d� . Notethatgiventhedecomposition
describedabove, if we obtainactionsfor eachobservation
suchthattheirvalueis sufficientlyclosetooptimalwith suffi-
cientlyhighprobability, thenwe obtainanear-optimalstrat-
egy with highprobability. Thatis, let § bethenumberof pos-
sible assignmentsto the observations. If for eachobserva-
tion � weselectaction ¡� suchthat � � � �¦� � ¢�� � � ¡� � ¤©¨ � with
probabilityat least ¥K¢©  , where ���ª�>��« � ¨ § � and  ¬�� d��«d§ ,
then we obtain a strategy that is within �>� of the optimal
with probability at least ¥K¢­ d� . Therefore,we concentrate
on findinga goodactionfor eachobservation.

Typically the valueof an actionis definedas the condi-
tional expectedutility of theactiongivenan assignmentof
theobservations.If wedenotethisvalueby � � � % � � , wecan
expressthevalueof a policy as � � � � � ����� � � _ �[���k%���

. We do not usethis definition becauseit is harderto
obtain estimatesfor � � � % � � with guaranteedconfidence
boundsthanit is to obtainestimatesfor ��� � � � .
Multiple Comparisonswith the Best: Results

There are two important results from the field of multi-
ple comparisonsand in particularfrom the field of multi-
ple comparisonswith the best that we take advantageof
in this paper. Theseresultsarebasedon the work of Hsu

(1981)(SeeHsu (1996)for moreinformation). Beforewe
presenttheresultswe introducethe following notation:de-
note �)®¯� � ^.� � � �H°?� and ¢Y�Y±�� �¬²'³ �[°F� � � . The first
resultis known asHsu’s single-boundlemma, which is pre-
sentedasLemma1 by Matejcik& Nelson(1995).
Lemma 1 Let ´ U ��Wªµ ´ U Q Wªµ·¶
¶�¶�µ ´ Uf¸ W be the (un-
known)ordered performanceparametersof ¹ systems,and
let ¡´ U �;W

� ¡´ U Q W
�
	
	�	�� ¡´ Uf¸ W beanyestimatorsof theparameters.

If

�<º�»)¡´ Uf¸ W ¢2¡´ U �ZW ¢ � ´ Uf¸ W ¢l´ U �ZW �V¼ ¢¾½ � �:��¥ �
	
	�	�� ¹<¢�¥d¿��¥<¢©À � (6)
then

�<º�»m´ � ¢ � ^d��Á�Â( � ´+Á�Ã�Ä'¢ � ¡´ � ¢ � ^d�ÅÁ�Â( � ¡´+Á:¢�½ � ± �� ¡´ � ¢ � ^d� Á�Â( � ¡´ Á P ½ � ®YÆ � for all �>¿�Ç1¥<¢©À 	 (7)
If wereplacethe � in (6) with Ç , then(7) still holds.
In our context, we let for each action � , the true value
´ � �È� � � � � andthe estimate ¡´ � � ¡� � � � � . Also, the � th
smallesttruevaluecorrespondsto ´ U �ZW . Thatis, if � � � � � � µ� � � � Q � µÉ¶
¶�¶"µ � � � � ¸ � , then for all � , ´ U �ZW �Ê� � � � � � .
Note that in practice,we do not know which action has
the largest value. In order to apply Hsu’s single-bound
lemma,we obtain the bound �<º�»)¡´ Á ¢Ë¡´ � ¢ � ´ Á ¢h´ ���¬¼¢Y½ � for all �OÌ�ÎÍ¦¿OÇÏ¥Ð¢ÑÀ , for eachaction Í , individu-
ally. This implies that �<º�»)¡´ Ui¸ W ¢Ë¡´ U �ZW ¢

� ´ Uf¸ W ¢O´ U �ZW
�"¼

¢Y½ � ���Ò¥ ��	
	
	�� ¹l¢�¥J¿hÇ¯¥Ð¢ÑÀ , which allow us to ap-
ply the lemma. Figure2 graphicallydescribesthis practi-
cal interpretationof the lemma. For eachaction � , individ-
ually, the upperboundson the true differences,drawn on
the left-handside, � � � � � ¢Ñ� � � Í � ¤ ¡� � � � � ¢ ¡� � � Í �bP ½ ,
for eachÍ�Ì�Ó� , holdsimultaneouslywith probabilityat least¥�¢ÑÀ . The confidenceintervals, drawn on the right-hand
side, ��� � � � ¢ � ^d� Á�Â( � ��� � Í � ÃÓÄ'¢ � ¡��� � � � ¢ � ^.� Á�Â( � ¡��� � Í � ¢
½ � ± �8� ¡�F� � � � ¢ � ^.� Á�Â( � ¡�F� � Í �ÅP ½ � ®¾Æ , for eachaction� , hold
simultaneouslywith probabilityat least ¥<¢�À .

Thesecondresultallows usto assessjoint confidencein-
tervals on the differencebetweenthe valueof eachaction
from thevalueof thebestactionwhenwe have estimatesof
the differencesbetweenvalueof eachpair of actionswith
differentdegreesof accuracy. The resultis known asHsu’s
multiple-boundlemma. It is presentedasLemma2 by Mate-
jcik & Nelson(1995),andcreditedto Chang& Hsu(1992).
Lemma 2 Let ´ U �;W µ ´ U Q W µ3¶
¶�¶?µ ´ Ui¸ W bethe(unknown)
ordered performanceparametersof ¹ systems.Let Ô � Á be
a point estimatorof the parameteŕ

� ¢h´ Á . If for each �
individually
�<º�»ÕÔ � Á¾¢ � ´ � ¢�´+Á �@¼ ¢Y½ � Á � for all Í�Ì���>¿Ö��¥<¢�À � (8)

thenwecanmakethejoint probability statement
�<º�»Õ´ � ¢ � ^d� Á�Â( � ´ Á ÃÓÄi× ±� � × ®� Æ � for all �>¿�ÇÑ¥<¢�À � (9)

where × ®� � � �¬²'³ Á�Â( � Ä Ô � Á P ½ � ÁpÆ � ® , Ø��Ù»J§�gX× ®Ú ¼Û° ¿ ,
and

× ±� �
°

if Ø��­»m�m¿¢ � �¬²�³ Á�Ü�Ý@Þ Á�Â( � ÄZ¢YÔ Á � ¢�½ Á � Æ � ± otherwise
	

If wereplacethe � in (8) with Ç , then(9) still holds.
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Figure2: Graphicaldescriptionfor practicalapplicationof
Hsu’ssingle-boundlemma.Notethatthe“lowerbounds”on
theleft-handsideare ¢àß .

Figure 3 presentsa graphicaldescriptionof this lemma.
Let, for all actions� , × ±� and × ®� , be asdefinedin Hsu’s
multiple-boundlemma,with ´ � ��� � � � � andfor all Í2Ì��� ,
Ô � Á � ¡�F� � � � ¢ ¡��� � Í � . For eachaction � , individually, the
upperboundsonthetruedifferences,drawn ontheleft-hand
side,� � � � � ¢á� � � Í � ¤ Ô � Á P ½ � Á , for eachÍ�Ì�Ó� , holdsimulta-
neouslywith probabilityat least¥�¢�À . Theconfidenceinter-
vals,drawn ontheright-handside, � � � � � ¢ � ^.�¦Á�Â( � � � � Í � ÃÄZ× ±� � × ®� Æ , for eachaction� , holdsimultaneouslywith prob-
ability at least ¥<¢©À . Also, in this example, Ø��Ñ».¥ � ¨ ¿ . In
our context, Ø is the setof all theactionsthat couldpoten-
tially bethebestwith probabilityat least ¥<¢©À . That is, for
eachaction � in Ø , theupperbound×Ð®� on thedifferenceof
thetruevalueof action � andthebestof all theotheractions,
includingthosein Ø , is positive.

Estimation-basedmethods
Oneapproachto selectingthe bestactionis to obtainesti-
matesof � � � � � for each� by sampling,usingtheprobability
modelof theID conditionedon � , thenselecttheactionwith
thelargestestimatedvalue.

We can apply the idea of importancesampling (See
Geweke (1989) and the referencestherein)to this estima-
tion problemby usingtheprobabilitydistributiondefinedby
the ID asthe importancefunctionor samplingdistribution.
This is essentiallythesameideaas likelihood-weighting in
thecontext of probabilisticinferencein Bayesiannetworks
(Shachter& Peot,1989;Fung& Chang,1989).We present
thismethodin thecontext of our exampleID.

First, we presentdefinitionsthatwill allow us to rewrite�F� � � � moreclearly. First,let $Û� �p6b�86 - � . Definethetarget
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Figure 3: Graphicaldescriptionof Hsu’s multiple-bound
lemma. Note that the “lower bounds”on the left-handside
are ¢àß .

function(in our case,theweightedutilities)â � Þ � � $ � � â � Þ � �
6b�86 - �
� � �p6�� � �
6 - %F6K�p� �Ó� � \��1� � ¶

� ��� �4� %F67� � �p6b�86 - �p� �4� � \���� �!	
Note that � � � � � � & â � Þ � � $ � . Define the importance
functionas

, � Þ � � $ � �1� �
67� � �p6 - %F6b�H� ��� � \��2� �!	 (10)

Define the weight function ã � Þ � � $ � � â � Þ � � $ � «d, � Þ � � $ � .
Notethatin thiscase,

ã � Þ � � $ � �­� ��� �O� %F67� � �p6b�86 - �H� �Ó� � \���� ��	 (11)

Finally, notethat � � � � � � & , � Þ � � $ �p� â � Þ � � $ � «., � Þ � � $ �
� .
Theideaof thesamplingmethodsdescribedin thissectionis
to obtainindependentsamplesaccordingto , � Þ � , usethose
samplesto estimatethevalueof theactions,andfinally se-
lect an approximatelyoptimal action by taking the action
with largestvalueestimate.Denotethe weightof a sample
0YU �iW from $3R1, � Þ � asã U

�iW� Þ � �Oã � Þ � � 0YU �ZW � . Thenanunbiased

estimateof � � � � � is ¡� � � � � �
�äYåÕæ ç ä¾åÕæ ç� ( � ã U

�ZW� Þ � .
Traditional Method
We can obtain an estimateof � � � � � using the straightfor-
wardmethodpresentedin Algorithm 1; it requiresparame-
ters è � Þ � thatwill bedefinedin Theorem1.

This is the traditional sampling-basedmethodusedfor
action selection. However, we are unaware of any result
regardingthe numberof samplesneededto obtaina near-
optimalstrategy with highprobabilityusingthismethod.



Algorithm 1 TraditionalMethod

1. Obtain independentsamples0YU �;W ��	
	�	?� 0VU ä åÕæ ç W from$éR�, � Þ � .
2. Computetheweightsã U

��W� Þ � ��	
	�	F� ã U ä åÕæ ç
W� Þ � .

3. Output ¡�F� � � � � averageof theweights.

Theorem 1 If for each possibleaction �:��¥ �
	
	�	?� ¹ , wees-
timate �F� � � � usingthe traditional method,theweightfunc-
tion satisfies§ � Þ � µ ã � Þ � � $ � µ�ê � Þ � , andtheestimateuses

è � Þ �¬�
� ê � Þ �7¢�§ � Þ � � Q

¨ � Q ë ³ ¹  
samples,thentheactionwith the largestvalueestimatehas
a truevaluethat is within ¨ � of theoptimalwith probability
at least ¥<¢©  .
Proof sketch. The proof goesin threebasicsteps.First,
we apply Hoeffding bounds(Hoeffding, 1963) to obtain a
boundontheprobabilitythateachestimatedeviatesfrom its
true meanby someamount � . Then,we apply the Bonfer-
roni inequality(Union bound)to obtainjoint boundson the
probability that thedifferenceof eachestimatefrom all the
othersdeviatesfrom the true differenceby ¨ � . Finally, we
applyHsu’ssingleboundlemmato obtainour result.

Note that we can compute§ � Þ � and
ê � Þ � efficiently from

informationlocal to eachnodein thegraph.Assumingthat
we have non-negativeutilities, we canlet

ê � Þ � �
� ~Á ( � � ^d�.adc UfìEí W �

�!� Á % ]V^ ��� Á �p��% � ( �
î �Á ( � � ^d� a.c Ufï�í W � Á � ]+^ � � Á �
��% � ( � Þ e

( � �
(12)

§ � Þ � �
� ~Á ( � �¬²�³ a.c UfìEí W �

�!� Á % ]V^ �!� Á �
�
% � ( �
î �Á ( � �¬²'³ a.c Uiï í W � Á

� ]V^ � � Á �p��% � ( � Þ e
( � 	

(13)

However, theseboundscanbevery loose.

SequentialMethod
Thesequentialmethodtriesto reducethenumberof samples
neededby the traditionalmethod,usingideasfrom sequen-
tial analysis. The ideais to first obtainan estimateof the
varianceandthenuseit to computethenumberof samples
neededto estimatethemean.Themethod,presentedin Al-
gorithm 2, requiresparametersè -� Þ � and è -ð-� Þ � that will be
definedin Theorem2.

Note that given the sequentialnatureof the method,the
total numberof samplesis now a randomvariable.We also
notethatwhile multi-stageproceduresof this kind arecom-
monly usedin the statisticalliterature,we are only aware
of resultsbasedon restrictingassumptionson the distribu-
tion of the randomvariables(i.e., parametricfamilies like
normalandbinomial distributions) (Bechhofer, Santner, &
Goldsman,1995).

Theorem 2 If, for each possibleaction ���Ò¥ ��	
	�	?� ¹ , we
estimate��� � � � usingthesequentialmethod,theweightfunc-

Algorithm 2 SequentialMethod

1. Obtain independentsamples0YU �;W �
	
	�	?� 0 U Q ä
Aåmæ ç W

from$3R1, � Þ � .
2. Computetheweightsã U

�;W� Þ � �
	�	
	�� ã U Q ä
Aåmæ ç W� Þ � .

3. For Í¬��¥ �
	�	
	�� è -� Þ � , let ñ Á � � ã U Q Á ±
�;W� Þ � ¢�ã U Q Á

W� Þ � � Q « ¨ .
4. Compute¡ò Q� Þ � � averageof ñBÁ ’s.
5. Let è � Þ ��� ¨ è -� Þ � P è -ð-� Þ � � ¡ò Q� Þ � � .
6. Obtain è -ð-� Þ � � ¡ò Q� Þ � � new independentsamples

0 U Q ä
AåÕæ ç ® �;W ��	
	�	?� 0VU ä åÕæ ç W from $3R1, � Þ � .

7. Computethenew weightsã U Q ä
Aåmæ ç ® �;W� Þ � �
	�	
	�� ã U ä¾åmæ ç

W� Þ � .
8. Output ¡� � � � � � averageof thenew weights.

tion satisfies§ � Þ � µ ã � Þ � � $ � µ�ê � Þ � , ò Q� Þ � �1����º?Ä ã � Þ � � $ � Æ ,
è -� Þ � �

� ê � Þ �7¢�§ � Þ � ��ó>ôpõ
¨�¨ Q ôpõ � ó>ôpõ ë ³ ¨ ¹ 

�
and

è - -� Þ � � ¡ò Q� Þ � � � ¨ ¡ò Q� Þ � P ¨ � ê � Þ � ¢©§ � Þ � � �Õ«�ö
� Q

P

¨
� ôpõ � ê � Þ �7¢©§ � Þ � �[ómôpõ

� ó>ôpõ ë ³ ¨ ¹ 
�

then the action with the largestvalue estimatehas a true
valuethatis within ¨ � of theoptimalwith probabilityat least¥<¢©  . Also,

è � Þ � ¤ ¨ ò Q� Þ � P ¨ � ê � Þ �7¢�§ � Þ � � �Õ«�ö
� Q

P
÷
¨ Q ôpõ

� ê � Þ �7¢©§ � Þ � ��ó>ôpõ
� ómôpõ ë ³ ¨ ¹ 

P ¥
� � � ^.� ò Q� Þ �

� Q
� � ê � Þ �7¢�§ � Þ � �[ómôpõ

� ó>ôpõ ë ³ ¹  
�

with probabilityat least ¥<¢4 8« � ¨ ¹ � , andø Äiè � Þ �LÆù� ¨ è -� Þ � P è -ð-� Þ � � ò Q� Þ � �

� � � ^.� ò Q� Þ �
� Q
� � ê � Þ �7¢�§ � Þ � ��ó>ôpõ

� ómôpõ ë ³ ¹  
	

Proof sketch. The only differencefrom the proof of The-
orem1 is thefirst step. Insteadof usingHoeffding bounds
to boundthe probability that eachestimatedeviatesfrom
its truemean,we usea combinationof Bernstein’s inequal-
ity (aspresentedby Devroye,Györfi, & Lugosi (1996)and
creditedto Bernstein(1946))andHoeffding boundsasfol-
lows. We first usetheHoeffding boundto boundtheprob-
ability that the estimateof the varianceafter taking some
numberof samples̈ è - deviatesfrom the truevarianceby
someamount � - . We then use Bernstein’s inequality to
boundtheprobabilitythattheestimateweobtainaftertaking
somenumberof samplesè -ð- deviatesfrom its truemeanby



� giventhat the true varianceis no larger thanour estimate
of theú varianceplus � - . Wethenfind thevalueof � - (in terms
of � ) thatminimizesthetotalnumberof samplesè - - P ¨ è - .
Theresultson thenumberof samplesfollow by substituting
theminimizing � - backinto theexpressionsfor è - - and è - .
Steps̈ and ö areasin Theorem1.

Thesequentialmethodis particularlymoreeffective than
thetraditionalmethodwhen ò Q� Þ �Öû � ê � Þ � ¢©§ � Þ � � Q .

Comparison-basedMethod
Usingtheresultsfrom MCB, we cancomputesimultaneous
or joint confidenceintervals on the differencebetweenthe
valueof �F� � � � andthebestof all theothersfor all actions� .
Therefore,MCB allowsusto selectthebestactionchoiceor
anactionwith valuecloseto it, within a confidencelevel.

In theprevioussectionwepresentedmethodsthatrequire
that we have estimateswith the sameprecisionin orderto
selecta goodaction. Hsu’s multiple-boundlemmaapplies
whenwe do nothave estimatesof �F� � � � for each� with the
sameprecision.Basedonthis result,weproposethemethod
presentedin Algorithm 3 for actionselection.

Algorithm 3 Comparison-basedMethod
1. Obtainan initial numberof samplesfor eachaction � .
2. ComputeMCB confidenceintervalson the difference
in valueof eachactionfrom thebestof theotheractions
usingthosesamples.
while notableto selecta goodactionwith highcertainty
do

3(a).Obtainadditionalsamples.
3(b). RecomputeMCB confidenceintervalsusingtotal
samplessofar.

We computetheMCB confidenceintervalsheuristically.
To do this, we approximatethe precisionsthat satisfy the
conditionsrequiredby Hsu’smultiple-boundlemma(Equa-
tion 8) usingHoeffding bounds(Hoeffding, 1963). Using
this approach,for eachpair of actions � and Í , and val-
ues § � ÁÕÞ � and

ê � ÁÕÞ � suchthat § � ÁmÞ � µ ã � Þ � � $ � µËê � ÁmÞ � and§ � ÁÕÞ � µ ã ÁmÞ � � $ � µ�ê � ÁmÞ � , we approximate½ � Á as

½ � ÁK� � ê � ÁÕÞ � ¢4§ � ÁmÞ � � ¥
¨

¥
è � Þ �

P ¥
è ÁÕÞ � ë ³ ¹Ð¢©¥ 

�
(14)

where è � Þ � is thenumberof samplestakenfor action� thus
far. Wethenusetheseapproximateprecisionsandthevalue-
differenceestimatesto computetheMCB confidenceinter-
vals(asspecifiedby Equation9). Therearealternativeways
of heuristicallyapproximatingtheprecisionsbut, in this pa-
per, we usetheoneabove for simplicity.

Oncewe computetheintervals,thestoppingconditionis
asfollows. If at leastoneof the lower boundsof theMCB
confidenceintervals is greaterthan ¢ ¨ � , thenwe stopand
selectthe action that attainsthis lower bound. Otherwise,
we continuetakingadditionalsamples.

Wedefinethevalueof initial numberofsamplesin ourex-
perimentsas ü ° . Whentakingadditionalsamples,we usea
samplingschedulethatis somewhatselective in thatit takes

moresamplesfrom morepromisingactionsassuggestedby
the MCB confidenceintervals. We find the action whose
correspondingMCB confidenceintervalhasanupperbound
greaterthan

°
(i.e., from theset Ø asdefinedin Hsu’smulti-

pleboundlemma)andwhoselowerboundis thelargest.We
take ü ° additionalsamplesfrom this actionand ¥ ° from all
the others. We understandthat thesesamplesizesarevery
arbitrary. Potentially, othersettingof thesesamplesizescan
bemoreeffectivebut wedid not try to optimizethemfor our
experiments.Algorithm 4 presentsa detaileddescriptionof
theinstanceof themethodwe usedin theexperiments.

Algorithm 4 Algorithmic descriptionof theinstanceof the
comparison-basedmethodusedin theexperiments.

for eachobservation � do§�ý¯¥
for eachaction�b��¥ �
	
	�	�� ¹ do

Compute
ê � Þ � and § � Þ � using equations12 and 13,

respectively.
× ±� ý¯¢áß ; è U Ú

W� Þ � ý�ü ° ; è � Þ �"ý °
; ¡�F� � � � ý °

.
for eachpair of actions

� � � Í � , �ÖÌ�ÓÍ doê � ÁÕÞ �Ðý � ^.� � ê � Þ � � ê ÁmÞ � � ; § � ÁÕÞ �"ý � ^d� � § � Þ � � § ÁmÞ � � .
while thereis no action� suchthat × ±� ¼ ¢ ¨ � do

for eachaction� do
Obtain è U Ú

W� Þ � samples0YU äXþ[æ ç ® �;W ��	
	
	�� 0 U äXþ�æ ç ® äáÿ�� �þ�æ ç
W

from $�R�, � Þ � , asin equation10.

Computeweightsã U ä þ�æ ç ®
�;W� Þ � ��	
	
	�� ã U äXþ[æ ç ® äáÿ�� �þ[æ ç

W� Þ � .

¡� � � � � ý � è � Þ � ¡� � � � �.P äàÿ�� �þ�æ çÁ ( � ã U ä¾þ�æ ç ® Á
W� Þ � � « � è � Þ � P

è U Ú
W� Þ � � .

è � Þ �"ýSè � Þ � P è U Ú
W� Þ � .

for eachpairof actions
� � � Í � , �ÖÌ��Í do

Ô � Á ý ¡�F� � � � ¢ ¡�F� � Í � ; Ô Á � ýÒ¢YÔ � Á .
Compute½ � Á usingequation14; ½ Á � ý�½ � Á .

for eachaction� do
Compute × ®� , Ø , and × ±� usingHsu’s multiple-
boundlemma.

for eachaction� do
if × ±� �à� � ^d�BÁ�Ü�ÝÖ× ±Á then è U Ú ®

��W� Þ � ý�ü °
else è U Ú ®

�;W� Þ � ý¯¥ ° .§�ýÒ§ P ¥ .¡_ � � � ý�^���� � ^d� � × ±� .

Although this methodmay seemwell-grounded,we are
not convincedthat the boundshold rigorously. The preci-
sionsarecorrectif thesamplesobtainedso far for eachac-
tion areindependent.However, this might not be the case,
since the numberof samplesgatheredon eachround de-
pendson a propertyof the previoussetof samples(that is,
that the lower-boundconditiondid not hold). It is not yet
clearto uswhetherthe fact that the numberof samplesde-
pendson thevaluesof thesamplesimpliesthatthesamples
mustbeconsidereddependent.



RelatedWork
Charnes& Shenoy(1999) presenta Monte Carlo method
similar to our “traditional method.” Onedifferenceis that
they useaheuristicstoppingrule basedonanormalapprox-
imation (i.e., the estimateshave an asymptoticallynormal
distribution). Their methodtakessamplesuntil all theesti-
matesachieve a requiredstandarderror to provide the cor-
rectconfidenceinterval on eachvalueundertheassumption
that theestimatesarenormally distributedandtheestimate
of the varianceis equalto the true variance. They do not
give boundson the numberof samplesneededto obtaina
near-optimal actionwith the requiredconfidence.We refer
the readerto Charnes& Shenoy(1999)for a shortdescrip-
tion andreferenceson othersimilar Monte Carlo methods
for IDs.

Bielza, Müller, & Insua(1999) presenta methodbased
on Markov-Chain Monte Carlo (MCMC) for solving IDs.
Although their primary motivation is to handlecontinuous
action spaces,their methodalso appliesto discreteaction
spaces.Becauseof the typical complicationsin analyzing
MCMC methods,they donotprovideboundsonthenumber
of samplesneeded. Instead,they usea heuristicstopping
rulewhichdoesnotguaranteetheselectionof anear-optimal
action. OtherMCMC-basedmethodshave beenproposed
(SeeBielza,Müller, & Insua(1999)for moreinformation).

Empirical results
We tried the different methodson a simple made-upID.
Givenspacerestrictionswe only describeit briefly (SeeOr-
tiz (2000)for details).Figure4 givesagraphicalrepresenta-
tion of theID for thecomputermouseproblem. Theideais
to selectanoptimalstrategy of whetherto buy a new mouse
( \Ï� ¥ ), upgrade the operatingsystem( \Ï� ¨ ), or take
no action ( \��éö ). Theobservation is whetherthe mouse
pointeris working( �ª� � �ª¥ ) or not ( �ª� � � ° ). Thevari-
ablesof the problemarethe statusof the operatingsystem
(
��D

), the statusof the driver ( × ), the statusof the mouse
hardware( �
	 ), andthestatusof themousepointer( �ª� ),
all at thecurrentandfuturetime(subscriptedby � and� P ¥ ).
Thevariablesareall binary.

The probabilisticmodel encodesthe following informa-
tion aboutthesystem.Themouseis old andsomewhatun-
reliable. The operatingsystemis reliable. It is very likely
that the mousepointerwill not work if eitherthe driver or
the mousehardwarehasfailed. Table 1 shows the utility
function � � �ª� ��® �m� \ � andthevaluesof theactionsandob-
servations � � � \ � computedusingan exact method. From
Table 1 we concludethat the optimal strategy is: buy a
new mouse( \Ò� ¥ ) if the mousepointer is not working
( �ª� � � ° ); takeno action( \3�­ö ) if themousepointeris
working( �ª� � ��¥ ). This strategy hasvalue26.50.

Table 2 presentsour resultson the effectivenessof the
samplingmethodsfor this problem. We set our final de-
sired accuracy for the outputstrategy to �>��� ÷

andcon-
fidencelevel  d�O� °�	 ° ÷

. This leadsto the individual ac-
curacy ¨ �Î� ¨ 	 ÷ and confidencelevel   � °F	 ° ¨ ÷ for
eachsubproblem.We executedthe sequentialmethodand
thecomparison-basedmethod100 times. Thecomparison-

� � � �� � � �� � � �� � � �� � � �� � � �� � � �� � � �� � � �
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Figure4: Graphicalrepresentationof the ID for the com-
putermouseproblem.

� �
�ª� ��® � �ª� �\ 0 1 0 1

1 0 40 18.20 6.60
2 5 45 7.54 7.39
3 10 50 10.57 8.30

Table 1: This table presentsthe utility function and the
(exact) valueof actionsandobservationsfor the computer
mouseproblem.

basedmethodproducesmajor reductionsin the numberof
samples.Whenwe observe themousepointernot working,
The comparison-basedmethodalwaysselectsthe optimal
actionof buyinganew mouse.Whenweobserve themouse
pointerworking,Thecomparison-basedmethodfailedto se-
lect theoptimalactionof takingnoaction4 timesout of the
100. In thosecases,it selectedthe next-to-optimal action
of upgradingthe operatingsystem( \Ê� ¨ ). This action
is within our accuracy requirementssincethe differencein
valuewith respectto theoptimalactionis 0.91.

Thecomparison-basedmethodis highly effective in cases
wherethereis a clearoptimal actionto take. For instance,
in thecomputermouseproblem,buying a new mousewhen
weobservethemousenotworkingis clearlythebestoption.
Thedifferencesin valuebetweentheoptimalactionandthe
restarenotaslargeaswhenweobservethemouseworking.

In this problem, the results for the sequentialmethod
shouldnot fully discourageusfrom its use,becausethevari-
ancesarestill relatively large. We have seenmajor reduc-
tionsin problemswherethevarianceis significantlysmaller
thanthesquareof therangeof thevariablewhosemeanwe
areestimating.

Summary and Conclusion
The methodspresentedin this paperare an alternative to
exact methods. While the running time of exact methods
dependson aspectsof the structuraldecompositionof the



Method\ �ª� � Traditional Sequential Comp-based
1 0 2403 3802(188) 335(151)
2 0 3007 2266(142) 115(37)
3 0 3679 2426(129) 118(39)
1 1 2213 2508(178) 521(216)
2 1 2794 2969(201) 695(421)
3 1 3443 3468(202) 1361(560)

Total 17539 17438(434) 3145(809)

Table2: Numberof samplestakenby thedifferentmethods
for eachactionandobservation. For thesequentialandthe
comparison-basedmethods,the table displaysthe average
numberof samplesover 100runs.Thevaluesin parenthesis
arethesamplestandarddeviations.

ID, therunningtime of themethodspresentedin this paper
dependsprimarily on therangeof theweightfunctions,the
varianceof the valueestimatorsandthe amountof separa-
tion betweenthevalueof thebestactionandthatof therest
(in additionto thenaturaldependency on thenumberof ac-
tion choices,andtheprecisionandconfidenceparameters).
In somecases,we canknow in advancewhetherthey will
befasteror not. Themethodspresentedin this papercanbe
a usefulalternative in thosecaseswhereexact methodsare
intractable.How usefuldependson theparticularcharacter-
isticsof theproblem.

Samplingis a promisingtool for action selection. Our
empiricalresultson a small ID suggestthatsamplingmeth-
ods for actionselectionaremoreeffective when they take
advantageof the intuition thatactionselectionis primarily
a comparisontask. We look forwardto experimentingwith
IDs largeenoughthatsamplingmethodsaretheonly poten-
tially efficient alternative. Also, our work leadsto thestudy
of adaptive samplingasa way to improve theeffectiveness
of samplingmethods(Ortiz & Kaelbling,2000).
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