Sampling Methodsfor Action Selectionin Influence Diagrams

Luis E. Ortiz
ComputerScienceDepartment
Brown University
Box 1910
Providence Rl 02912USA

leo@cs.brown.edu

Abstract

Samplinghasbecomean importantstratgy for inferencein
belief networks. It can also be appliedto the problem of
selectingactionsin influencediagrams. In this paper we
presentmethodswith probabilisticguaranteesf selectinga
nearoptimal action. We establishboundson the numberof
samplegequiredfor the traditionalmethodof estimatingthe
utilities of the actions,then go on to extend the traditional
methodbasedn ideasfrom sequentiahnalysisgeneratinga
methodrequiringfewer samplesFinally, we exploit the intu-
ition thatequallygoodvalueestimatedor eachactionarenot
required,to develop a heuristicmethodthat achiezes major
reductionsin requiredsamplesize. The heuristicmethodis
validatedempirically.

Intr oduction

The problemof decision-makingnvolvesthe selectionof

anoptimal strategy. A stratgy determinesow we should
actbasedn obsenationsor availableinformationaboutthe
variablesof the systemrelevant to the decisionproblem.
Posedn theframeawvork of decisiontheory anoptimal strat-
egy is onethatmaximizesour utility . The utility definesour
notion of valueassociateavith the executionof actionsand
the statesf the system.The stategesultfrom thecombina-
tion of the stateof theindividual variablesin the system.In

the caseof decision-makingunderuncertainty we are un-
certainaboutboth the stateof the systemand the result of

the actionswe take. We expressthis uncertaintyas proba-
bilities. Thereforejn this contet anoptimal strategy is one
thatmaximize®ur expectedutility .

In this paperour maininterestis in decisionproblemsun-
der uncertaintyformulatedas influencediagrams(ID). An
influencediagramis agraphicalmodelthatprovidesacom-
pactrepresentatiof (1) the probability distribution gov-
erningthestates(?2) thestructuralstrately modelrepresent-
ing how we makedecisionsand(3) a utility modeldefining
our notion of value associatedvith actionsand states.We
studythe problemof selectingan optimal stratey in anin-
fluencediagram concentratingpn the casein which thereis
only onedecisionto be made. This is becauseve cande-
composehe problemof multiple decisionsinto mary sub-
problemsinvolving singledecisiongi.e., by usingthetech-
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niguepresentedby Charnes Shenoy1999)). We notethat
we canapply methodsdevelopedto solve IDs of this kind
to obtain methodsto solwe finite-horizon Markov decision
processeéMDPs)andpartially obsenableMarkov decision
processe$POMDPs)expressedas dynamic Bayesiannet-
works (DBNS) (i.e., by modifying the techniquepresented
by KearnsMansour & Ng (1999)).

The problem of stratgy selection involves the sub-
problemof selectinganoptimalaction, from thesetof action
choicesavailablefor thatdecision,for eat possibleobser
vation available at the time of makingthe decision. There-
fore, we wantto selectthe action that maximizesthe ex-
pectedutility for eachobseration. One way to do action
selectionis to compute exactly or approximatelythe prob-
abilities of the sub-state®f the systemdirectly relevantto
our utility in orderto evaluatethe expectedutility or value
of eachaction. A sub-statés formedfrom thestateof asub-
setof variablesn thesystem.We believe this approacHails
to takeadwantageof animportantintuition: it only matters
which actionis best. Thereforethe problemof actionselec-
tion is primarily oneof comparingthe valuesof the actions.
We combinethiswith theintuition thatactionsthatareclose
to optimal are also good. In this paper we presentmeth-
odsfor actionselectionin IDs that takeadwantageof these
intuitionsto makemajorgainsin efficiengy.

Notation

Before we presentthe definition of the ID model, we in-
troducesomenotationusedthroughoutthe paper We de-
noteone-dimensionalandonmvariablesby capitallettersand
denotemulti-dimensionalrandom variablesby bold capi-
tal letters. For instance,we denotea multi-dimensional
randomvariable by X and denoteall its componentdy
(X1,...,X,)whereX; is thei!" one-dimensionalandom
variable.We usesmalllettersto denoteassignment$o ran-
dom variables. For instance,X = x meansthatfor each
componentX; of X, X; = z;. We alsodenoteby capi-
tal lettersthe nodesin a graph. We denoteby Pa(Y) the
parentnf nodeY in adirectedgraph.

We now introducenotationthatwill becomeausefulduring
the descriptionof the methodspresentedn this paper For
ary functionh with variablesX and Z, theexpression

h(Xa Z)|Z:z



standsfor a function f’ over variablesX thatresultsfrom
settimgthe valuesof Z in h with assignment while letting
thevaluesfor X remainunassignedin otherwords,

[(X)=hnX,2)|,_, =h(X,Z==z).

The notationZ = (S, S’) meansthat the variable Z is
formedby all thevariableghatform S andS’. Thatis, Z =
(Zvs--o Zn) = (S15--0 S0y S1.--2,8),) = (S,87),
wheren’ = n; + ny. Notethatwe areassuminghatthe set
of variablesforming S andthoseforming S’ are disjoint.
ThenotationZ ~ f meansthatthe randomvariable Z is
distributedaccordingto probability distribution f. We de-
noteasequencef samplesrom Z by z(), 2(2) . where
z() isthei*" sample.In this paperwe assumehatthe sam-
plesareindependent

Definitions

An influencediagram(ID) is agraphicaimodelfor decision-
making (SeeJensen(1996) for additionalinformation and
references)lt consistof adirectedagyclic graphalongwith
astructuralstratgyy model,a probabilisticmodelanda util-
ity model. The graphrepresentshe decompositiorusedto
compactlydefinethe differentmodels. Figure 1 shovs an
exampleof ageneralgraphicalrepresentationf anID. The
verticesof thegraphconsistof threetypesof nodes:decision
nodes,chancenodesandutility nodes. Decisionnodesare
squareandrepresenthe decisionsor action choicesin the
decisionproblem. Chancenodesare circularandrepresent
thevariablesof the systenrelevantto thedecisionproblem.
Utility nodesarediamondsandrepresenthe utility associ-
atedwith actionsandstates A stateis anassignmento the
variablesassociateavith the chancenodesof theD.

Structural strategy model The structuralstratey model
definedocally theform of a decisionrule for eachdecision
node A;. Thisruleis a function of (a subsetof) the infor-
mationavailableat thetime of makingthatdecision,which
is containedn its parentsPa(A;) in thegraph,thedecision
nodeghatarepredecessosf decisionnode 4; in thegraph
andtheirrespectie parentsTheexamplelD of Figurel has
only onedecisionnode. Denotea strategy for our example
modelby 7, the statespaceor setof possibleassignments
for the parentsof the actionnodeby Qp,4) andthe setof
possibleactions(24. Then,apolicy 7 : Qp,a) — Qa.

Probability model The probability modelcompactlyde-
finesthe joint probability distribution of the relevant vari-
ablesgiventheactionstakenusinga Bayesiametwork(BN)
(See Jensen(1996) for additional information and refer
ences). The model defineslocally a conditional probabil-
ity distribution P(X; | Pa(X;)) for eachvariable X; given
its parentsPa(X;) in thegraph. This definesthe following
joint probability distribution over the n. variablesof the sys-
tem, giventhata particularactiona is taken:

P(Xla--- :X'n, ‘ A= a) = H?:1 P(X, | Pa(Xi))|A:a'

Figurel: Generalkstructureof ID we consider

In ourexamplelD, X = (S, S’, O) and,sincethereis only
onedecisionnode,we canexpressP(X | A = a) as

P(X|A=a) = P(5,8,0|A=na)
P(S)P(S"| S,0,A=a)P(O]S),
where
P(S) = II;% P(Si | Pa(Sy)), 1)
P(§'18,0,A=a) = [[Z2 P(S;|Pa(S))l,4_, @)
PO|S) = I[;Z, P(0i|Pa(0:). (3)
Utility model Finally, the utility modeldefinesthe utility

associatedvith actionsresultingfrom the decisionsmade
and statesof the variablesin the system. The total utility
function U is the sumof local utility functionsassociated
with eachutility node. For eachutility nodeU;, the utility
function providesa utility valueasa function of its parents
Pa(U;) in thegraph.Thetotal utility canbe expresseds

U(X, A) =300, Ui(Pa(Uy)). (4)

Note that we are usingthe label of the utility nodeto also
denotethe utility functionassociatedvith it.

In this paperwe assumehat the variablesandthe deci-
sionsarediscreteandthelocal utilities arebounded.In ad-
dition, we concentraten IDs with onedecisiomodeandthe
generaktructureshavnin Figurel. Theresultsin this paper
arestill valid for moregeneralktructuraldecompositionsf
the probability distribution. We usethe structuregiven by
the ID in thefigureto simplify the presentation.Also, the
resultsallow randomutility functions.



Value of a strategy Thevalue V™ of a strategy = is the
expectedutility of the strateyy:

VT = S P(X|A=n(0)U(X,A=r(0))

= Y o02s2s P(S, 5,0 | A=n(0))
U(S,S8,0| A=r(0)).

The optimal stratgy 7* is thatwhich maximizesV'™ over
all =. We denotethevalueof the optimal stratgy by V*.

Notethatwe candecomposghis maximizationinto max-
imizationsover the setof actionsfor eachobsenation. For
eachassignmento the obsenationso, we definethe value
of anactiona by

Vo(a) = Y5 Ys P(S.5'.0=0] A=)
U(S,S,0=o0|A=aqa). (5)

Hence,the value of a stratgly is V™ = 3, Vo (7(0)).
Note that this is not the traditional definition of the value
of anaction.We discusselov why we do not usethetradi-
tional definition.

If we denoteby «* = 7*(0) the actionthat maximizes
Vo(a) overall actionsa, thenthe valueof the optimalstrat-
eyisV* =5 g Vo(r*(0)) = >, max, Vo (a). Hence,
the problemof stratgy selectionreducego that of action
selectionfor eachobsenation.

Exact methodsexist for computingthe optimal strategy
in anID (SeeCharnest Shenoy(1999)andJenser(1996)
for shortdescriptionsand a list of references). However,
this problemis hardin general. In this paper we concen-
trate on obtaining approximationgo the optimal strategy
with certainguaranteeOur objectiveis to find policiesthat
are closeto optimal with high probability. Thatis, for a
given accurag parametek™ and confidenceparameter™,
we wantto obtaina stratgy 7 suchthatV* — V7 < ¢* with
probabilityatleastl —é*. Notethatgiventhedecomposition
describedabove, if we obtainactionsfor eachobsenration
suchthattheirvalueis suficientlycloseto optimalwith sufi-
ciently high probability, thenwe obtaina nearoptimal strat-
egy with highprobability. Thatis, let/ bethenumberof pos-
sible assignmentso the obsenations. If for eachobsenra-
tion o we selectactiona suchthatV, (a*) —V,(a) < 2e with
probabilityatleastl — §, wheree = ¢*/(2l) andé = §*/I,
then we obtain a stratgy that is within ¢* of the optimal
with probability atleast1 — §*. Thereforewe concentrate
onfinding a goodactionfor eachobsenration.

Typically the value of an actionis definedasthe condi-
tional expectedutility of the actiongivenan assignmenof
theobsenations.If we denotehisvalueby V' (a | 0), wecan
expressthevalueof apolicy asvV™ = ", P(O)V (7(O) |
0O). We do not usethis definition becauset is harderto
obtain estimatedor V(a | o) with guaranteeaonfidence
boundsthanit is to obtainestimatesor V, (a).

Multiple Comparisonswith the Best: Results

There are two important results from the field of multi-
ple comparisonsand in particularfrom the field of multi-
ple comparisonswith the bestthat we take advantageof
in this paper Theseresultsare basedon the work of Hsu

(1981) (SeeHsu (1996) for more information). Before we
presentheresultswe introducethe following notation: de-
note z* = max(x,0) and —z~ = min(0,z). The first
resultis known asHsu'’s single-boundemma which is pre-
sentedasLemmal by Matejcik & Nelson(1995).
Lemmal Let puny < pe) < --- < e bethe (un-
known)ordered performanceparametersof k£ systemsand
let ji(1), fi(2), - - -  fi(r) D@ ANy EStimatorsof the parameters.
If

Prijug) = figy — (b — ) > —w,i=1,..., k—1}
=1- a, (6)
then
Pr{u;, —max;; u; € [—(ft; —max;-; flj —w)
(fr; — maxj, fi; + w)*], foralli} >1—a. (7)
If wereplacethe= in (6) with >, then(7) still holds.
In our contet, we let for eachaction a, the true value
e = Vo(a) andthe estimateji, = V,(a). Also, the ith
smallestiruevaluecorrespondso ;). Thatis, if Vo (a1) <
Vo(az) < -+ < Vo(ag), thenfor all 4, puy = Vo(ay).
Note that in practice,we do not know which action has
the largest value. In order to apply Hsu’s single-bound
lemma,we obtainthe bound Pr{f; — ft; — (p; — i) >
—w, foralli # j} > 1 — «, for eachaction j, individu-
ally. This impliesthat Pr{ji) — iy — () — 1)) >
—w,i = 1,...,k — 1} > 1 — «, which allow usto ap-
ply the lemma. Figure 2 graphicallydescribeghis practi-
cal interpretationof the lemma. For eachactioni, individ-
ually, the upperboundson the true differencesdravn on
the left-handside, V, (i) — Vo(j) < Vo(i) — Vo(j) + w,
for eachj # i, hold simultaneouslyith probability atleast
1 — a. The confidencentervals, dravn on the right-hand

side, Vo (i) — max; 4 Vo(j) € [~ (Vo(i) — max;j; Vo(j) —
w) ™, (Vo(i) —max;z; Vo(4) +w)T], for eachactioni, hold
simultaneouslyvith probabilityatleastl — «.

The secondresultallows usto assesgoint confidencen-
tervals on the differencebetweenthe value of eachaction
from the valueof the bestactionwhenwe have estimateof
the differencesbetweenvalue of eachpair of actionswith
differentdegreesof accurag. Theresultis known asHsu’s
multiple-boundemma It is presenteéisLemma2 by Mate-
jcik & Nelson(1995),andcreditedto Chang& Hsu(1992).
Lemma2 Letu) < pp) < -+ < ) bethe(unknown)
ordered performanceparametersof k£ systems.Let 7;; be
a point estimatorof the parametery,; — ;. If for ead ¢
individually

PriTi; — (pi — py) > —wyy,forall j #i} =1 —«, (8)
thenwe canmakethe joint probability statement

Pr{p; —max;z puj € [D;, D], foralli} > 1—a, (9)
wheee Dj = (minjﬂ[Tij +wij])+, g = {l : Dl+ > 0},
and

D — { 0 if G = {i}

i 7(Hlil’lj6g,j7gi[7Tji — wji})* otherwise

If wereplacethe= in (8) with >, then(9) still holds.
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Figure2: Graphicaldescriptionfor practicalapplicationof
Hsu’'ssingle-boundemma.Notethatthe“lowerbounds’on
theleft-handsideare—cc.

Figure 3 presentsa graphical descriptionof this lemma.
Let, for all actionsi, D; and D;", be asdefinedin Hsu’s
multiple-boundlemma,with u; = V,(¢) andfor all j # 1,
Ti; = Vo(i) — Vo(j). For eachactioni, individually, the
upperboundsonthetruedifferencesdravn ontheleft-hand
side,V, (1) —Vo (j) < T;;+w;j, foreachj # 4, holdsimulta-
neouslywith probabilityatleastl — «. Theconfidencenter-
vals,dravn ontheright-handside,V, (i) — max;»; Vo (j) €
[D;”, D;], for eachactioni, hold simultaneouslyvith prob-
ability atleastl — «. Also, in thisexample,G = {1,2}. In
our context, G is the setof all the actionsthat could poten-
tially bethebestwith probabilityatleastl — «. Thatis, for
eachactiona in G, theupperboundD; onthedifferenceof
thetruevalueof actiona andthebestof all theotheractions,
includingthosein G, is positive.

Estimation-basedmethods

Oneapproacho selectingthe bestactionis to obtainesti-
matesof 1, (a) for eacha by samplingusingthe probability
modelof thelD conditionedona, thenselecttheactionwith
thelargestestimatedralue.

We can apply the idea of importance sampling (See
Geweke (1989) and the referencegherein)to this estima-
tion problemby usingthe probabilitydistributiondefinedby
the ID astheimportancefunctionor samplingdistribution.
This is essentiallythe sameideaaslikelihood-weidtingin
the context of probabilisticinferencein Bayesianmetworks
(Shachte® Peot,1989;Fung& Chang,1989). We present
this methodin the context of our examplelD.

First, we presentdefinitionsthat will allow usto rewrite
Vo (a) moreclearly First,let Z = (S, S’). Definethetarget

Upper bounds on: /Vo(l)- Vo(3)
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Figure 3: Graphicaldescriptionof Hsu’s multiple-bound
lemma. Note that the “lower bounds”on the left-handside
are—oo.

function(in our casetheweightedutilities)
ga,O(Z) = ga,O(Sa S/)
= P(S)P(S'|S,0=0,A=aq)-
P(O=0|8)U(S,58,0=0,A=na).
Note that Vo (a) = >4 ga,0(Z).
functionas
fa0(Z)=P(S)P(S"| S,0 =0,A=a). (10)
Define the weightfunctionwe o(Z) = ga,0(Z)/ fa,0(Z).
Notethatin this case,
Wao(Z)=P(O =0]8)U(S,58,0 =0,A=a). (11)

Finally, notethatV,, (a) = 3", fa,0(Z)(9a,0(Z)/ fa,0(Z)).
Theideaof thesamplingmethodslescribedn thissectionis
to obtainindependensamplesaccordingto f, ,, usethose
sampledo estimatethe value of the actions,andfinally se-
lect an approximatelyoptimal action by taking the action
with largestvalue estimate.Denotethe weightof a sample

20 fromZ ~ foo aswc(;‘}, = w,.0(2z"). Thenanunbiased
estimateof V, (a) is V,(a) = 71— S0o° Wi,

a,o

Define the importance

Traditional Method

We can obtain an estimateof V,,(a) using the straightfor
ward methodpresentedn Algorithm 1; it requiresparame-
ters N, o thatwill bedefinedin Theoremi.

This is the traditional sampling-basednethodusedfor
action selection. However, we are unavare of ary result
regardingthe numberof samplesneededto obtaina near
optimalstratgy with high probability usingthis method.



Algorithm 1 TraditionalMethod

Algorithm 2 SequentiaMethod

1. Obtainindependensamplesz(?), ... z(Nae) from
Z ~ fa,o-
2. ComputdheweightSw,(i,),, e ,wflf\c[,“"’).

3. OutputV, (a) = averageof theweights.

Theorem 1 If for ead possibleactioni = 1,... , k, wees-
timateV, (i) usingthe traditional method the weightfunc-
tion satisfied; , < w; o(Z) < u; 0, andthe estimateuses

o (ui,o B li,o)2 k
Nio = { 5¢2 In 5

samplesthenthe actionwith the largestvalueestimatehas
a true valuethatis within 2¢ of the optimal with probability
atleastl — 9.

Proof sketch. The proof goesin threebasicsteps. First,
we apply Hoefding bounds(Hoeffding, 1963) to obtaina
boundontheprobabilitythateachestimatedeviatesfrom its
true meanby someamounte. Then,we apply the Bonfer
roni inequality (Union bound)to obtainjoint boundson the
probability that the differenceof eachestimatefrom all the
othersdeviatesfrom the true differenceby 2¢. Finally, we
applyHsu’s singleboundlemmato obtainour result.

Note that we can computel; , andu; , efficiently from
informationlocal to eachnodein the graph. Assumingthat
we have non-ngative utilities, we canlet

tio = [II}2 maxpao,) P(O; | Pa(0)))lo_,]
o [S7s maxpay) Ui (PaUi)lo 4] - (12)

I = [ " minpa(o,) P(O; |Pa(0j))|ozo]

) j=
o [ minpaw;) U3 (U)o ga-y] - (13)
However, theseboundscanbevery loose.

SequentialMethod

Thesequentiamethodtriesto reducethenumberof samples
neededy thetraditionalmethod,usingideasfrom sequen-
tial analysis. The ideais to first obtainan estimateof the
varianceandthenuseit to computethe numberof samples
neededo estimatethe mean.The method,presentedn Al-
gorithm 2, requiresparametersV, , and N/ thatwill be
definedin Theoren2. ’ ’

Note that given the sequentiahatureof the method,the
total numberof sampleds now arandomvariable.We also
notethatwhile multi-stageprocedure®f this kind arecom-
monly usedin the statisticalliterature, we are only aware
of resultsbasedon restrictingassumption®n the distribu-
tion of the randomvariables(i.e., parametricfamilies like
normaland binomial distributions) (Bechhofey Santner &
Goldsman,1995).

Theorem 2 If, for eat possibleactioni = 1,...,k, we
estimaté/, (¢) usingthesequentiamethodtheweightfunc-

1. Obtainindependensamplesz(), ..., 2(2Na.0) from
Z ~ fa,o-

2. Computdheweightsw&ﬁ,, . ,w((fcj,vé"").
3.Forj=1,... ,Néyo, lety; = (w((lfgfl) — w((fg))Q/Z.
4. Computes; , = averageof y;'s.

5.Let Noo = 2N, , + N/ (62 ).

6. ObtainN//, (52 ,) new independensamples

2(Nwot D) 2WNeo) from Z ~ foo.
7. Computethe nen Weight&u(fc]:v“’c’ﬂ), e ’w(%a,a)

8. OutputV, (a) = averageof the new weights.

tion satisfied; o < w; o(Z) < uj 0, 02, = Varw; o(Z)],

1,0
N-/ _ ’7(’&1',0 - li,o)4/3 %—‘

292/3¢4/3 n K}

and

N/ (62,) = KZ&%oJrZ(uao

: li70)6/3+
€

1/3 (ULO - li,0)4/3 2k
2 / —64/3 hl F s

then the action with the largestvalue estimatehas a true
valuethatis within 2¢ of the optimalwith probability at least
1—4. Also,

711'0 €/3
Ni o)e/3

2

(2020 + 2(ui0
€

5 (ui,o - li,o)4/3> 2k

m 54/3 11’17—‘-1

U?o (UL o — lL 0)4/3 k
= O(In&x( 62 ,T h’lg s

with probability at least1 — §/(2k), and
E[Ni,o] = 2N1{,o + Ni,/,/o(o'?,o)

U?o (uio_lio)4/3 k
= 0O <H1&X <€—2, T h’lg .

Proof sketch. The only differencefrom the proof of The-
orem1 is thefirst step. Insteadof usingHoeffding bounds
to boundthe probability that eachestimatedeviatesfrom
its true mean,we usea combinationof Bernsteins inequal-
ity (aspresentedy Devroye, Gyorfi, & Lugosi(1996)and
creditedto Bernstein(1946)) and Hoeffding boundsasfol-
lows. We first usethe Hoeflding boundto boundthe prob-
ability that the estimateof the varianceafter taking some
numberof sample2N’ deviatesfrom the true varianceby
someamounte’. We then use Bernsteins inequality to
boundtheprobabilitythattheestimateve obtainaftertaking
somenumberof samplesV” deviatesfrom its true meanby




e giventhatthe true varianceis no larger thanour estimate
of thevariancepluse’. We thenfind thevalueof ¢’ (in terms
of €) thatminimizesthetotal numberof samplesV” +2N'.
Theresultson the numberof sampledollow by substituting
the minimizing ¢’ backinto the expressiongor N” and N”.
Steps2 and3 areasin Theoreml.

The sequentiamethodis particularlymoreeffective than
thetraditionalmethodwheno? , < (ui o — lio)*.

Comparison-basedMethod

Usingtheresultsfrom MCB, we cancomputesimultaneous
or joint confidenceintervals on the differencebetweenthe
valueof V, (a) andthe bestof all theothersfor all actionsa.
Therefore MCB allows usto selectthebestactionchoiceor
anactionwith valuecloseto it, within a confidencdevel.

In the previous sectionwe presentednethodghatrequire
that we have estimateswith the sameprecisionin orderto
selecta goodaction. Hsu’s multiple-boundlemmaapplies
whenwe do nothave estimatesf V, (a) for eacha with the
sameprecision.Basedonthis result,we proposahe method
presentedn Algorithm 3 for actionselection.

Algorithm 3 Comparison-basellethod

1. Obtainaninitial numberof sampledor eachactiona.
2. ComputeMCB confidencentervalson the difference
in valueof eachactionfrom the bestof the otheractions
usingthosesamples.
while notableto selecta goodactionwith high certainty
do

3(a). Obtainadditional samples

3(b). RecomputeMCB confidencentervals usingtotal

samplesofar.

We computethe MCB confidencentervals heuristically
To do this, we approximatethe precisionsthat satisfy the
conditionsrequiredby Hsu’s multiple-boundemma(Equa-
tion 8) using Hoeffding bounds(Hoeffding, 1963). Using
this approach,for eachpair of actionsi and j, and val-
uesl;j o andu;j o suchthatl;; » < w; o(Z) < w;;,, and
lijo < Wwj.o(Z) < u;jo0, Weapproximatev;; as

1 1 1 k—1
wij = (Wij,0 — lij,o)\/§ (N- + N ) In 5 (14)
i,0 j,o

whereN; , is thenumberof sampledakenfor action: thus
far. Wethenusetheseapproximaterecisionsaandthevalue-
differenceestimatego computethe MCB confidencdnter-
vals(asspecifiedby Equation9). Therearealternatve ways
of heuristicallyapproximatinghe precisiongbut, in this pa-
per, we usethe oneabove for simplicity.

Oncewe computethe intervals, the stoppingconditionis
asfollows. If atleastoneof thelower boundsof the MCB
confidencentervalsis greaterthan —2¢, thenwe stop and
selectthe action that attainsthis lower bound. Otherwise,
we continuetakingadditionalsamples.

We definethevalueof initial numberof samplesn ourex-
perimentsas40. Whentakingadditionalsampleswe usea
samplingscheduléhatis someavhatselectve in thatit takes

moresamplesrom morepromisingactionsassuggestedy
the MCB confidenceintervals. We find the action whose
correspondingCB confidencenterval hasanupperbound
greaterthano (i.e.,from thesetG asdefinedin Hsu’'s multi-

ple boundiemma)andwhoselower boundis thelargest.We
take 40 additionalsampledrom this actionand10 from all

the others. We understandhat thesesamplesizesare very
arbitrary Potentially othersettingof thesesamplesizescan
be moreeffective but we did nottry to optimizethemfor our
experiments.Algorithm 4 presentsa detaileddescriptionof

theinstanceof the methodwe usedin the experiments.

Algorithm 4 Algorithmic descriptionof the instanceof the
comparison-basehethodusedin the experiments.

for eachobsenationo do

[+ 1

for eachactioni = 1,... ,k do
Computeu; o, andl; , using equationsl2 and 13,
respectrely.

Dy« —00; N{) « 40; Ny o « 0; Vo (i) < 0.
for eachpair of actions(z, j), ¢ # j do
Uij,o — MAX(Uj 0, Uj o); lij o +— max(l; 0.l 0).
while thereis no actioni suchthat D, > —2¢ do
for eachaction: do
Obtain N samplesz(Neo 1) | z(Neo V(D)
from Z ~7f,-,70, asin equation10.
Computeweightswg“”’l), ..
) _
Vo(i) — (NioVoli) + 55307 wi ™))/ (Nio+
NQ).
Ni,o — Ni,o + N,(lo)
for eachpairof actiohs(i,,j), i # jdo
Tij — Vo(i) = Vo(i): Tji — —Ti;.
Computew;; usingequationl4; w;; «— w;;.
for eachaction: do
ComputeD;", G, and D;” using Hsu's multiple-
boundlemma.
for eachaction: do

(Ni,o"’Ni(YL()))

4,0

if D;” == maxjeg D; then Ni(fjl) — 40
eIseNI./(fjl) — 10.
l—1+1.

(o) « argmax; D; .

Although this methodmay seemwell-grounded,we are
not corvincedthat the boundshold rigorously The preci-
sionsarecorrectif the sampleobtainedsofar for eachac-
tion areindependentHowever, this might not be the case,
sincethe numberof samplesgatheredon eachround de-
pendson a propertyof the previous setof sampleqthatis,
that the lower-boundconditiondid not hold). It is not yet
clearto uswhetherthe fact thatthe numberof samplede-
pendson the valuesof the samplesmpliesthatthe samples
mustbe considerediependent.



RelatedWork

Charnes& Shenoy(1999) presenta Monte Carlo method
similar to our “traditional method. One differenceis that
they usea heuristicstoppingrule basecn anormalapprox-
imation (i.e., the estimateshave an asymptoticallynormal
distribution). Their methodtakessampleauntil all the esti-
matesachie/e a requiredstandarderrorto provide the cor
rectconfidencenterval on eachvalueunderthe assumption
thatthe estimatesare normally distributedandthe estimate
of the varianceis equalto the true variance. They do not
give boundson the numberof samplesneededo obtaina
nearoptimal actionwith the requiredconfidence.We refer
thereaderto Charnest Shenoy(1999)for a shortdescrip-
tion andreferencesn other similar Monte Carlo methods
for IDs.

Bielza, Miller, & Insua(1999) presenta methodbased
on Markaov-Chain Monte Carlo (MCMC) for solving IDs.
Although their primary motivationis to handlecontinuous
action spacestheir methodalso appliesto discreteaction
spaces.Becauseof the typical complicationsin analyzing
MCMC methodsthey do notprovide boundsonthenumber
of samplesneeded. Instead,they usea heuristic stopping
rulewhichdoesnotguarante¢heselectiorof anearoptimal
action. Other MCMC-basedmethodshave beenproposed
(SeeBielza,Miller, & Insua(1999)for moreinformation).

Empirical results

We tried the different methodson a simple made-uplID.
Givenspacerestrictionswe only describeit briefly (SeeOr-
tiz (2000)for details).Figure4 givesagraphicalkepresenta-
tion of theID for the computemouseproblem Theideais
to selectanoptimal stratgy of whetherto buy a new mouse
(A = 1), upgradethe operatingsystem(A = 2), or take
no action (A = 3). Theobsenationis whetherthe mouse
pointeris working (M P, = 1) or not (M P, = 0). Thevari-
ablesof the problemarethe statusof the operatingsystem
(OS), the statusof the driver (D), the statusof the mouse
hardwarg M H), andthe statusof themousepointer(M P),
all atthe currentandfuturetime (subscriptedy ¢ andz + 1).
Thevariablesareall binary.

The probabilisticmodel encodeghe following informa-
tion aboutthe system.The mouseis old andsomeavhatun-
reliable. The operatingsystemis reliable. It is very likely
that the mousepointerwill notwork if eitherthe driver or
the mousehardwarehasfailed. Table 1 shows the utility
functionU (M P;+,, A) andthevaluesof theactionsandob-
senationsVp (A) computedusingan exact method. From
Table 1 we concludethat the optimal stratey is: buy a
nev mouse(A = 1) if the mousepointeris not working
(M P, = 0); takeno action(A = 3) if the mousepointeris
working (M P, = 1). This stratgly hasvalue26.50.

Table 2 presentsour resultson the effectivenessof the
samplingmethodsfor this problem. We setour final de-
sired accurag for the outputstratgy to ¢* = 5 andcon-
fidencelevel §* = 0.05. This leadsto the individual ac-
curay 2¢ = 2.5 and confidencelevel 6 = 0.025 for
eachsubproblem.We executedthe sequentiaimethodand
the comparison-basenhethod100times. The comparison-

Figure4: Graphicalrepresentatiorf the ID for the com-
putermouseproblem.

U 1%
MP,1 MP;
A[0[1] O T
1] 0 |40 18.20| 6.60
2| 5|45| 754 | 7.39
3| 10| 50| 10.57| 8.30

Table 1: This table presentsthe utility function and the
(exact) value of actionsand obsenationsfor the computer
mouseproblem.

basedmethodproducesmajor reductionsin the numberof
samplesWhenwe obsenre the mousepointernot working,
The comparison-basethethodalways selectsthe optimal
actionof buying anew mouse.Whenwe obsene themouse
pointerworking, Thecomparison-basetethodfailedto se-
lectthe optimalactionof takingno action4 timesout of the
100. In thosecasesijt selectedthe next-to-optimal action
of upgradingthe operatingsystem(A = 2). This action
is within our accurag requirementsincethe differencein
valuewith respecto the optimalactionis 0.91.

Thecomparison-basedethodis highly effectivein cases
wherethereis a clearoptimal actionto take. For instance,
in the computemouseproblem,buying a new mousewhen
we obsene themousenotworkingis clearlythebestoption.
The differencesn valuebetweernthe optimalactionandthe
restarenotaslargeaswhenwe obsene themouseworking.

In this problem, the resultsfor the sequentialmethod
shouldnotfully discourageisfrom its use because¢hevari-
ancesare still relatively large. We have seenmajor reduc-
tionsin problemswherethevariances significantlysmaller
thanthe squareof therangeof the variablewhosemeanwe
areestimating.

Summary and Conclusion

The methodspresentedn this paperare an alternatve to
exact methods. While the running time of exact methods
dependson aspectof the structuraldecompositiorof the



Method

A | MP, | Traditional| Sequential | Comp-base
1 0 2403 3802(188) 335(151)
2 0 3007 2266(142) 115(37)
3 0 3679 2426(129) 118(39)
1 1 2213 2508(178) 521(216)
2 1 2794 2969(201) 695(421)
3 1 3443 3468(202) | 1361(560)

Total 17539 17438(434) | 3145(809)

Table2: Numberof samplegakenby thedifferentmethods
for eachactionandobsenation. For the sequentiabndthe
comparison-basethethods,the table displaysthe average
numberof samplever 100runs. Thevaluesin parenthesis
arethe samplestandardieviations.

ID, therunningtime of the methodspresentedn this paper
dependgprimarily on the rangeof the weightfunctions,the
varianceof the value estimatorsandthe amountof separa-
tion betweenthevalueof the bestactionandthatof therest
(in additionto the naturaldependenc on the numberof ac-
tion choices,andthe precisionand confidencegparameters).
In somecaseswe canknow in advancewhetherthey will
befasteror not. Themethodspresentedh this papercanbe
a usefulalternatve in thosecasesvhereexact methodsare
intractable How usefuldepend®n the particularcharacter
istics of the problem.

Samplingis a promisingtool for action selection. Our
empiricalresultson asmallID suggesthatsamplingmeth-
odsfor action selectionare more effective whenthey take
adwantageof the intuition that action selectionis primarily
a comparisortask. We look forwardto experimentingwith
IDs large enoughthat samplingmethodsarethe only poten-
tially efficientalternative. Also, ourwork leadsto the study
of adaptve samplingasa way to improve the effectiveness
of samplingmethodgqOrtiz & Kaelbling,2000).
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