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Fluidic	devices	are	everywhere	in	
engineering,	medicine,	our	daily	life,…		

Combustion	Engine	 Microfluidic	Device

Medical	Device …Hydraulic	Pump Heat	Sink Propeller



Geometry	Modelling CFD	Simulation Evaluation

Conventional	fluidic	device	design	
relies	on	human	expertise



Computational	Design	with	Differentiable	Simulation
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Challenges	in	Geometry	Representation
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Accurate	Simulation	at	Solid-Fluid	Interface	

Requires	Flexible	Boundary	Condition
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Slip model	frictionless	boundaryNo-Slip model	frictional	surface

Requires	knowledge	of	local	surface	normal	n

Needed	for	simulating	narrow	channels	under	limited	resolution



Prior	Works
Arbitrary Topology Accurate Boundary Flexible Boundary Condition


(slip boundary?)

Topology	optimization	of	fluids	in	Stokes	flow	[Borrvall	et	al.	03]		

Functional	optimization	of	fluidic	devices	with	differentiable	stokes	flow	[Du	et	al.	20]
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Contribution
Anisotropic	Mixture	Model	for	Continuous	&	Unified	Material	Representation

Arbitrary	Topology

Sharp	Interface

Flexible	Boundary	Modeling

Anisotropic	Mixture	Model

Anisotropy

Fluidity

Solid

No-Slip Slip

Fluid	(Stokes	FLow)



Method	Outline
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θ1
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θ3

Anisotropic	Mixture	Model	

Parameterizaiton Discretization

∫ → ∑
Optimization

Goal:	A	continuous	material	model	that	models	solid,	fluid	and	boundary	conditions



Energy	Minimization	Formulation	of	Stokes	Flow

Ω ⊂ Rd	 v
∫Ω

μ∥∇v∥2dx

μ Dynamic	viscosity λ Incompressibility v velocity

min
v ∫Ω

λ(∇ ⋅ v)2dx+

SolidFluid No-Slip Slip
? ? ?

Ω 	Domain d dimension
No	external	forces Stokes	flow



min
v

			perfectly	incompressible	Stokes	flowλ → ∞

viscous shear stressincompressibility

∫Ω
μ∥∇v∥2dx∫Ω

λ(∇ ⋅ v)2dx +

SolidFluid No-Slip Slip
? ? ?

Energy	Minimization	Formulation	of	Stokes	Flow

Fluid	Phase



Solid	as	"impermeable	fluid"

min
v ∫Ω

kf∥v∥2dx+

viscous shear stressincompressibility friction

	λ → ∞, kf = 0

	 			solid	as	impermeable	fluid	(v=0)	kf → ∞

∫Ω
λ(∇ ⋅ v)2dx + ∫Ω

μ∥∇v∥2dx

SolidFluid No-Slip Slip
? ?

Modeling	Solid	Phase

Fluid	Phase

Solid	Phase



min
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Matrix	Form	Parameterization
Modeling	Solid	Phase

Kf ∈ Sd
+

	λ → ∞, Km = I, Kf = 0

Fluid	Phase

		Kf = ∞ ⋅ I

Solid	Phase



min
v ∫Ω

∥K
1
2
f v∥2dx+

	λ → ∞, Km = I, Kf = 0

Fluid	Phase

		Kf = ∞ ⋅ I

Solid	Phase

No-Slip	( )v = 0

		Kf = ∞ ⋅ I

Slip	( )v ⊥ n

?

∫Ω
λ(∇ ⋅ v)2dx + ∫Ω

μ∥∇vK
1
2
m∥2dx

No-Slip	shares	parametrization	with	Solid
Modeling	No-Slip	Boundary	Condition

SolidFluid No-Slip Slip
?



Anisotropic	Modeling	of	Slip

min
v ∫Ω

∥K
1
2
f v∥2dx+∫Ω

λ(∇ ⋅ v)2dx + ∫Ω
μ∥∇vK

1
2
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Km = I − nnT

Kf = kf nnT, kf → ∞
λ = 0

(Sec	4.2	for	derivation)

Tangential	direction:		Stokes	flow	

Normal	Direction:	Impermeable	flow	(solid)


Anisotropic	Behavior	
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Unified	Material	Model	for	All	Phases
Over	Parameterization	of	Direct	Representation
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Isotropic Anisotropic

Reparameterization	Intuition
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Low	Dimension	Parameterization

Fluid	Phase Solid	Phase No-Slip	( )v = 0 Slip	( )v ⊥ n
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Fluidity
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n (α)/ / /  
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+ λ, kf ∈ ℝ+ n ∈ ℝd

Direct	Parameterization	(d=3)

12 2 3

interpolation	functions		

(Sec	5.1)



Parameter	Visualization	as	Ellipses
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Continuous	Representation	

Uniform	intermediate	material Topology	evolves	
Initialized Optimized Optimized Geometry

Differentiability	in	Phase	Transitions
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Method	Outline
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Anisotropic	Mixture	Model	

Parameterizaiton Discretization

∫ → ∑
Optimization

Goal:	Develop	a	physical	model	that	jointly	models	solid,	fluid	and	boundary



Discretization
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Anisotropic	Mixture	Model	

Parameterizaiton Discretization

∫ → ∑
Optimization



Discretization	Schemes

Eulerian	gridDomain

	at	grid	nodesvValues

( )		at	cellsρ, ϵ, αParameter

Gaussian	quadratureSubcell



Discretization:	Energy

min
v ∫Ω
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f v∥2dx+∫Ω

λ(∇ ⋅ v)2dx + ∫Ω
μ∥∇vK
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Discretization	via	variational	form

min
v

vTKv − bTv

Quadratic	energy	form	(Sec	5.2)

s.t.			Cv = 0

=
K

C

CT

0

v

q( )() b
0()

KKT

Se
ns
iti
vi
ty
	A
na
ly
si
s



Optimization
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Optimization	Pipeline
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Optimization	Pipeline
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Optimizer

Lr

Optimization

	 			min
θ

Lf + kLr subject	to
V ≤ Vfrac

θ ∈ [θmin, θmax]

Compliance,	Direction	and	Anisotropic	Regularizer

θc = (ρc, ϵc, αc), ∀Ωc ∈ Ω

	 ,			ρ = Vfrac ϵ = 1

	Functional	ObjectiveLf

θ

Initialization

Method	of	Moving	Asymptotes	(MMA)



Applications



Tree	Diffuser	

Goal
 Generate	a	fluidic	diffuser	that	transports	
fluids	from	one	inlet	into	16	outlets,	
bypassing	a	small	obstacle		

Resolution
 80x80x80

Volume	
Fraction
 0.25



Final	Design Cross	Section	Visualization

Tree	Diffuser	



Fluid	Circuit

Goal
 Connect	inlets	(two	faces)	with	varying	
velocities	to	produce	equal	flows	at	the	
outlets	(four	faces).

Resolution
 80x80x80

Volume	
Fraction
 0.25,	0.3
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Fluid	Circuit

Optimization	Iteration	Visualization



Fluid	Circuit

Final	Design Cross	Section	Visualization



Fluid	Circuit

velocity
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Fluid	Twister

Goal
 Generate	a	twisting	flow	in	the	yz-plane	at	
the	outlet	of	the	domain	from	a	circular-
shaped	constant	inlet	with	inflow	velocity

Resolution
 100x100x100

Volume	
Fraction
 0.3







liyifei@csail.mit.edupeople.csail.mit.edu/liyifei/topostokes/

Anisotropic	Mixture	Model

	Extension	to	Navier-Stokes	flow


	Scalability	via	Iterative,	Multi-Resolution	solvers


Built-In	Manufacturability

Future	Works
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