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OPTIMAL TESTING OF MULTIVARIATE POLYNOMIALS OVER
SMALL PRIME FIELDS*

ELAD HARAMATYT, AMIR SHPILKA*, AND MADHU SUDANS$

Abstract. We consider the problem of testing whether a given function f : Fg' — Fq is close to
an n-variate degree d polynomial over the finite field Fq of g elements. The natural, low-query test for
this property would be to first pick the smallest dimension t = t, g ~ d/q such that every function
of degree greater than d reveals this aspect on some t-dimensional affine subspace of Fy. Then,
one would test that f when restricted to a random t-dimensional affine subspace is a polynomial of
degree at most d on this subspace. Such a test makes only ¢! queries, independent of n. Previous
works, by Alon et al. [IEEE Trans. Inform. Theory, 51 (2005), pp. 4032-4039], Kaufman and Ron
[SIAM J. Comput., 36 (2006), pp. 779-802], and Jutla et al. [Proceedings of the 45th Annual IEEE
Symposium on Foundations of Computer Science, 2004, pp. 423-432], showed that this natural test
rejected functions that were (1)-far from degree d-polynomials with probability at least Q(g~%).
(The initial work [IEEE Trans. Inform. Theory, 51 (2005), pp. 4032-4039] considered only the case
of ¢ = 2, while the work [Proceedings of the 45th Annual IEEE Symposium on Foundations of
Computer Science, 2004, pp. 423-432] considered only the case of prime g. The results in [STAM J.
Comput., 36 (2006), pp. 779-802] hold for all fields.) Thus to get a constant probability of detecting
functions that are at a constant distance from the space of degree d polynomials, the tests made ¢2*
queries. Kaufman and Ron also noted that when ¢ is prime, then ¢! queries are necessary. Thus
these tests were off by at least a quadratic factor from known lower bounds. Bhattacharyya et al.
[Proceedings of the 51st Annual IEEE Symposium on Foundations of Computer Science, 2010, pp.
488-497] gave an optimal analysis of this test for the case of the binary field and showed that the
natural test actually rejects functions that were Q(1)-far from degree d-polynomials with probability
Q(1). In this work we extend this result for all fields showing that the natural test does indeed reject
functions that are Q(1)-far from degree d polynomials with €(1)-probability, where the constants
depend only on ¢ the field size. Thus our analysis shows that this test is optimal (matches known
lower bounds) when ¢ is prime. The main technical ingredient in our work is a tight analysis of the
number of “hyperplanes” (affine subspaces of co-dimension 1) on which the restriction of a degree
d polynomial has degree less than d. We show that the number of such hyperplanes is at most
O(qte-4)—which is tight to within constant factors.
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1. Introduction. Testing low-degree polynomials is one of the most basic prob-
lems in property testing. It is the prototypical problem in “algebraic property testing”
and has seen many applications in probabilistic checking of proofs. In this work we
focus on this basic problem and give optimal (to within large constant factors) results
for the setting of degree d multivariate polynomials over fields of constant prime size.
This setting has been considered before in [AKKT05, KR06, JPRZ04, BKST10], but
their results were off by a “quadratic factor.” We remove this gap here and in the
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process introduce some algebraic results about restrictions of low-degree polynomials
to affine subspaces that may be of independent interest.

To describe our work and the previous work more precisely we start with some
basic notation. For integer ¢, we let [t] denote the set {1,...,t}. We let F, denote
the finite field of cardinality g. We consider the task of testing functions mapping Fy
to Fy. Let P(n,d,q) denote the set of all n-variate polynomial functions over F, of
total degree at most d. We let §(f,g) = Pr,[f(z) # g(z)] denote the distance between
J and g, where the probability is over = chosen uniformly at random from Fy. Let
0a(f) = mingepn,a,9{0(f,9)} denote the distance of f from the space of degree d
polynomials. We say f is d-far from g if 6(f,g) > 0 and d-close otherwise. We say
f is d-far from the set of degree d polynomials if d4(f) > 6. The goal of low-degree
testing is to design a test to distinguish the case where d4(f) is zero from the case
where it is large.

A k-query tester (for P(n,d,q)) is a probabilistic algorithm T" = T'(n,d,q) that
makes at most k = k(d, q) queries to an oracle for the function f : Fy — F, and
accepts f € P(n,d,q) with probability one. It has d-soundness e if it rejects every
function f with 64(f) > ¢ with probability at least e. We say T is absolutely sound if
for every ¢ and 6 > 0 there exists ¢ > 0 such that for every d and n, T = T'(n,d, q)
has d-soundness e.

With the above definitions in place, we can now describe previous works. (We
note that the testing problem was studied actively for large fields and small degrees
starting with [RS96] and in the PCP literature, but we will not describe such works
here.) The setting where the degree of the polynomial is larger than the field size
was first studied by Alon et al. [AKK™05], who considered the setting of ¢ = 2. They
described a basic test that made O(2%) queries.! Their analysis showed that this test
has d-soundness (627%). Thus to get an absolutely sound test, they iterated this
test O(24) times, getting a query complexity of O(4%). They showed that no test with
0(2%) queries could test this family, thus giving a bound that was off by a quadratic
factor.

The setting of general g was considered by Kaufman and Ron [KR06] and indepen-
dently (for the case of prime ¢) by Jutla et al. [JPRZ04]. They (in particular [KR06])
showed that there exists an integer ¢t = ¢, 4 ~ d/q (we will be more precise with this
later) such that the natural test for low degreeness makes Q(q?) queries. They also
showed that ¢’ is a lower bound on the number of queries if ¢ is prime. Finally they
analyzed this O(q') query test, showing that the d-soundness of this test is Q(dg~?),
again leading to an absolutely sound test with query complexity O(g*) which is off by
a quadratic factor. The proof techniques of [AKK™05] and [KR06, JPRZ04] were sim-
ilar, and indeed the subsequent generalization of Kaufman and Sudan [KS08] shows
how these results fall in the very general framework of “affine-invariant” property
testing, where again all known tests are off by (at least) a quadratic factor.

Bhattacharyya et al. [BKST10] raised the question of getting “optimal tests” for
P(n,d,q). Again they restricted their attention to the case of ¢ = 2 and came up with
a new proof technique that allowed them to prove that the original O(29)-query test
of [AKK™05] is absolutely sound. This also gave the first example of a linear-invariant
property with tight bounds on query complexity.

The proof of [BKS™10] was significantly more algebraic than those of [AKK ™05,

IThroughout this paper we think of ¢ as a constant, and so dependence on ¢ may sometimes
be suppressed. Dependence on d is crucial, and complexity depending on n will be too large to be
interesting.
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KRO06, JPRZ04]. (Indeed the work of [KS08] confirms that the central ingredient in
the proofs in [AKK ™05, KR06, JPRZ04] is the same and relies on very little algebra.)
However, the proof of [BKS'10] seemed very carefully tailored to the case of Fy and
extensions faced several obvious obstacles. In this work we manage to overcome these
obstacles and show that the O(q")-query tester of [KRO06] is also absolutely sound
(though as it turns out, the constant grows extremely fast as a function of ¢). En
route to proving this we obtain several new results on the behavior of polynomials
when restricted to lower dimensional affine spaces, which may be of independent
interest. Below we explain our main theorem and some of the algebraic ingredients
that we obtain along the way.

1.1. Our main results. To state the test of [AKK 05, KR06] and our theorem
we need a few more definitions. For an affine subspace A in Fy, let dim(A) denote
its dimension. For function f : Fy — F, and affine subspace A, let f la:A—F,
denote the restriction of f to A. For a function f, we let deg(f) denote its degree as a
polynomial. We use the fact that f|4 can be viewed as a dim(A)-variate polynomial
with deg(f|a) < deg(f). A special subclass of tests for P(n,d, q) would simply pick
an affine subspace A of F}' and verify that deg(f[a) < d. We introduce the concept
below of the testing dimension which attempts to explore the minimal dimension for
which such a test has positive soundness.

DEFINITION 1.1 (testing dimension). For prime power q and monnegative d,
the testing dimension of polynomials of degree d over F, is the smallest integer t
satisfying the following: For every positive integer n and every function f :Fy — Fy
with deg(f) > d, there exists an affine subspace A of dimension at most t such that
deg(fla) > d. We use tq,q to denote the testing dimension.

This notion was studied in [KRO06], where the following fact was proved. As it
also follows easily from our results we give the proof in section 4.3.

PROPOSITION 1.2. The testing dimension tqq = (q‘i‘;}p}.

The test proposed by [KRO06] is the following:

t-dimensional (degree d) test. Given oracle access to f : Fl — [, pick a random
affine subspace A with dim(A) = ¢ and accept if deg(f|a) < d.

Kaufman and Ron [KRO06] show that the t, 4-dimensional test, which has query
complexity g’ and accepts f € P(n,d,q) with probability one, has d-soundness
roughly Q(dq~t+4). We show that the test is absolutely sound (and in fact instead
of losing a ¢~ '«¢ factor we even gain it for small §). Specifically, if we let pq(f,t)
denote the probability that the ¢-dimensional test rejects a function f, then we show
the following theorem.

THEOREM 1.3. For every prime power q, there exist constants €1,€2 > 0 such
that for every d and n and every function f : ¥y — Fy, it is the case that pa(f,ta,q) >
min{e1¢'445(f), e2}. In other words, the t, q4-dimensional test rejects f with probabil-
ity min{e1q'+46(f), e}, where ty 4 is the testing dimension for degree d polynomials
over .

Our analysis follows the approach of Bhattacharyya et al. [BKS*10], who de-
rive their analysis by first studying the behavior of functions that are not degree d
polynomials when restricted to affine subspaces of co-dimension one. Following their
terminology we use the phrase hyperplane to refer to subspaces of Fy of co-dimension
one (i.e., dimension n — 1), and we let H(g,n) denote the set of all hyperplanes in Fy.
We highlight two key quantities of interest to this approach. The first of these asks
how often a degree d polynomial can drop in degree when restricted to hyperplanes.
Formally, we have the following definition.
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DEFINITION 1.4. For prime power q and nonnegative integer d, let N = Ny(q, d)
be the mazimum over all n and let all functions f € P(n,d,q) of the number of
hyperplanes Ay, ..., An be such that deg(f|a,) < deg(f). In other words,

No(q,d) = o plhax {A € H(n, ¢)| deg(f|a) < deg(f)}-

A priori it may not be clear that Ny(d, ¢) is even bounded (i.e., is independent of
n), but an easy argument from [BKS*10] shows this quantity is at most ¢¢. For our
purposes we need a much tighter bound of roughly g'«¢, and our first main technical
theorem (of two) shows that this is indeed the case.

THEOREM 1.5. For every q,d, No(d,q) < q'«etl. In other words, if f €
P(n,d,q), then [{A € H(g,n)|deg(f[a) < deg(f)}| < No(d, q) < g'a*!.

We note that No(d,q) > gte¢=L. Indeed, let d = t(q— 1)+b, where b < ¢— 1, and

_a4q _a
define f = Hle x? vt H;;Hl x? P One can verify that f is a degree d polynomial,

and on any hyperplane supported only on the first t > ¢, ¢ — 1 variables, the degree
of f decreases when restricted to that hyperplane.

The above theorem gives a tight analysis (up to constant factors depending on the
field size) of the number of hyperplanes where a degree d polynomial drops in degree.
However, for the analysis of the low-degree test, we need a similar theorem that talks
about general functions. Extracting the correct quantity of interest (one that can
be analyzed and is useful) turns out to be somewhat subtle. Rather than looking at
general functions, or even functions that are far from polynomials, we look only at
the restrictions of functions to hyperplanes and ask “When does pairwise consistency
imply global consistency.”

DEFINITION 1.6. For prime power q and nonnegative integer d, let N = N1(q,d)
be the largest integer such that the following holds: There exist n, N hyperplanes
Ai,..., Ay € H(n,q), and N polynomials Py,...,Py € P(n,d,q) such that the fol-
lowing hold:

Pairwise consistency. For every i,j € [N] it is the case that P;|a,na; = Pjlana,-

Global inconsistency. For every Q € P(n,d,q), there exists i € [N] such that
4, # Bila,.

Note that viewed contrapositively, the definition of Ny says that if some arbitrary
function f looks like a degree d polynomial on Ni(gq,d) + 1 hyperplanes, then its
restriction to the union of these hyperplanes (which is typically an overwhelmingly
large set) is a polynomial of degree d, and hence f is close to a polynomial of degree d.
Our second main technical theorem shows that Ny is not much larger (in a technical
sense) than Ny(q, d).

THEOREM 1.7. For every q, there exists a constant Ay such that for every d,
Ni(q,d) < gtedta. In other words, if Ay,...,Ax € H(n,q) and Py,...,Px €
P(n,d,q) are such that P;|a,na; = Pjla,na, for everyi,j € [K] and K > qltodtra,
then there exists Q € P(n,d,q) such that Q|a, = P;|a, for every i € [K].

In section 2, we show how the technical theorems above (Theorems 1.5 and 1.7)
lead to an analysis of the low-degree test.

Q

1.2. Comparison to [BKS"10]. While our proof outline does follow the same
one as that of [BKST10] the technical elements are much more complex, and we point
out the similarities and differences here. Both proofs work by induction on the number
of variables. Key to this induction is an ability to understand how functions (that are
not polynomials and are even far from them) behave on restrictions to hyperplanes.
Once such an understanding is obtained, the proofs are immediate given the work of
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[BKST10]—and we simply mimic their proofs. (We note that much of the novelty
of [BKS'10] is in this part, but given their work there is no novelty in ours in this
part.) Their proof roughly shows that for = log, N1(g,d) the t-dimensional test is
absolutely sound. To make this useful, one needs two more ingredients: (1) a good
upper bound on N1(g,d) and (2) a (possibly weak) relationship between the soundness
of a t-dimensional test and the soundness of the (¢ — 1)-dimensional test (so that one
can eventually analyze the t, 4-dimensional test).

In [BKS™10] both of these elements turn out to be simple (once one has the right
insights). Ni(g,d) is at most ¢@ (by a simple linear algebra argument). And a t-
dimensional test can be related to a ¢t — 1 also by similar linear algebra arguments for
the case ¢ = 2. In our case it turns out both ingredients are nontrivial.

For (2) we prove (see Lemmas 4.6 and 4.7) that a (¢ — 1)-dimensional test (as long
ast—1 > t, 4) has d-soundness at least 1/¢ times the é-soundness of the t-dimensional
test. Even this step (though simple in comparison to the other part) is not immediate
and requires a more algebraic view of restrictions than in previous works.

For (1), our task turns out to be much harder. We consider the simpler case
of bounding Ny(d, q) first, and this ends up using several algebraic features of affine
transformations and restrictions to hyperplanes (see Lemmas 4.3 and 4.8). This still
leaves the question of bounding N;(d, q), for which we build an inductive proof, where
each inductive step uses the bound on Ny(d, ¢). The most problematic part, however,
turns out to be the base case, where we need to show that the abundance of hy-
perplanes leads to a cover of most of Fj by ¢ “near-parallel” hyperplanes. For this
part we resort to the “density Hales—Jewett theorem” [FK91, Pol09], which says (for
our purposes) that for every ¢ and every € > 0 there is a ¢ = ¢4 such that € - ¢°
hyperplanes in ¢ dimensions will contain ¢ “near-parallel” ones. (Unfortunately this
leads to a horrendous bound on ¢, ¢, but fortunately e is independent of n and d, and
so this suffices for Theorem 1.3.)

2. Overview of our proof. Here we give an overview of our proof and lead the
reader through the technical parts of the paper. We start by listing ingredients in
order of increasing “complexity” that we prove (each of which we argue is necessary)
and then describe how these are put together to get our final analysis. All the novel
technical ingredients talk about the behavior of some function f when restricted to
hyperplanes.

Step 0. We start by considering an m-variate function f which is not a degree d
polynomial and ask Does there exist a single hyperplane on which f is not a degree
d polynomial? Obviously existence of such a hyperplane is a necessary condition for
any (t < m)-dimensional test to work. By definition this question has an affirmative
answer if m > t, 4, the testing dimension. The testing dimension was already analyzed
by Kaufman and Ron [KRO06], but we end up reproving this result, since we need
stronger versions of this analysis (as we describe next). Proposition 1.2 captures this
step. Its proof relies on Lemma 4.6, which is a central ingredient in our next step.

Step 1. Next we consider the same function f as above, but now ask Is the
fraction of hyperplanes on which f has degree greater than d a constant (independent
of d)? Such a statement is necessary to show that the ¢~™-soundness of the (m — 1)-
dimensional test is an absolute constant (independent of d): the function f is ¢~ ™-far
from degree d polynomials, and so the fraction of (m —1)-dimensional affine subspaces
on which f is not of degree d better be a constant. Such a strong analysis is not implied
by our theorem statement, but it is essential to the proof approach of [BKS™10]. We
give an affirmative answer to this question. Proving this turns out to be nontrivial
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and does not follow from either [KR06] or [BKS*10]. Indeed our proof is new even
for the case of ¢ = 2.

We manage to give a relatively clean proof of this statement by interpreting
restrictions to hyperplanes algebraically. Since this style of analysis is central also to
the next step, we give the essential details here (though formalizing some steps ends
up requiring more work). For simplicity, assume we are restricting f to a hyperplane
of the form z1 = >, y;x; + yo. The restriction of the function f to this hyperplane
is now given by the function fy, . . vo(Z2,. . Zm) = F(O s Yi%i + Yo, T2y - - -, Tm),
which can be viewed as a polynomial in zo, ..., z,, whose coefficients themselves are
polynomials in ya,...,Ym, Y. By the previous paragraph, it (roughly) follows that
there exists a setting of y2,...,¥m,yo such that fy, . ., . is not a polynomial of
degree d. In turn this implies that there is a monomial of degree greater than d in
Ta, ..., Ty, whose coefficient is a nonzero function of ys, ..., ym,yo.- The key now is to
notice that this coefficient is a polynomial in ys, . . ., Ym, yo of degree at most ¢—1 and
so is nonzero with probability at least 1/q when ya, ..., ym, yo are assigned randomly.

This step is performed in section 4.3. The heart of the proof is given by Lemma 4.6,
which formalizes the above argument and extends it to general hyperplanes (which
may not have support on x1). An important ingredient of the general proof is that
instead of trying to understand the function f we apply an invertible linear trans-
formation to the space F;' and consider the function fo A. It is clearly enough to
understand the restrictions of this function. The point is that we can pick A in such
a way that fo A contains a canonical monomial which is a monomial of a very special
form (see Definition 4.1). Intuitively, a canonical monomial has its degree “squeezed”
to a few variables. The notion of canonical monomials did not appear in [KR06], and
it makes our proofs considerably simpler. Roughly, having a canonical monomial in a
polynomial enables us to focus almost entirely on this monomial instead of the whole
polynomial. Furthermore, when restricting our attention to canonical monomials, the
algebraic approach, hinted at in the previous paragraph, becomes transparent and
easy to use. For that reason canonical monomials will play an important role in all
our proofs. Proving the existence of a transformation A such that f o A has a canon-
ical monomial is done in Lemma 4.3. Basically, the proof shows that a canonical
monomial for f can be found by taking the maximal monomial, in the graded lexi-
cographical order, among all monomials in {f o B}, when we run over all invertible
linear transformations B. We discuss canonical monomials in section 4.1.

Step 2. We then move to the third in the series of questions. If previously we
asked whether there exists a hyperplane, or even a noticeable fraction of hyperplanes
where f has degree greater than d, we now ask Do an overwhelming number of hy-
perplanes reveal that f has degree greater than d? We analyze this question when f is
a polynomial of degree d 4 1, thus leading to an analysis of Ny(g,d) (or No(q,d + 1)
to be precise). We show that the number of hyperplanes on which f has degree d is
O(qt+4). So if the number of variables m is really large compared to ¢, d, then the
fraction of hyperplanes where f drops in degree is tiny.

This bound again views the restriction of f to hyperplanes of the form x; =
Zﬁz YiT; + yo as a polynomial in x2,..., T, and ya,...,Ym,yo. We then perform
an elementary, though somewhat nonobvious, algebraic analysis of this polynomial to
show that there are few hyperplanes where f loses degree. Roughly, we show that
when working with an appropriate basis for the space (i.e., when applying the linear
transformation that guarantees the existence of a canonical monomial, found in the
previous step) it is the case that for every fixing of yo, . .., y;, where t = log, No(q, d) =~
tq,d, there is at most one setting of y¢41,...,ym such that the degree of f decreases
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on the corresponding hyperplane. Canonical monomials again play a crucial role in
the proof.

This step is captured by Theorem 1.5, which is proved in section 4.4. Lemma 4.8
is the main step in which we give the analysis for hyperplanes of the form z; =
2212 y:T; + yo that is described above.

Step 3. This leads to the final step (which unfortunately ends up getting proved in
two substeps), where we consider general functions that are Q(q~*e¢)-far from degree
d polynomials and show that even in this case (which subsumes the case of degree
d+ 1 polynomials), the number of hyperplanes on which f drops in degree is bounded
by O(g'+4), thus giving a bound on Ny(q, d).

This part itself is proved by induction on the number of variables (with the base
case being the hardest step; we will get to that later). And the inductive claim is
somewhat different: instead of talking about functions that are far from polynomials
(in some loose sense), we explicitly ignore a known small subset of the domain and
argue f is a polynomial on the rest. Specifically, we assert that if a function f is a
degree d polynomial on a large, K > Ni(q,d), number of hyperplanes Aq,..., Ak,
then there is a degree d polynomial () that agrees with f on the union of Ay, ..., Ak.
Since the union has large volume, it follows that f is close to some degree d polynomial
(specifically Q).

The inductive claim is relatively easy when the number of variables is very large.
In that case if we consider the restriction of f to some generic hyperplane A, then all
the intersections A; N A are distinct, and we can use the inductive claim to assert that
flan,a,) is a degree d polynomial Q. Since this holds with overwhelmingly high
probability over A, we can claim the same holds also for the ¢ — 1 parallel shifts of
A, and since these cover F"', we can claim (by interpolation) that f|u, 4, is a degree
d + g polynomial Q). Now, if K > Ny(q,d + ¢q), then this allows us to use the bound
from the previous step (the low-degree polynomial @) cannot drop in degree too often)
to claim that @) must be a degree d polynomial. This is the argument behind the
induction step in the proof of Theorem 1.7, which is given in section 4.5.

All this works fine when the number of variables is large. As the number of
variables gets smaller, some things break down. AN A; starts coinciding with AN A;
for some pairs, etc., but careful counting (Claim 4.12) makes sure we do not lose too
much in this as long as the number of variables is sufficiently larger (by an additive
constant) than log, K (the number of given hyperplanes). This becomes our “base
case,” and we resort to a different argument at this stage.

In the base case, we have that a constant fraction of all hyperplanes are “good”;
i.e., f restricted to these form a degree d polynomial. It seems intuitive that at
this stage f ought to be a degree d polynomial on the union of these (huge) number
of hyperplanes, yet there seems to be no obvious way to conclude this intuitive fact.
Furthermore, the density of hyperplanes is so high that restricting our attention to any
lower dimensional hyperplane would not maintain the number of hyperplanes on the
restriction (namely, for every hyperplane A there are i, j € [K] such that ANA; collides
with AN A;). However, we now use the density in our favor by finding ¢ hyperplanes,
say Ai,...,Aq, that have the same intersection. In other words, A;NA; = A;NAy for
every triple of distinct 4, j, k € [¢]. To show that ¢ such hyperplanes exist we use the
“density Hales—Jewett theorem” [FK91, Pol09]—a somewhat heavy hammer with a
high associated cost (see Theorem 3.4). The high cost is that the base case dimension
has to be lower bounded by a very large constant, albeit a constant—specifically it is
some sort of Ackerman function of some polynomial in ¢ (in the improved proof of the
density Hales—Jewett theorem [Pol09]). Nevertheless it does imply that if log N1 (g, d)
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{1 =0}

AN {xl = 0}
We think of the horizontal line {x1 = a} as a description of the corresponding hy-
perplane. The diagonal lines correspond to the different A;’s. The intersection of
all A;’s, depicted by the black circle, is an affine subspace of co-dimension 1 inside
{z1 = 0}. Focusing on the subspace {z1 = 2}, we have the ¢ different intersections
A; N {z1 = 2}, captured by the circles. Furthermore, all those subspaces are parallel
to each other and cover all of {x1 = 2} (which is not evident from the picture).

Fic. 1. Near-parallel hyperplanes.

is sufficiently large as a function of ¢ (a constant we label A, ), then this allows us to
conclude that ¢ such “near-parallel” hyperplanes exist. Now, with a linear change of
basis, we can assume that the A; N A; is contained in the hyperplane z; = 0, and that
none of the hyperplanes Aj, ..., A, is equal to the hyperplane ; = 0. The crux of the
idea is that now, on all the ¢ — 1 hyperplanes, 1 = «, a € F, — {0}, the hyperplanes
Ay n{z1 = a},...,4; N {x1 = a} are parallel. The situation is perhaps better
explained by Figure 1 (for the case ¢ = 5). This allows us to prove (using arguments
similar to the inductive step) that f on these hyperplanes is a degree d polynomial,
and roughly tells us what Q@ mod (247" — 1) is (where Q is the desired polynomial
of degree d that agrees with f on the union U;c|x)A;). Pushing our luck further, we
note that if log N1(¢, d) = t+ Ay 6, then we can find ¢ independent variables z1, ..., x
such that we know the polynomial ) mod Hle(x;kl —1). Ift > d/(¢ — 1), this
should tell us exactly what @ is, and with some careful examination we confirm this
intuition, and show that this polynomial @) agrees with f on every one of the given
hyperplanes, thus concluding the analysis in the base case. The base case is given in
Lemma 4.11.

Putting things together. Once we have the upper bound on Ni(g,d) (tight to
within constant factors that depend only on ¢), it is straightforward to mimic the
work of [BKS*10] to derive an analysis of the (roughly) log, Ni(q, d)-dimensional
test, which shows that this test is absolutely sound. We then use the fact from Step
2 (for every m > t, q an m-dimensional nondegree d polynomial f is of degree greater
than d on at least a 1/q fraction of the hyperplanes) to conclude that the soundness
of the (m — 1)-dimensional test is at least a 1/q¢ fraction of the soundness of the m-
dimensional test, as long as m > t4 4. After a constant number of such steps, we end
up with a soundness analysis of the ¢, q-dimensional test also!

Organization of this paper. Section 3 contains some notation and basic facts re-
garding polynomials. We discuss the density Hales—Jewett theorem in section 3.2.
The main body of the paper is section 4. The section is organized as follows. In
section 4.1 we give the definition of canonical monomials and show how to “rotate”
the space in order to find one (Lemma 4.3). Section 4.2 shows the basic and simple
fact that the rejection probability of the ¢-dimensional test is monotone in ¢, and in
section 4.3 we prove that although the rejection probability is monotone, it does not
decrease too fast when we go from ¢ to ¢ — 1 (Lemma 4.6). We then give the proofs
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of our two main technical contributions. Theorem 1.5, in which we bound Ny(g, d), is
proved in section 4.4, and Theorem 1.7 is proved in section 4.5. Section 4.6 contains
a strengthening of Theorem 1.7 (given as Theorem 4.16) that is proved in a relatively
direct manner from Theorem 1.7. Finally, we analyze the ¢, q-dimensional test in
section b, giving a proof of Theorem 1.3, our main theorem.

3. Preliminaries. Throughout the paper ¢ = p” is a power of a prime number

p and [y is the field of characteristic p with ¢ elements. We denote by =, equality
modulo p. Recall that for every 0 # « € F, it holds that %1 = 1. For an integer ¢
we denote [t] = {1,...,t}.

Recall that H(g,n) is the set of hyperplanes in Fy. Similarly, we denote Aff(q,n)
the set of affine linear functions in Fy'. We will often use the fact that every hyperplane
is the set of zeros of an affine linear function. We will also use the term flat to denote
an affine subspace (of dimension possibly lower than n—1). When L = >""" | ayz;+ap
is a linear function, we call ag the free term of L.

Let d,e € N be integers and denote by d = Y, d;p* and e = Y, e;p’ their base p
expansion. Namely, for all 1 0 < d;, e; < p. We denote d < e if d is not larger than e
as integers and d <, e if for every ¢ it holds that d; < e;. We recall Lucas’s theorem.

THEOREM 3.1 (Lucas’s theorem). In the notation above, (3) =, 1, (§), where
(Z:) =0 Zf@i < d;.

In particular, (2) #, 0if and only if d <), e. It follows that for e < ¢ the expansion
of (y + 2)¢ in IF; has the form

(3.1) (y+2)° = Z (Z) ye—dd,

d<pe

We will represent functions f : Fy' — [, as n-variate polynomials, with individual
degrees at most ¢ — 1. Whenever we have a polynomial that has a variable of degree
larger than ¢ — 1 we will use the identity 9 — x =, 0 to reduce its degree.

3.1. The distance between polynomials. A basic fact that is required for un-
derstanding the testing dimension for polynomials of degree d is the minimal distance
between any two such polynomials. It is well known (cf. [DKO00]) that if d = r(¢—1)+s,
where 0 < s < ¢ — 1, then the relative minimal distance is (¢ — s)¢~"~!. However, for
completeness we provide an easy proof of a slightly weaker claim that still suffices for
our needs.

LEMMA 3.2. Let ¢ = p*, where p is a prime number. Let f # g € Fylz1, ..., 2]
be two distinct polynomials of degree at most d and individual degrees at most g — 1.
Then 5(f,g) > q~ /a1,

Proof. By linearity it is enough to lower bound the distance of a nonzero f from
the zero polynomial. In other words, we have to bound from below the number of
nonzeros of f. We do so by induction on n. When n = 1, since f has degree at most
d < g, it has at most d zeros and therefore 6(f,0) > (¢ —d)/q=1—d/q > q~¥(a=D,
where the last inequality follows from Claim 3.3 proved below. For the induction step,
we express f as a polynomial in x,:

<
|
—

F@roee ) = 3008 - ge(@r, oo nmy).

o
Il
o

Let emax be the degree of f as a polynomial in z,. As deg(ge,..) < d — €max,
the induction hypothesis implies that the number of nonzeros of g.,., is at least
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g (d=ema)/(a=1) . gn=1 " For any such nonzero (ai,...,an_1) € Fp~! we get that
flay,...,an—1,2,) is a nonzero polynomial in x,, of degree ey.x and therefore has at
least ¢ — emax nonzeros. Consequently,

5(f,0) > (g — emax) - qi(diemax)/(qil) : qnil/qn = (1 — emax/q) - qi(diemax)/(qil)
2(*) q*emax/(lfl) . q*(dfemax)/(fkl) — q*d/(llfl)7

where inequality (x) follows from Claim 3.3. O

CramM 3.3. For any 0 <z < q—1 it holds that 1 — x/q > g /a=1)

Proof. Consider the function F(z) =1 — x/q — ¢~ */(¢=D_ It is easy to see that
F(0) = F(¢g — 1) = 0 and that the second derivative of F' is always negative. It
immediately follows that ' > 0 for 0 < x <g¢q—1. a

3.2. Density Hales—Jewett theorem. We will need to use the following ver-
sion of the density Hales—Jewett theorem. The theorem was first proved by Fursten-
berg and Katznelson [FK91]. A more recent proof with explicit bounds on the density
parameters was obtained in [Pol09)].

Before stating the theorem we need to define the notion of a combinatorial line.
Let ¥ = {a1,...,a4} be an alphabet of size q. For example, one can think of ¥ as
being F,. A set £ = {v1,...,v4} C X" is a combinatorial line if we can partition the
coordinates [n] to two disjoint sets [n] = T U J, I NJ = 0 such that the following
hold: (1) For all ¢ € I and k, k" € [q], (vk)i = (vi);. Namely, for all i € I, the ith
coordinate of all elements in L is fixed. (2) For j € J and k € [¢], (vx); = ar. In
other words, the jth coordinate advances with k.

It is not hard to see that if we set ¥ = [Fy, then a combinatorial line in F

_4q
corresponds to a set of the form {v+tu | ¢ € Fy}, where v € F?!, w € {0,1}" \ {0},

and v, u have disjoint supports. In particular, a combinatorial liqne in F7 is a line in
the geometric sense.

THEOREM 3.4 (see [FK91, Pol09]). For any integer g and any 0 < ¢ € R there
exists an integer A . such that if n > \; ., then any set A CFy, of size |A| > ¢"/q°,
contains a combinatorial line.

We now state an easy corollary of the theorem. We say that u is the direction of
the line {v +tu | t € F,}. Notice that, say, 2u is also the direction of the line but
since u and 2u are linearly dependent we ignore this small issue.

COROLLARY 3.5. Let 1 <t be an integer. If n > A, +t — 1, then any set
A C Ty, of size |A| > q"/q°, contains t combinatorial lines whose directions are
linearly independent.

Proof. The proof is by induction on t. For ¢ = 1, Theorem 3.4 implies that A
contains a line and the claim follows.

Assume that we proved the statement for all ' < ¢t — 1 and consider t' = t. By
the induction hypothesis we can find ¢ — 1 lines in linearly independent directions
inside A. To simplify notation assume that those directions are ey, ...,e;_1, where
e; € {0,1}" is zero everywhere except for the ith coordinate (by applying an invertible
linear transformation to A this can be assumed without loss of generality (w.l.o.g.).
By the pigeonhole principle there is some u € IFffl such that the number of elements
v € A that identify with w on their first t — 1 coordinates is large. Namely,

#{loe Al (vr,...,ve—1) =u} > |A|/q" > (¢" /") Jd" " =q" /"

In other words, the number of elements of A that belong to the (n—¢+1)-dimensional
flat

M={vely|(vi,...,0-1) =u}
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is at least | M|/q°. As the dimension of M is n—t+1 > A, ., we can apply Theorem 3.4
and get that A N M contains a line. It is immediate that the direction of this line is
linearly independent of e1,...,e;_1. 0

4. Restrictions to hyperplanes. In this section we will study the behavior of
polynomials when restricted to hyperplanes. Recall that a hyperplane A C Fy is an
(n — 1)-dimensional affine subspace. For each hyperplane there is a linear function L
such that

A={z]|L(z) =0}.

It will be convenient to express L as L(z) = xp — Z?:kﬂ o;T; — ag, where k is the
first nonzero coefficient in L (the coefficient of xj, is not necessarily 1, but scaling L
by a constant does not change the definition of A, so we can assume this w.l.o.g.).
For such an L we will express the restriction of f to A as

n
f|A:f($1,...,ZIJn)|L:0:f <x1,...,a:k_1, Z Oziaji—l—()z(),ﬂik_i_l,...,{lin) ,

i=k+1

since setting L = 0 is equivalent to substituting Z?:kﬂ ;T + o to xp.

4.1. Canonical monomials. The notion of canonical monomials will play an
important role in our proofs. Intuitively, the reason for defining canonical monomials
is because they decrease in degree on any hyperplane and thus give an extremal
example that is useful to study.

DEFINITION 4.1. A canonical monomial of degree d in m < n variables over F,
is a monomial ]/~ x5" such that the following hold: (1) 1", e; = d. (2) For all
1<i<m,q—q/p<e; <q. (3)Ifp' <, em, then for every j <m, p' +e; >q— 1.
4) 0<en<g.

Note that properties (3) and (4) imply property (2), but for clarity we keep all of
them.

The following lemma shows that whenever we have a multivariate polynomial
over [, there exists an invertible linear transformation A : Fy — Fy such that fo A
contains a canonical monomial of maximal degree. In fact, we will prove a slightly
stronger property. For that end we will need the following definition.

DEFINITION 4.2 (graded lexicographical order). We denote [ [\, 5" >, [, 2
if> e >3 riorif Y. ei =y . r; and the firsti for which e; # r; satisfies
e; > r;. Note that we consider only monomials in which all individual degrees are
smaller than q (we can reduce the degree of other monomials). The max-monomial
of a polynomial g is the mazimal monomial, in this order, appearing in g (with a
nonzero coefficient, of course).

LEMMA 4.3. Let f(x1,...,2y) be a degree d < n(q — 1) polynomial over F,. Let

A = argmax maz-monomial of (f o B)(x1,...,2Zn)-
invertible B

In other words, A : ¥y — Fy is an invertible linear transformation such that the
max-monomial of (f o A) is mazimal, in the graded lexicographical order, among all
monomials of all polynomials of the form f o B, for invertible B. Then, the max-
monomial of f o A is a canonical monomial of degree d.

First, we will prove Lemma 4.3 for the bivariate case.



OPTIMAL TESTING OF MULTIVARIATE POLYNOMIALS 547

LEMMA 4.4. Let f(z1,,x2) be a degree d < n(q — 1) polynomial over Fy. Let

a = argmax maz-monomial of (f(x1,x2 + Bx1)).
BEF,

Then, the maz-monomial of f(x1,x2 + az1) is a canonical monomial of degree d.

Proof. Assume w.Lo.g. that /(21 22) 2 f(21, 234021) = 00 ey Qetial ™

(we can ignore monomials of degree smaller than d). Let epax be the maximal degree
of z1 in f’. Consider the monomial containing x7™**. Assume toward a contradiction
that there is an ¢ such that p’ <, d— emax and emax+p’ < ¢. Consider the polynomial
f'(x1, 9 + zx1). By (3.1) it follows that

d—e e
f(z1, 20 + 221) =) Z Qexs Z < , >(zx1)Txg et
e:0<e,d—e<q r<pd—e

€max +Pi d— (emax"rpi)
)

The coefficient of x] in the expression above is equal to

d— (émax +p' — 7
52 e (1T )

r<emax+pt
o d— €max p* ) d— (emax + pl - T) r
= OQepax P 20+ Qepax+pi—r r Z
r<emax+pi
r#p*

e"‘a’;ﬂ’ _T)) may be zero modulo p. However, by our

where some of the binomials (d_(

choice of p’ it follows that the coefficient of 2P in the above expression is nonzero.

: i . «Apt _d—(emax+p’) -
Hence, since epmax + p* < ¢, the coefficient of xi“‘"‘ TP Tq ( P 1S a nonzero

polynomial in z. It follows that there is some 8 # 0 such that the coefficient of
xi”‘aﬁplxg_(em“"ﬂl) in f'(z1,22 + Bx1) = f(x1,72 + (@ + B)z1) is nonzero. This
contradicts our choice of a. O

We are now ready to prove Lemma 4.3.

Proof. Indeed, since composition with an invertible transformation does not affect
the degree, the max-monomial of f o A is of degree d. Assume that it is the monomial
M = Hf;l x;*, where eq,..., e, > 0. If M is not a canonical monomial, then there
must exist j < m and i such that p* <, e,, and e; +p’ < ¢ (recall that we consider only
monomials in which all individual degrees are smaller than ¢). Assume w.l.o.g. that
j = m—1 (note that if such a j exists, then j = m—1 satisfies this property). Consider
the sum of all monomials of degree d in fo A that involve only the variables x1, ..., Zm
and that are divisible by Hﬁf x5, Clearly, the sum is a nonzero polynomial f of
the form

m—2

fNZ H xfi 'g(xm—laxm)-

=1

Let d = e;,_1 + e,,. It follows that g is a nonzero bivariate polynomial of degree
d’ whose max-monomial is not canonical. Thus, by Lemma 4.4 there is a € Fy such
that the max-monomial of g(,—1, Zm + axm_1) is larger than the max-monomial of
9(Tm—1,Tm). It follows that the max-monomial of f(x1,...,Tm—1,Tm + QATpm_1) is
larger than M (since we “moved” degree from x,, to x,,—1). Let A’ = B o A, where
B(vi,...,vn) = (U1, s Um—1,Vm + QUim—1,Um41,--.,0y). It is clear that A’ is an
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invertible transformation and that the sum of all monomials of degree d in fo A’ that
involve only the variables 1, ..., %, and that are divisible by HZ’;Z x;' is equal to
f(xl, e T—1, T+ QTp—1)- It is also clear that the max-monomial of f o A’ is
equal to the max-monomial of f. This, however, contradicts the choice of A. Hence,

it follows that the max-monomial in f o A is a canonical monomial. d

4.2. Monotonicity. Here we prove that pg(f, k) is monotone in k. This is a
simple fact that has an easy proof.

LEMMA 4.5. Let k > k' be two integers and let f : Fy — Fy be a function. Then
pd(f7 k) > pd(f7 kl)

Proof. Consider the following way to randomly sample a k’-dimensional flat:
Choose uniformly at random a k dimension flat A C IFZ. Then, choose uniformly at
random a k’-dimensional flat B C A. We have that

palf k) = P ldes(flB) > d]
= painty_gldes(fla) >d- | Pr o [des(fls) > d | deg(fla) > d]
=pallik) o gbr ) ldealfls) > d | deg(fla) > d]

4.3. Relating different dimensions. The first lemma in this section shows
that if a (k + 1)-variate function f has degree larger than d (when k is not too small
relatively to d), then pg(f, k) > 1/q. Notice that we need to lower bound k, as, for
example, when k = d/(qg—q/p), the degree of x?ig/’n . ~-a:Z7q/p decreases by ¢—q/p on
any subspace. Proposition 1.2 is an (almost) immediate consequence of this lemma.

LEMMA 4.6. Let k> (d+1)/(q —q/p) and let f : F’;*l — Fy have degree larger
than d. Then pa(f, k) > 1/q.

Proof. Let A be the invertible linear transformation guaranteed by Lemma 4.3.
To simplify notation, assume w.l.o.g. that A is the identity transformation. Let M
be the max-monomial of f. By the choice of A, M is a canonical monomial. Denote
M =TI, z7", where > " e; = deg(f) > d. Roughly, we will show that in every
linear function L, we can tweak either the coefficient of xy1 or the free term so that
deg(f|r=0) = deg(f). This will prove the claim as it will map at most ¢ different
functions to one “good” function. Formally, we analyze two cases.

Case m < k. Notice that if L(xy41,.-.,2k+1) 18 a linear function, deg(f|r=o) =
Z;il e; > d. Indeed, M is still a canonical monomial in f|;—g, as L does not involve
Z1,...,ZTm. Any other linear transformation has the form (after a possible rescaling)
L = x; — (Zf;lﬂ a;x; + ap), where 1 < i < m. Given & = (aiy1,...,0%, Q)
consider the function Lg .(zi,...,Tp4+1) = @5 — (Z?:i-}-l ;25 + 2xky1 + ag). Note
that L and Lgs . differ only in the coefficient of xx11. We will show that for any
@ there is § € F, such that deg(f|r, ,=0) > d, which is sufficient to establish the
claim. To ease notation and w.l.o.g., assume that ¢ = 1. Namely, Ls .(z1,...,Tpt1) =
x1 —(2?22 a;jrj+2xk41+00). Observe that the function f|r, .—o has the same degree
as f(z§:2 ;T + 2T + o, T2, . . ., Zi41) When both are considered as polynomials
m o, .. .l$k+1.

Let f be the sum of all monomials, of maximal degree in f, that involve only
the variables x1, ..., x,,. Clearly M is such a monomial, and therefore f is not zero.
Let emax be the maximal degree of z7 in f . As M is a max-monomial we have that
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emax = €1. We can express f as

f=$imax'hemax(x27---;$m)+ Z $613'he($2,...,212m),

e<€max
where he, # 0. Let f be such that f = f + f. Hence, f(2§:2 05T + 241 +
7k Py
O, T2y vy Thoy1) = f(z:j:2 QT+ 2Tp41+Q0, T2, . .. ,ﬁrk+1)+f(zj:2 QT+ 2T+
Qg, T2, ...,Tkt1). Consider all monomials of degree deg(f) in f(Z?ZQ 025+ 2241 +
Qg, T2, ..., TE+1) that have degree exactly emax in both z and zx11 and that involve,
besides z and xp41, only the variables wo,...,z,,. Notice that the sum of those
monomials is ezactly 2>z R, (T2, .. ., T ). Furthermore,

deg (347 e (T2, -, @m)) = deg(@7" e, (T2, -+ ) = deg(f) = deg(f)-

Thus, if we look at all monomials (in zs, . . ., x+1) of maximal degree in f(E?:g o+
2Zk+1 + o, T2, ..., k1) and think of their coefficients as polynomials in z, then at
least one of those monomials, call it M’, has a coefficient which is a nonzero poly-
nomial in z. Hence, there is some value 8 € F, such that if we substitute z = f,
then the coefficient of M’ will not be zero. In particular, deg(f|z, ,=o0) = deg(f), as
required. This completes the proof of this case.

Case m = k + 1. The analysis of this case is of a similar spirit to that of the
previous case, only now we show that, with high probability, the degree cannot go

down by too much. Again we consider M = Hf:ll x;*. By the choice of A it follows
that e; > eq > -+ > egy1. For this case we will focus only on linear functions
that are supported on xg41. Given @ = («1,...,ax) consider the linear function

La,. = Zle a;x; — Tp4+1 + 2 (we consider the case that the coefficient of 41 is —1,
but the analysis of other cases is the same). Consider the coefficient of Hle z in
flay, ... xp, Zle a;x; + z). Tt is not hard to see that this coefficient is a polynomial
of degree ej41 in z. Thus, there are at least g—ey41 values of z for which the coefficient
of Hle x{" in f|p, .—o is nonzero. Thus, there are at least ¢ — ex41 values of z for
which deg(f|r,.—0) > e1+---+ex > k(g —q/p) > d+ 1. Thus the probability that
L, - is “good” is at least a1, %41 where the first multiplicand comes from choosing
a nonzero coefficient for z;41 and the second comes from picking z. We consider two
cases. If ex+1 < g—1, then the probability is at least % . q*e% >2(qg—1)/¢*> > 1/q.
On the other hand, if ex11 = ¢ — 1, then we also have e; = -+ = ex41 = ¢ — 1, and
thus deg(f) = (k+ 1)(¢ — 1). In this case, however, it is not hard to show, using
similar arguments, that for any nonzero linear function L = Zf:ll a;x; + z there is
a choice of z such that deg(f|r—0) = deg(f) —(¢—1) = k(¢ —1) > d+ 1. Thus, in
this case as well we get that with probability at least 1/¢ the function L is such that
deg(F|L=o) > d.

This completes the proof of the lemma. O

We now use this lemma iteratively to obtain the following.

LEMMA 4.7. Letn > k > (d+1)/(q — q/p) and let f : F} — F, have degree
larger than d. Then pg(f,k) > ¢~ %) . Moreover, if n > k' > k, then pa(f, k) >
pd(f7 k/) ’ q_(kl_k) .

Proof. The proof follows immediately from Lemma 4.6 by induction on n. For
n = k the result is trivial, as deg(f) > d, and hence pg(f,n) = 1. So assume that
n > k+1. Consider the following way for sampling a random k-dimensional flat. First
we choose at random a hyperplane A and then we choose a random k-dimensional
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flat B C A. By Lemma 4.6 the probability that f|4 has degree larger than d is at
least 1/q. Conditioning on deg(f|a) > d we get by the induction hypothesis that
Prpldeg((f|a)|p) > d] > ¢~ (""D7k) = ¢.q=("=k) Thus, pa(f, k) > pa(f,n—1)-(q-
g Ry > g (k)

To prove the “moreover” part we use a similar argument. Let A be a random
k’-dimensional flat and let B C A be a random k-flat. The probability that f|4 has
degree larger than d is exactly pq(f, k¥'). Conditioning on this event, we get by the first
part of the claim that pg(f|a,k) > q*(k/’k). Combining the two results we obtain
pd(f7 k) > pd(f7 kl) ’ qi(k/ik» a

We now give the proof of Proposition 1.2.

Proof of Proposition 1.2. The fact that t,q < [(d+1)/(¢ — ¢/p)] follows easily
from Lemma 4.6. To see that t; 4 > [(d+1)/(¢—q/p)] let t = [(d+1)/(q —q/p)].

Consider the function f(z1,...,2¢) = szl xg_q/p. Observe that f has degree t(q —
q/p) > d + 1 but when we restrict f to any (¢ — 1)-dimensional affine subspace its
degree drops to at most (t —1)(¢ — ¢/p) < d (it is not hard to check that the smallest
decrease in degree is obtained for some substitution of the form x; = «). Thus, the
testing dimension is at least . O

4.4. The case of polynomials of degree d 4 1. In this section we show that
the number of hyperplanes on which a degree d polynomial has degree at most d — 1

~ d—q/
is not too large; namely, it is at most No(g,d) < Ny(q, d)déquQ*z/ZJH. Observe that

d—a/p

gtet — 1 < No(q,d) < No(g, d) = gla=arm |71 < gtaatt,

As a first step we will bound the number of such hyperplanes that “depend” on
xX.

LEMMA 4.8. Let f be a polynomial of degree d. Assume that f has a monomial
of degree d that contains x1 and at most t — 1 other variables. Then there are at most
(¢ —1)g"* linear functions L of the form L(z1,...,x,) = x1 + Y 1y 0;x; + g such
that deg(f|r=0) < d—1.

In other words, if the minimal number of variables that appear with z; in a
monomial of degree d in f is t — 1, then there are at most (¢ —1)g*~! linear functions
that depend on x; such that the degree of f decreases on the hyperplanes defined by
them. The proof is similar in spirit to the proof of Lemma 4.6. We basically show that
after fixing some coefficients in a linear function, the number of completions to linear
functions L that have those fixed coefficients and such that deg(f|r=0) < deg(f) is
small.

Proof. Consider all monomials of degree d in f that involve z; and contain at
most ¢t — 1 other variables. By our assumption, there is at least one such monomial.
Let emax be the maximal degree of z; in those monomials. W.l.o.g. assume that

M = g8 . T['_, x%" is such a monomial in f. Forta linear function L(zy...,2,) =
xr1 + 2?22 o; T + Qg denote Lo(xg . ,xt) = _(Ei:2 ozia:i) and L1($t+1, e ,ﬂin) =

— (3,41 @iti + ap). Clearly, L = 21 — (Lo + L1). We would like to “fix” Lo and
count how many different L, are there so that the degree of f decreases when we set
L=0.

Consider the polynomial g(z1,...,z,) = f(x1 + Lo, x2,...,%,). Notice that

g|11—L1:0 = g(L1,332, s amn) = f(Ll + Lo, z2, .. 'amn) = f|961:L0+L1 = f|L:0'

Furthermore, observe that M also appears in g (because it is of maximal degree in
z1 among all monomials with only ¢ variables). We now express g as a polynomial in
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Ta, ...,z with coefficients in Fy[x1, 411, ..., 2s]. Namely,

t
g(xla"'axn): Z (Hx:1> 'gf(xlaxt+la~'~axn)~

7€{0,...,q—1}t—1 \i=2

As L; does not involve any variable among xs, ..., z; it holds that

t
deg(g|11—L1:0) <d <= deg(g|r1:L1) <d = Vr deg(gf|11:L1) <d-— Z""i-
=1

ei

Let € = (ez,...,e:). Consider gg, recalling that the monomial M = zjm . szz x;
appears in ¢g. In particular, deg(ge) = deg(z{™*) = emax < ¢ — 1. Thus, if
deg(glz,—rL,=0) < d, then it must be the case that

deg(gé|$1—L1:O) < Emax < q— 1.

Consider the homogeneous part of degree enax of gz, denoted by gée“‘a"). It clearly

contains z{™* as a monomial. Observe further that deg(gels,=r,) < €max <

deg(gée“‘a")hl:Ll) < emax. However, since gg°

max

is homogeneous of degree strictly

smaller than ¢, this happens if and only if géem‘“‘)ul:h = 0. Indeed, substituting a

linear function to a homogeneous polynomial of degree D < g either makes it zero
(emax)

or does not affect its degree. However, since deg(gz ) < g — 1, this means that if
we think of it as a polynomial in z; with coefficients in Fg[zs41,. .., 2,], then it has
L, € Fy[zit1,...,2,] as a root. In particular, there are at most ¢ — 1 different Lq’s

that are roots of g{").

Concluding, we just proved that for every Lg there are at most ¢ — 1 different L;’s
such that deg(f|z,—r1o—1,—0) < d. Hence, there are at most (¢ — 1) - ¢*~! different
linear functions L involving 27 such that deg(f|L—o) < d, as required. d

The following lemma extends the argument to functions that do not necessarily
depend on z7.

LEMMA 4.9. Let f be a polynomial that has a max-monomial containing only
t wvariables. Then there are at most q' linear functions L such that deg(f|L=0) <
deg(f) — L.

Proof. The proof is by induction on ¢t. The case t = 0 is trivial. Assume that we
proved it for t — 1 and let f be a degree d polynomial that contains a max-monomial
with ¢ variables. Assume w.l.o.g. that the monomial is M = []i_, #5. Lemma 4.8
implies that there are at most (¢ — 1) - ¢*~! linear functions L, involving 1, such that
deg(f|L:0) <d.

We now bound the number of linear functions that decrease the degree of f
and that do not involve x;. For that end, express f as a polynomial in z1, f =

g;é x§ge(x2,...,Tn). As before, we have that deg(f|r=o) < d if and only if for all
0<e<qg-—1,deg(gelr=0) < d— e. In particular for g = g.,, where e; is the degree
of 21 in M, it must be the case that deg(g|r—0) < d — e;.

At this point we use the fact that g., has a max-monomial with only ¢t—1 variables,
My = H§:2 x*, and conclude from the induction hypothesis that the number of linear
functions L such that deg(ge, |1—0) < deg(ge, ) is at most ¢~ 1. Hence, overall there are
at most (q—1)-¢'~1+¢'~! = ¢! linear functions L such that deg(f|r—o) < deg(f). O

We are now ready to prove Theorem 1.5. For the sake of readability we repeat it
here (in a slightly different form).
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Theorem 1.5 restated. Let f : F; — Fy be a polynomial of degree d. Then

there are at most No(q, d) = qLZ*—mJH linear functions L such that deg(f|rL=0) < d.
In particular, No(q,d) < No(q, d).

Proof. Notice that it is enough to prove the theorem for the polynomial f o A
where A : Fy — Fy is an invertible linear transformation. Let A be the linear
transformation guaranteed by Lemma 4.3. Namely, it is such that f o A contains
a canonical monomial. To simplify notation we assume from now on that f has a
canonical monomial. Let M = H§:1 x;' be some canonical monomial in f. Since
M is a canonical monomial, it must be the case that e;_1 + e; > ¢. Therefore,
d = Zl 1€ = (e1+ -+ e—2)+ (e—1+e) > (t—2)(q — q/p) + q, and hence

t< o= q/p +2= Z:ZZZ + 1. Since t is an integer, we actually get that/t < Ld q;pJ + 1.
Invoking Lemma 4.9 we conclude that there are at most ¢ < qu—q/PJ = No(q, d)

linear functions L such that deg(f|r=0) < d. O

COROLLARY 4.10. Let n,d,q, K be integers such that K > No(q,d). Let f be
an n-variate polynomial of degree at most d over Fy. If there exist K hyperplanes
A1, ..., Ak such that for alli € [K], deg f|a, < d' < d, thendegf < d'.

Proof. Assume for contradiction that d’ < deg(f) = d < d. Then, by Theorem 1.5
there are at most No(q,d) < No(g,d) < K hyperplanes A on which deg(f]a) < d.
This contradicts our assumption that there are at least K hyperplanes {A;} on which
deg(fla,) < d'. a

4.5. Interpolating from exact agreement. In this section we prove Theo-
rem 1.7, which shows that if we have enough “pairwise consistent” polynomials, then
it is possible to obtain “global” consistency. We first restate the theorem.

Theorem 1.7 restated. Let Ai,...,Ax be distinct hyperplanes in Fy and
Py, ..., Py be polynomials of degree d satisfying Pila,na; = Pjla,na, for every pair
i,j € [K]. If

K > Ni(g,d) 2N (q.d + q) - v = 2gLiirn ] #2200
where Mg is the constant Mg from Theorem 3.4 for c = 6, then there exists a poly-
nomial Q, of degree d, such that Q|a, = P;|a, for every i € [K].
Proof. In fact, we prove a slightly stronger statement. Specifically, we show that
the conclusion holds when
Nl (Q7 d)

DT Ni(a,d)-3 (1 _ ﬁlgqldl))

qn—1

K > Ni(g,d,n)=

This is indeed a stronger statement than the denominator above:

n—log, ﬁl(q,d)—B ~ n—log, Jvl(q,d)—B ~
N N-
9 H (1_ 1(q7d)> >2(1- Z 1(Qad)

n—i—1 n—i—1
=1 q =1 q
2N (q.d) n—log, Ni(g,d)—3 2N (g, d) R
=2 qlngi_ > q¢>2- qln—gi gnleBa M@ d) =2 = 9 9g71 >
=1

namely, Nz(q, d,n) < ]Vl (g,d) for all n, and so the requirement on K is weaker.
We first set some notation Let L; € Aff" be an affine linear function such that

A; = {ueF} | Li(u) = 0}. For the rest of the proof we denote £ = {Ly,...,Lk}.
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We will abuse notation and denote, for L € £, P, = P; and A, = A; when L = L;.

Another important notation is the following. For L € Affy and v € F;, we denote
BLWdZEf {U S FZ | L(’U) = "/} and Ai)LWdZEfAi n BL77.

Note that for 1,72, the hyperplanes By, ,, and By, ,, are shifts of each other (they

can also be empty sets if L is a constant function).

The proof is by induction on the number of variables n. The idea of the proof
is to find a linear function L and restrict our attention to the different hyperplanes
By, 4. We show that we can find an L such that the induction assumption holds for
every By, . By the induction hypothesis, for each By, , there is a polynomial P,, of
degree d, that is defined over By, , and is consistent there with the P;’s. Then we
“glue” the P,’s together and use Theorem 1.5 to claim that the resulting polynomial
has degree d. This is indeed the idea, but what is swept under the rug here is the base
case, which is technically challenging. The base of the induction for us is the case
n < log, N1(q,d) + 4. For such n it holds that Ni(g,d,n) = 1Ni(g,d). The analysis
of this case, which is the technical heart of the proof, is given in the next lemma.

LEMMA 4.11 (main lemma). Let n < log, Ni(q,d) +4 and K > Ni(q,d,n) =

M (q,d)/2. Let Ay, ..., Ag be distinct hyperplanes in Fy and let Pi, ..., Px be poly-
nomials of degree d satisfying Pila,na; = Pjla,na,; for every i,j € [K]. Then there
exists a degree d polynomial P such that for every i € [K], Pla, = P;.

We defer the proof of Lemma 4.11 and continue with the proof of the theorem.
As Lemma 4.11 takes care of the case n < log, N1(q,d) + 4 we assume for the rest

of the proof that n > log, ]Vl (¢,d) 4+ 4. The following lemma shows that we can find
a hyperplane such that if we restrict our attention to any coset of that hyperplane,
then the induction assumption continues to hold.

CrAM 4.12. There is a linear function L € Affy such that for every v € Fy, the
number of distinct affine subspaces A; . C Br ., such that A; . # 0, is at least
]’\71 (qa da n-— 1)

Note that this claim is not trivially true, as different hyperplanes may have the
same intersection with By ..

Proof. It is clearly sufficient to prove the claim for K such that Kfl(q,d, n) <
K< Nl (g,d). Observe that A; N By, = A; N By, for linearly independent L; and
Lj, only if there are o, 8 € F} such that L = aL; + 8L; + . Further, observe that
A;iNBr, =0 onlyif L = aL; ++' for some a € F; and 7' € F,. Using these two
observations we perform a simple counting argument that shows that there is some
L € Aff}] such that for every v, the number of distinct A; N By, -, which are not empty,
is as required.

Clearly, there are exactly ¢"*! affine linear functions over [Fy. For each affine
linear function L consider the number of ways that L can be represented as L =
aly + BLy + v, where? a, 3,7 € F, and L;,Ly € L. Since there are ¢*K? such
possible representations, there exists L € AHZ that can be represented in at most
q3 K2

2 .
prcai q{f—,z different ways.

It follows that for the L that we found and any v € Fy, there are at least K’ =

K — qff—i different nonempty flats of the form A; N By . Indeed, for every such
representation of L we throw away one of the functions in the representation. As L

2We could have taken a, 3 € F7, but we use this counting to also include the case that L is a
shift of some L;.
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cannot be represented using the remaining functions, we get the desired bound on K’.
Calculating we get

2
K =K — KQ:K(1— K2>
n— q’ﬂ*

> ]Vl(q,d, n) <1 — w) (using ]/Vvl(q,d, n) <K < ]vl(q,d))

qn72
_ 1_]\71(%51) ﬁl(q’d)
qn72 2Hn log, Nl(q d)—3 (1 _ fﬂlg?_dl))

_ Ah(Qad

2Hn log, Ni(q,d)—3 (1 N1 q;d))
_ Ni(q,d)

2Hn log, Ni(q,d)—4 (1 N1 q;d))
= Nl(q, d,n—1). a

We proceed with the proof of Theorem 1.7. Let L € AHZ be as promised by Claim
4.12. Notice that L cannot be the constant function, as each constant function has at
most K2 > i,L,y :AimBL,w
and P/ = P;| 4, for i € [K]. It follows, by the choice of L, that the A} and P/ satisfy

the inductive assumption (as there are at least ]Tf/l(q, d,n —1) distinct A}). Hence, the
induction hypothesis implies that there is a polynomial of degree d, Pr—., such that
PL:’y|A; = P1I|A/, for every ¢ € [K]

We are not done yet, as we may have a different polynomial for every v € F,. So
now we show that by combining the different Pr—, we get a degree d polynomial P
that is consistent with Py, ..., Py. Define

P S ([T A2 . Py ).

-«
v€F, \a#y "

By construction, the degree of P is at most d + ¢ — 1. It is easy to verify that for
any v € Fy, P agrees with Pp—, on B = {v eFy | L(v) = 7} As the hyperplanes
{BL,.Y},Y@FQ cover all of Fy/, it follows that for every i € [ ] and u € A;, P(u) = P;(u).
Indeed, if we let v = L(u)7 then Pj(u) = Pr—,(u) = P(u), where the first equality
holds, since, by the induction hypothesis, P; and Pr—- agree on A, = A; N By, ..

We are still not done, as we showed only that deg(P) < d + ¢ — 1. However, as

K > ]’\Tl(qadan) = Nl(qad)/2 > NO(qad+q) > NO(q7d+q)7

Corollary 4.10 implies that the degree of P is, in fact, at most d. This completes the
proof of Theorem 1.7 modulo the proof of Lemma 4.11 that we give next. O
Proof of Lemma 4.11. As before, we let L; € Aff; be an affine linear function
such that A; = {u € F? | L;(u) = 0} and denote £ = {L17 ..., Lr}. Again we abuse
notation and denote, for L 6 E Py =P, and A, = A; when L=1L;.
We will first use the assumption that n < log, Ni(q,d) +4 and K > Ni(q,d,n) =

Ny (¢,d)/2 = No(q, d+q)-¢*+° to show that the set £ contains at least logq(No (g,d+q))
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lines in linearly independent directions. Indeed, we can think of £ as a set of points
in Affj which is an (n + 1)-dimensional space over F,. By our setting of parameters
it follows that

L] K K K e e

= — = . >
AR~ ¢ gos, M@ ts  Ni(g,d) | =1

Thus, in order to apply Corollary 3.5 we need only bound dim(Aff;) from below. As
we have K different hyperplanes over Iy’ it must be the case that log,(K) < n + 1.
Therefore,

d+q—q/p
lelAffn =n+12>lo { J+2+)\ :\‘7 + 14 X6-
( ) g, (K) > q—a/p 4,6 q—a/p q,6
Corollary 3.5 now implies that there are at least Ld;rzi;/quj -+ 2 combinatorial lines

inside £ whose directions are linearly independent. In particular, there are

(4.1) t> {MJ +1
q—aq/p

such lines, so their direction is not a constant linear function. By applying an invertible
linear transformation, we can assume w.l.o.g. that those directions are the linear
functions 1, ..., zs. In other words, we can assume that there exist ¢ linear functions
Lq,...,L; such that for any i € [t] and « € Fy, the linear function L; — ax; belongs
to L. Intuitively, the line whose direction is x; is depicted in Figure 1 at the end of
the section 2.

We will use these lines to construct a polynomial P, of degree d, that is consistent
with Pl, . .,PK.

The construction of P is done in three steps. First we construct for every i € [t]
and v € F}, a polynomial P,,—, defined on the hyperplane By, 7 = {v eF? | vy =7}
and cons1stent with all the P;’s. In the second step we construct, for every i €
[t], a polynomial Py, .o, over the set U,.0Ba,, = {v € F} |v; # O}, by a simple
interpolation of {P,,—, | v € F;}. The last step consists of combining the different
{ngﬁ,go}Ze to a single polynomial P.

Step 1. Fix i € [t] and v € F;. Denote

Pty (115

BEF, \a#pB

ﬁ Lz v~ 1B

Clearly, P is a polynomial of degree at most d + ¢ — 1. We now show that P,,—, is a
polynomial of degree at most d which is consistent with {Pl, ...,Pg} on By, . Fix
j € [K]and v € A; N By, ~. In particular, u; = . Let 8/ = L;(u ) We have

P1i:’>’(u) = Z H B —a ' PL¢*7716wri (U)

BeF, \af
B -«
_Z H —Oé PL,'yl,sz()
peEF, \a#pB

p-a ()
H — ’ PLi—'yflﬁ’ri (u) = PLi—'yflﬁ’ri (u) = Pj(u)a
a#ﬁ’




556 ELAD HARAMATY, AMIR SHPILKA, AND MADHU SUDAN

where (x) follows from the fact that
Li(u) =~ f'u; = Li(u) ="y = Li(u) = ' = 0.

Indeed, this implies that v € Ap,(,)—y-1p75, and now (x) follows, as Pr,_,-14/,, and
Pj agree on v € Aj N Ay, 14, (recall that for any i € [t] and o € F, the linear
function L; — aux; belongs to £). To conclude, Py,—- is a degree d + ¢ — 1 polynomial
that agrees with degree d polynomials on at least K > Ny(g,d + ¢) flats. Corollary
4.10 now implies that deg(Py,—y) < d on B, 4. The same argument also shows that
{PM:W}ie[t],yeF; are consistent with each other.

Step 2. Fix i € [t]. Denote

Pﬂﬂﬁfodéf Z H Ik Pyi=y.

-«
vEFy \a€eF;\{v} v

By construction, Py,-o, is a polynomial of degree at most d + ¢ — 2 (recall a €
Fy \ {7}). It is not hard to verify that P, .o is consistent with Pi,..., Py on the

set {v € F? | v; # 0}. Moreover, {Py,40}_, are consistent with each other. In other
words, for every v = (v1,...,v,) € Fy such that v;,v; # 0, the polynomials Py, o
and Py, o satisfy Py, 20(v) = Py,#0(v). Indeed, this follows immediately from the
consistency of {P‘TiZV}iE[t]ﬁGF; among themselves.

Step 3. This step is slightly more involved than the first two steps. Intuitively,
we will show that if a monomial M appears in both P,,»¢ and P, ,#0, then it has the
same coeflicient in both. Hence, we can construct a unique polynomial P as the sum
of all monomials, with the appropriate coefficients, that appear in any of the P, 0.
While this is indeed the argument, for the proof we will need to work with a slightly
less natural basis for the space of polynomials.

For a degree 0 < e < g — 1 define

1, e=0,
Me(xi)d:mc x(iia 6750,(]—1,
271, e=q-1.
Notice that My(x;),. .., My—1(x;) form a basis to the space of polynomials in z;. For
e=(e1,...,en), 0< €1,...,en < q— 1, define the e-monomial® Mz(x) to be

n

M () T M, (2).

i=1

Clearly, deg(Mz) = Y., e;. We say that M is of full degree in z; if e; = ¢ — 1.
As with the standard basis, it is not hard to see that every f : Fj — F, has a
unique representation as f(x) = Y czMz(x), where ¢z € F,. We will rely heavily on
this simple fact in the rest of the proof. The next lemma gives some motivation for
working with this less ordinary basis.

3We use é&-monomials to denote monomials in the new basis. Note that in the standard basis, an
e-monomial may have more than one monomial.



OPTIMAL TESTING OF MULTIVARIATE POLYNOMIALS 557

LEMMA 4.13. Let I C [n] be a set of indices. Denote S; = {v € F | Vi €
I:v; # O}. Let g,h : Fy — Fy be two polynomials that agree on Sy; namely, for all
v € 81, g(v) = h(v). Then, the coefficient of any e-monomial M that is not of full
degree in any x; for i € I is the same in both g and h.

Proof. Consider f = g — h. Clearly, f(v) = 0 for all v € S;. We will show that
when we represent f in our basis, it holds that f = Ziej(x;kl —1)fi. The lemma will
immediately follow by uniqueness of representation, as any monomial in f = g — h
has full degree in some x; for ¢ € I.

The claim above follows from a standard counting argument. First, the number
of functions that vanish on Sy is equal to the number of functions over IF;‘ \ Sy, which
is

gFi\S1l = q|{v€]Fg|ElieI|vi:0}|.

Second, let us count the number of polynomials of the form

Z céMé(x).

e: diel s.t. e;=q—1

|3i€l, ei=g—1}]

This number is equal to ¢/ Clearly,

#{veFy|Jiel, v;=0}=#{ec{0,....q—1}"|Fiel, es=q—1}.

Hence, the number of functions that vanish on St is exactly the same as the number of
polynomials of the form > 5,c; .. _, ; ceMe(x). Furthermore, any such polynomial
> edicl.e;=q—1 CeMe(z) vanishes on S;. By uniqueness of representation it follows that
any f that vanishes on Sy is a polynomial of the form » >, o,/ .., ceMe(2). 0

We continue with the proof of Lemma 4.11. By uniqueness of representation, for
any m € [t|, Py, 20 can be expressed as

Pr,20(@) = Y Q@) [J " - 1),

JC[t] =

where, for any J C [t] and m € [t], the polynomial @'} contains only x;’s for i & J
and is not of full degree in any variable z;, i € [t]. Moreover, we note that deg(Q}") <
deg(Py,,20) — (g — 1)|J|. Our next goal is showing Q% = Q™ for any k,m € [t]\ J.
CLAIM 4.14. For every k,m ¢ J it holds that Q% = Q™.
Proof. Recall that Py, 2o and Py, 4o agree on {v € FI' [ v, vp, # 0}. Lemma 4.13
implies that they have the same coefficient for any é-monomial which is not of full
degree in either zj or x,,. In other words,

> et -n=" > Qr[lert-.

JCN{ksm}  i€J JCN{k;m}  i€J

The result now follows from uniqueness of representation. O

We continue with the proof of the main lemma. For every J C [t] define Q; = Q'},
where m € [t] \ J is arbitrary. By Claim 4.14, Q; is well defined. Now we can define
a polynomial P that is consistent with {P,..., Px} on all of Fy:

PEST Q[ .

JC[t] icJ
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We first show that deg(P) < d + ¢ — 2. Indeed, for J C [t] let m € [t] \ J. Since
Qs = Q7, it follows that

deg <QJ [ - 1)) = deg (QT [T - 1)) < deg(Py,20) < d+q— 2.

i€J i€J

As this holds for every J C [t] we get that deg(P) < d 4+ ¢ — 2. Later we will show
that deg(P) = d, but first we show that P is consistent with the P;’s.

CLAIM 4.15. Every k € [K] and every u € Ay, satisfy P(u) = Py (u).

Proof. We will first prove the claim when for some m € [t], u,, # 0. For such u,
ud~! —1 = 0. Therefore,

P =Y Q[ -1

JCE] ieJ
= Y QJJet-n= Y @t -1
JCEN\{m}  ieJ JC[\{m} i€

= > Qr[[w! ™ —1) = P, 20(u) = Pi(w),

JC[t] i€J

where in the last equality we used the consistency of Py, +o and P, on Aj. It remains
to show that P(u) = Py(u) for u such that (uy,...,us) = (0,...,0). Assume for a

contradiction that this is not the case. In other words, there is v € an]\[t] such that
P(0,v) # P;(0,v). Denote o = P(0,v) — P (0,v) # 0. We have that

0, z#(0,...,0),

(P = Py) (z,0) = {a, z=(0,...,0).

Hence, as a polynomial in z1,...,x;,

(P — Pg) (z,v) = aH (1 — x?il) :
ict
Therefore,

deg(P = Pe,0) = g~ e = (g - 1)+ (| L2224

q—q/p

d
== (q—q/p+1> =dtash

where the first inequality follows from (4.1). On the other hand,
deg(P — Py)(z,v) < deg(P — P;) < max {deg(P),deg(Px)} <d+q—2,

which is a contradiction. We thus conclude that for every k € [K] and u € Ay,
P(u) = Py(u). O

We finish the proof of Lemma 4.11 by the following observation. P is a polynomial
of degree at most d + ¢ — 2 that is equal to degree d polynomials on at least K >
No(g,d + q) hyperplanes. So, by Corollary 4.10, deg(P) < d, as required. |
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4.6. Interpolating from approximate agreement. We use Theorem 1.7 to
prove a version which applies to functions which are close to degree d polynomials.
Specifically, we consider a function f whose restriction on many hyperplanes is close
to some degree d polynomial and show that such a function is close to a degree d
polynomial. This proof is essentially from [BKS*10]; we merely verify that it extends
to general ¢ (using our bounds on Nj(g,d)). As a result, the description is terse and
we skip the proof development.

THEOREM 4.16. Let 61 < %q’(Hd/(q*l)) and K > Ni(q,d). If the function
[ Fy — Ty and hyperplanes Ai, ..., Ak are such that 0q(f|a,) < 01 for every
i € [K], then 64(f) <261 +4(q—1)/K.

Proof. We prove the theorem in four steps. Let P;, defined on A;, denote the
polynomial (which, by Lemma 3.2, is unique on A;) of degree at most d that satisfies
5(f Ai7Pi) <41

First, we claim that for every pair of hyperplanes A; and A, we have P;[a,n4; =
P; |AmAj- If A; and A; are parallel, then there is nothing to prove. Else note that |A4;N
Aj| = %|AZ|, and so 5(f AimA]‘)Pi AimAj) < ¢d1. Similarly, 5(f AimA]‘)Pj AiﬂA]‘) < ¢d;.
We conclude that 6(P;|a,na;,Pjla,na;) < 2¢61 < ¢~ %=1 But since both P; and
P; are degree d polynomials on A; N A;, they must be identical if their distance is so
small (by Lemma 3.2).

Next, we use Theorem 1.7 to claim that there is a degree d polynomial @ that

agrees with all the given P;’s. Specifically, we have Q|a, = P;|a, for every i €
[K]. Note that to use Theorem 1.7, we need K > Nj(q,d), which is true from our
hypothesis.

The third claim we make is that there is a large fraction of points that are con-
tained in a noticeable fraction of the K hyperplanes. Specifically, if we say that
v € Fy is bad if [{i € [K] | 2 € A;}| < K/(2q), then the probability that a uni-
formly chosen z € Fy is bad is at most 7 = 4(¢ — 1)/K. To prove this claim, let
S IFZ be chosen uniformly at random and let Y; be the indicator random variable
that is 1 if z € A; and 0 otherwise. Note that we need to show that the probability
that > . Y; < K/(2¢q) is at most 4(¢ — 1)/K. Let Z, = Y; — ExplY;] = Y, — 1/q.
Clearly, Exp[Z?] = Exp[Y}?] — Exp[Yi]? = 1/q — 1/¢*. Furthermore, the expectation
of Y; - Y; < 1/¢? (it is zero if the hyperplanes are parallel and 1/¢* otherwise). Thus
we have Exp[Z; - Z;] < 0, and so Exp[(3,c (5 Zi)?] < 22, Exp[Zf] = K(g—1)/¢*. We
thus conclude that

Pr ZZi < —K/(2q)

K2

K2

dvi< K/(2q>1 = Pr

< Pr <ZZ> > K2%/(2¢)?

2 - -
A Klg-1) _4(g-1)
- K2 q? - K

Finally, we claim that §(f, @) can be bounded by 7+247. To see this, we consider
the following experiment: Pick z € Fy and i € [K] uniformly and independently and
consider the event that “xz € A; and f(x) # P;(x).” On the one hand, we have
that this event happens with probability at most d1/¢, since probability € A; is
exactly 1/¢ and Pryea,[f(z) # Pi(z)] < d1. On the other hand, this probability
can also be seen to be at least (0(f, Q) — 7)/(2q), since the probability that x is not
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bad and satisfies f(x) # Q(x) is at least §(f,Q) — 7 and for every x that is not
bad, the probability that A; > = for random i is at least 1/(2¢). The upper bound
0(f,Q) <261 + 7 follows immediately.

Putting the above claims together we get that if K > Ni(¢,d) and 61 <
2q~(H4/(@=1) then §4(f) < 261 +4(q — 1)/K. O

5. Analysis of the low-degree tests.

LEMMA 5.1. Lett > d/(q— 1) be an integer. Then, if 54(f) < 3¢~/ then
pd(f7 t) > min{%qa % : qt : 6d(f)}

Proof.  We will use the monotonicity of the rejection probability pa(f,-)
(Lemma 4.5) and give a lower bound on the rejection probability pq(f,¢) for some
! <t.

Let 6 = 64(f) and let g be a polynomial of degree at most d satisfying 6(f, g) = 4.

For every integer ¢, d/(q — 1) < ¢ < t, we claim that the probability that, on
a randomly chosen ¢-dimensional affine subspace A, f|4 and g|a disagree on exactly
one point is at least ¢*-5- (1 — (¢ —1)-6). Indeed, the argument is quite routine, so we
only sketch it. Let x be a point on the ¢-dimensional flat A. Consider the event that
f(x) # g(z) but f(y) = g(y) for any other y € A. Clearly its probability is at least
Pr(f(2) £ 9(2)] = 3 ayn PILF() # g(y) and £(z) # g(x)] = 6 — (¢ — 1)62, where
we have used the fact that the points in A are pairwise independent. Thus, taking
the union bound over all z € A we get that the probability that f and g disagree in
exactly one point is at least ¢*- & - (1 — (¢ — 1) - §). Note that, in this case, f| is not
a degree d polynomial, since, by Lemma 3.2, two polynomials cannot differ on only
one point of A.

The fact above allows us to analyze pg(f,¥) as follows: Since the ¢-dimensional
test rejects whenever it picks an A where f|4 and g|a disagree on exactly one point,
we conclude that pg(f, ) > q¢*-6- (1 — (¢ —1)-96).

Now if § < 1¢7%, then we immediately get pa(f,t) > % -¢' - 4. Else, let £ be
the largest integer such that § < %q_z (and so § > %q_e). We then get pq(f,t) >
pa(f,l) > % qt6 > ﬁ, as desired, where the second inequality follows by the previous
argument. 0

LEMMA 5.2. For every q, there exist € > 0 and c such that for every d, t > t, q+c,
and n, the following hold: Let f : Fy — F, be a function with dq(f) > q*. Then

pa(ft) > e+ 3¢ D1 € R
Proof. We prove the lemma for € = Bqu and ¢ = log, N1(q,d) — tq,a + log, 128.
Recall that

|

Ni(g,d) = 2No(g,d + q) - ¢ = 2qLa=am ] ¥23es
and observe that

to g1+ —4 | 42+40,6 ty.da+2+A
2(] q,d q,6 S 2q\_q q/pJ a g 2(] q,d 4,6’

where Ay 6 is defined in Theorem 3.4, and so c is indeed bounded independent of d.

The proof is by induction on n. For the base case, we use n = t. In this case note
that pa(f,t) =1and > 7, ¢ =q"/(¢g—1),and so g -¢"-> 2, ;¢ " < 3 and
the lemma holds for every e < %

We now move to the inductive case. Let Ay, ..., Ak be all the distinct hyperplanes
for which d4(f|a,) < ¢~ ' If K is small, then we are easily done by induction, since
pa(f,t) = Exp4[pa(f]a,t)] and the inductive hypothesis says that pq(f|4,t) is usually
large. When K is large, we use Theorem 4.16 to show that d4(f) is small, and this
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allows us to use Lemma 5.1 to claim py(f, ) is large in this case also. The details are
below.

Case 1: K < 1q'. For a hyperplane A such that dq(f|a) > ¢~* we have, by the
induction hypothesis, pq(f|a,t) > e+ %qt o2, g . Using the fact that the number of
hyperplanes in F}! is at least ¢", we get that Pra[da(f]a) < ¢7*] < £¢'/q"™. Combining
the two we get

pd(fa t) = EXpA(pd(f|A7t))

1, = . 1
> _t —z__t n
_e+8q;q 24'/4

as desired.
Case 2: K > %qt. Note that

K> %L]t > éqtq,dJrc _ %qlogq ]Vl(q7d)+logq 128 > ]/\\fl(q,d) > Nl(q,d).
We thus have by Theorem 4.16, 64(f) < 2¢~* +4(q—1)/K. Using 2¢~* < 1¢g~%/(4=1)
and 4(q — 1)/K < 32 ¢ "1 < 2¢=%/@=D (by our choice of ¢t > log, Ni(q,d) +
log, 128 > d/(q — 1) +log, 128 + 1) we conclude in this case that dq(f) < 2¢q=%/(a=1).
This allows us to use Lemma 5.1 in this case and conclude that pq(f) > min{%q, % .
q'-34(f)}. It now follows from the choice of parameters that g= > e+5¢* 32,2, 4 ¢~
and%-qt-(sd(f)z%Ze+%qtzin+lq_i. O
We now give the proof of our main theorem.
Proof of Theorem 1.3. We analyze two cases depending on d4(f):
L. 8a(f) < g~V Since tyq = [(d+1)/(¢—q/p)] > d/(g—1), we get from
Lemma 5.1 that pq(f,tq,4) > min{ﬁ, 3 gt - 84(f)}.
2. 0a(f) > 2q=%/@=Y: In this case we can apply Lemma 5.2 and conclude
that there exist constants c,e > 0 such that for ¢ = ¢;4 + ¢ it holds that
pa(f,t) > e+ %qt Yo ns14 " > € Applying Lemma 4.7 we obtain that

pa(frtga) > pa(fit) - ¢~ ¢ ted) > e.g7c.

Set €1 = 1/2 and €2 = min{41—q7 €-q °}. Note that, by Lemma 5.2, e5 depends only on
q. Combining the two cases we conclude that

pa(f,tg.a) > min{ea, €1 - ¢4 - 54(f)},

as claimed. a

REFERENCES

[AKKt05] N. AroN, T. KAUFMAN, M. KRIVELEVICH, S. LITSYN, AND D. RON, Testing Reed-Muller
codes, IEEE Trans. Inform. Theory, 51 (2005), pp. 4032-4039.

[BKST10] A. BHATTACHARYYA, S. KOPPARTY, G. SCHOENEBECK, M. SUDAN, AND D. ZUCKERMAN,
Optimal testing of Reed—Muller codes, in Proceedings of the 51th Annual IEEE
Symposium on Foundations of Computer Science, 2010, pp. 488—-497.

[DKO00] P. DING AND J. D. KEY, Minimum-weight codewords as generators of generalized Reed-
Muller codes, IEEE Trans. Inform. Theory, 46 (2000), pp. 2152-2158.



562

[FK91]

[HSS11]

[JPRZ04]

[KRO6]

[KS08]

[Pol09)]

[RS96]

ELAD HARAMATY, AMIR SHPILKA, AND MADHU SUDAN

jus

. FURSTENBERG AND Y. KATZNELSON, A density version of the Hales-Jewett theorem,
J. Anal. Math., 57 (1991), pp. 64-119.

. HARAMATY, A. SHPILKA, AND M. SUDAN, Optimal testing of multivariate polynomi-
als over small prime fields, in Proceedings of the 52th Annual IEEE Symposium
on Foundations of Computer Science, 2011, pp. 629-637.

C. S. Jutra, A. C. PATTHAK, A. RUDRA, AND D. ZUCKERMAN, Testing low-degree
polynomials over prime fields, in Proceedings of the 45th Annual IEEE Symposium
on Foundations of Computer Science, 2004, pp. 423-432.

. KAUFMAN AND D. RON, Testing polynomials over general fields, STAM J. Comput.,
36 (2006), pp. 779-802.

. KAUFMAN AND M. SUDAN, Algebraic property testing: The role of invariance, in
Proceedings of the 40th Annual ACM Symposium on Theory of Computing, 2008,
pp. 403-412.

. H. J. POLYMATH, A new proof of the density Hales-Jewett theorem, Ann. of Math.
(2), 175 (2012), pp. 1283-1327.

R. RUBINFELD AND M. SUDAN, Robust characterizations of polynomials with applica-

tions to program testing, SIAM J. Comput., 25 (1996), pp. 252-271.

=

H

H

o




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


