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Model of Computation

~ Word =w-bit integer

T,
N Memory = array oSwords
P/;g% Unit-time operationson words
'G‘oﬁfgsc. A random access to memory
bt A+ % [, %, <, > == <<, >> N & | ~

Word size: w =m(l :
(199 Internal state: Of) bits
Hardware: NE




CeltProbe Model

Cell =Ww bits

Memory = array oScells

CPU:

A state: O(w) bits

A applyanyfunction on state [ non-uniform! |

Hardware: anything

A read/write memory cell in O(1) time @me: OF) bits
a
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Classic Results

w, 2 Ch/ {QTy®6
A (kind of) defines the model
A membership with low space

[AjtaiQy y 6
A static lower bound: predecessor search

[Fredmax { I 1 a { ¢h/ Qy 6
A dynamic lower bounds: partial sums, unifind

Have we broken barriers?




Dynamic Lower Bounds

Toy problem:
update set nodesto {0,1} 7

qguery.  xorof rootcleaf path

qu1\ery
I n=# nodes
I w=0(gn)
I B= branching factor
[Fredmax { | 1 a {¢h/ Qy p6

Any data structure with update timg =Ig®n
requires query time, =m(lgn/ Igign)



Hard Instance

}
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query

time
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Proof Overview

Claim ( ) k, Pr[query reads something from epokh x| n o1
t  Efty] =m(loggn)

OnlyO(B1t Ign)
bits are written

Past: irrelevantv.r.t. epochk epochk: Futurei
: i Bupdates !

time

TN N N
\ /'i

LetBl t, lgnt+ Bl B<it gn
Z



Formal Proof

Claim (¢ ) k, Pr[query reads something from epokh X 51 O wm
Proof. Assume not.
Encode\N=B<random bits with ${ bits on average



Formal Proof

N

ANENANEN
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Public coins . TheNbits |
to be encoded

(/5 i

Public coins:
N querles

CO //73
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time
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Formal Proof

Claim (¢ ) k, Pr[query reads something from epokh X 51 O wm
Proof. Assume not.

EncodeN=B< random bits with &l bits on average
Public coins: past updates, future updatBljueries

Equivalent task: encode query answers

Assumptiont 90% of queries can be run ignoring epéch



Formal Proof

Which queries

%%
Public coins

Decoder




Formal Proof

Claim (¢ ) k, Pr[query reads something from epokh X 51 O wm
Proof: Assume not.
Encode\N=B<random bits with ${ bits on average
Public coins: past updates, future updatBljueries
Assumptionr 90% of queries can be run ignoring epdch

Encoding:
A what future epochs wrote o(N) bits
A which queries read from epodh lg (N chooseN/10) L N bits

A 4



Applications

Partlal SUMS:

____________________________________________________________________________

“Maintain an array A[l1..n] under:
. update(, n): Af] =n

A4

sumf(): NB (0 dzNy !'q)j\n%l] b X b

_____________________________________________________________________________

____________________________________________________________________________

' Maintain a graph under: ff

link(u,v): add edge |
query@,v): areuandvconnected? |

_____________________________________________________________________________

| A



Fancy Application: Marked Ancestor

[Alstrup, Husfeldt RauheC h / { Qdy 6

A mark(v) / unmark(v)
A query(v):  any marked ancestor ?

hyteé YIFEN] | yY2RSIgngA UK LINROLF 67
B e = time
E E/@yneedscell

that might have
been written
in another version!



Fancy Application: Buffer Trees

External memoryw=BIgn
Dictionary problem:

A t,=t,=0(1)
At,=0O€BL 1, t=O(logn)

[Verbiz %K y 3 KacbinPNXMNT 80 Odz ¢cQ M ™ 6
If t,= OE/B) XD.99 then {, =m(log.n)



Fancy Application: Buffer Trees

[Verbiz %K y 3 KacbinPNXMNT 80 Odz ¢Q m M 6
If t,= OE/B) >K.99, then t, =m(log.n)

Queries = N elements from epochk}” {Nrandom elements }
Whichiswhich?@0 A 0 a (G2 GStf X

If true queries read from epodh 9 FlL£as | dzS|
t can distinguish

So: Random false query reads frtme epoch.

time

S R = (R = (=0

EEETrT




Higher Bounds

[Fredmax { I 1 a {¢h/ Qy
[Alstrup, Husfeldt RauheC h / { Q vy
a t=w(lgn/lgt,)




Higher Bounds

[Fredmax { I 1a { ¢h/ Qy
[Alstrup Husfeldt RauheC h / { Q dvy
vtqu\(Ign/ Iqtu)
[PN 0 NJ TOoupQ 1
tu: oan/ |g|gn)Jr tq)Knl'o(l)

Xfor incremental connectivity

sU oDonot rysh i nto a u
Take time to find yo




Hard Instance

Atlme
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Hard Instancécont.)

LetMT G 6AROK 2F 9qWRAYAEE

Operations:
A macroupdate (setting oné) Ccolors
m M edge inserts
A macroquery: o
I color root and leaf withCcolors C=r1)
m M edge inserts
I test consistency of coloring
m C connectivity queries
W
oo

Ccolors



The Lower Bound

M = width of edges n'*; C=# colors #°
Operations:

A macroupdate: M insertions

A macroquery: M insertions + queries

TheoremietB| t,. The query needs to read M) cells from
each epoch, in expectation.

SoMt, +Ct,xM -lgn/igt,.
If t,=o(gn/lglgn), thent, »xM/C =n*,



Hardness foOne Epoch

AAAAAA%A

\i/ : 21 time
X X X X x—x—x—x—@@@ >— ? >
—//i\ A 12

BM updates OBM t,) cells




Communication

Alice: B permutationsonM] (,, 7,2 X U
Bob: for each ;, a coloring of inputs & outputs witGcolors
Goal: test if all colorings are consistent

first message

y

| )

| O(BMt,) cells

B queries



Communicatioricont.)

Alice: B permutationsonM] (,, 7,2 X U

Bob: for each ;, a coloring of inputs & outputs wit@colors
Goal: test if all colorings are consistent

Lower bound:m(BM Ig M) [highest possible]

Upper bound:Alice & Bob simulate the data structure
The queries ru®BM t,) cells probes.

LD, : address _gd*WRe
.‘ - ¢ - K

contents . AL A%

We use Adg n) bits per each



Nondeterminism

W = { cells written by epoch
R = { cells read by th® queries }
Theproversends:
A address and contents af/z R
cost:|Wzw p Tlgim)dits
A separator betweenV\Rand R\W
cost:O(|W| + |R]) bits
Lower bound:m(BM Ig M)
SincgW|,|R|= BM1 Ignidglgn), separator is negligible.
So|W z R|= m(BM). I



Higher Bounds

[Fredmax { I 1a { ¢h/ Qy
[Alstrup Husfeldt RauheC h / { Q dvy
vtqu\(Ign/ Iqtu)
[PN 0 NJ TOoupQ 1
tu: oan/ |g|gn)Jr tq)Knl'o(l)




Higher Bounds

[Fredmax { I 1a { ¢h/ Qy

[Alstrup, Husfeldt RauheC h / { Q )
vtqf/v\(lgn/ Iqtu)

[PN 0 NJ TOoupQ 1
tu: oan/ |g|gn)Jr tq)Knl'o(l)

[PRI (i N DierGiaitze{ ¢ h / Qnn 6
t=w(Ign/lg(t,/lgn))

Alsoit,=o(lgn) + tyx o)



____________________________________________________________
Yl N,

 Maintain an array Af] under:

update(,n): Al =n B L
sum(): NBGdzNY ! ihpas b Xe b 1
____________________________________________________________ L
| i * x.
The hard instance: X,
> 4 8
" =random permutation % o
fOI’t — 1 tO n x.nls Nho
query: sum{ (t)) %, ¥
n.= rand() - *.s

update( (t), n,)

tin

ne
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How can Mac help PC rfin I’ op Z]X 2

Fia
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* read during( t cpZ]X > M H

* written during( t T

——————————————————————————————————————————————————————
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The general principle

Lower bound

= # down arrows

K operations

K operations

(a?x 7« 7«

x\\
g’
x\
g/

x

x

E[#down arrows] K(k)




------------------------------------------------------------------

,f

{ Communication = # memory Iocatlons
* read durlné mauve pe“Od]

————————————————————————————————————————————————————————————————————

--------------------------------------------------------------------------

,—

---------------------------------------------------------------------------

-----------------------------------------------------------------------------------------------------------

- memory locations ~ read duringﬁ mauve period —K(K)
| * written during beige period| i

-----------------------------------------------------------------------------------------------------------




Putting It all together

4 Every memory read countashce
1\ @ lowest_ common_ancestr
8 [ write time |, ( read time))

G



Dynamic Lower Bounds

[Fredmax { I 1 a {¢h/ Qy

[Alstrup, Husfeldt RauheC h / { Q vy
vtqf/v\(lg n/ Iqtu)

[PN U NJDemadze{ ¢ h/ Qnn6
vtqf/v\(lg n/ Iq (t,/lgn))

[PN U NJ TOotugzZ)
t=olgn)t tox b

Some hope: max{t t}=m*(Ig=n)



Dynamic Lower Bounds

[Fredmax { I 1 a {¢h/ Qy
[Alstrup, Husfeldt RauheC h / { Q vy
t=w(Ign/lgty)
[PN (O NJD&roaitze{ ¢ h/ Qnn 6
t=w(lgn/lg(t,/lgn))
[PN {0 NJ Thoug2Q 1}
t;=olgn)t tyx to4P
[PNGNF 6O0dz { ¢h/ Qmn
NOF conjecture max{i,, t,}=m(n")
3SUM conjecture RAM lowerbnd

——————————————————————————————————————————————————————————————————————————————————————————————

---------------------------------------------------------------------------------------------



The Multiphase Problem
sz %F‘z[u]>'" ime

time OQ 1 ¥zl - time O@dzl) - time O(X)

Conjecture: If dzi << k must haveX=w(u’)
t reachabilityin dynamic graphs requires(n®)




3-Party, Numbeion-Forehead

< sT P> time

time OQ 1 ¥zl - time O@dzl) - time O(X)




Dynamic Lower Bounds

nio- Qture? ]

) (\i : é >
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\Qoo\\% A ﬁFredmam
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Classic Results

w, 2 Ch/ {QTy®6
A (kind of) defines the model
A membership with low space

[AjtaiQy y 6
A static lower bound: predecessor search

[Fredmax { I 1 a { ¢h/ Qy 6
A dynamic lower bounds: partial sums, unifind

Have we broken barriers?




Communication Complexity
MData Structures
lg Sbits

| waltS ,gf‘. :
. W bits
Input: O w} input:nbits |

if;

[{! \ Asymmetric communication complexiﬂy




Toolsin AsymmetricC.C.

w! 2 0 IMitgesery Nisarusafra Wigderson{ ¢ h / SenyénkatesiQ n o 6
A round elimination
X |t nde&sage compressiofCharabarti, RegevC h / {] Qi n

[Miltersen, NisanSafrgWigderson{ ¢ h/ Qdp 6
A richness

[PN (0 NJCohQdd Qny
A lopsided sedisjointness (via information complexity)



Round Elimination




Round Elimination

. | lmportant teChnica/-
Setup:| Alice has input vectap,>  X¥ 'ty

&) {Bob has inputg, i™ [k] and sees;> X > E
| Output: f(x;, y)

If Alice sends a messagerot k bits =>fix i andeliminate round

Now: | Alice has inpuk | want to talk
f 1 Bob has an inpug [ to Alice@ ]
- Output:f(x, v) r—




Predecessor Search

pred@,S)=max{%{ py E X |l Y

lvanEmde. 2 a Ch/ { QT p 6

if @/K @ hash table, return pred(q modK dAbottom structure)
elsereturn pred(ay/K (aop structure)

0102 K dz {Space: Q) }
Query: Olglgu) = Olgw)

/1 K| w V\
/ N




Round Eliminatiol Predecessor

w! 2 0 Mit€dsenf & hwd Midiersen, NisanSafra Wigderson{ ¢ h / Qdp
[BeameFich{ ¢ h / SdndiénkateshQ n o 6

Alice: q=(q, 2 @2

Bob: iN[k], (qZ XJ» S

Goal: pred(qg, S)

Reduction topred(q,T): T={(@E XXl EZ h)®8E X0

Space = O(n)t setk=0(gn) t lower bound:m(log, \w)



Richness Lower Bounds
Prove: GSAUKSNI AbitshoOB®b serisiBoRAA0 & €

Assume Alice sends o(A), Bob sends o(B) Bob

=> big monochromatic rectangle I
Q (= o(A)
Show any big rectanglelischromatic <iE_J i S 11/2
e
E.g. Alice hagy'l{0,1,*) Bob hasS=n points in {0,14

Goal: does the query match anything?

[PN O NJ 6 Odr ASK(d), {BEX(nLY)
=>t, X Y B /w }



Richness Lower Bounds

dzLJLISNJ 6 2dzy R F

What does this really mean? / Ae><|00|r_lenti<'sll space
G2LIGAYIE AL OS5 f 2% SN Oﬁ@e&lzrynﬁar query time

F2N O2yail wmbq YSE
@\d,\%“\__/.\

owerbound 7 S
I n l '
ogvi ?(dO/:J) o (n) 20 (d)
E.g. Alice hagy'l{0,1,*) Bob hasS=n points in {0,14

Goal: does the query match anything?

[PN O NJ 6 Odr ASK(d), {BEX(nLY)
=>t, X Y B /w }



Richness Lower Bounds

dzLJLISNJ 6 2dzy R F

What does this really mean? / Ae><|00|r_lenti<'sll space
G2LIGAYIE AL OS5 f 2% SN Oﬁ@e&lzrynﬁarquery ime

F2N O2yail wmbq YSE
@\d,\%“\__/.\

lower bound q) (}n) 2¢I(d)

S

[Also: optimal lower bound for decision tre%ss




Results

Partial match -- database of strings in {0,14 query| {0,1,*}
[Borodin,OstrovskyRabanf ¢ h/ Qdd6
[Jayram,Khot,Kumar,Rabdni¢ h / QA=DKd/Ign)

[PN(GNJ 6 Odz B8Kd) Qny 6
bSINBaAU bSAIKOZNIK2ZY K& LISNIDdz S
deterministic’ -approximate: w[ A dzA AK{dE ?)
randomized exact: [Barko| Rabani{ ¢ h / OQA1=K(@)
rand. (1#)-approx:[Andonj Indyk FN (i NJCd © dz AsrKE2lg n)
G W2 KYiddengtrausé LI OS A a 2|
| LILINPEAYI UGS bSIgNBad bSAIKO2NI
[Andoni Croitory t N U NE RJ/O{d) mylaglykC h / { Qdy 6 A a



The Barrier

lg Shits

w bits

|g Shits

A7

W

\

|

No separation betwee
S=0f) andS=n°D |

— 3/

vy

177



Predecessor Search

[PNG NI UOdzE ¢K2NMzLd { ¢h/ Qnec
Forw = (1+#) Ign and space ), predecessor takes(lglg n)

Separation Q) space vat*

’f(I dz Zk dz U'

Claim: ThestcellLIN2 6 S Ol Yy 06S NI celdh O



Restrictigg { Cell Probe

S={M;, Ms} S ={Ms, Mg}

l_‘_\ l_‘_\

|1‘1‘1\| T T T |111| > guery
QRO% QR

%o?")o«(;‘:o« X "o«%o«:o' %

g

G

IFMk | SH Ky
A place query & data set in segment
A 1stmemory access flo(q)) N S,

: : : Hoso—oo : t>
0 1 K dz (k+1XK dz u




Restrictigg { Cell Probe

S$={M,, Mg} Sw=tMs, Mg}
Sl ——
;III: | | | Iiifwuery
S N ok
Otherwise { )k iS&J Xy

A choose T £OK Ylgn) cells}+ eachS,is hit
A 1stmemory access &hi(q), lo(q) ¥ Sy
A makelo(q) irrelevant +  fix to makef(hi(q), )N T

P, S
fot—otxtotolr  EEEE) —+—— F—o—je———o———F»
012 K dz 0 Kdz 2K dz u



What Did We Prove?

If there exists a solution tBredn, u) with:
I space complexity: @)
I query complexity: t memory reads

i

There exists a solution t8redn, Ku) with:

i space complexity: @ ‘ X Oy (‘)}S N
i h onKlgn)d LJdzo f A & K= free of charge

I query complexity: t-1 memory reads




Dealing with Public Bits

In 24 round, there are CK y'Ig?n) published bits.

Direct sum  Predn, u) =k x Predn/k, u/k)

—+too—otoo—o—+4o—oo—+to—o0—-o—+4ooco—Ffp—o0—-o—+4>
0 u'k  2(u/k) u

kI K yigen With OK Y'lg2ii) public bits,
most subproblems are still hard.



New Induction Plan

problem 1 problem 2 X problemk

A
I I

S 2

X
eSy JEST  _4eS

(ed (ed read
i
| | |

Main Lemma Fix algorithm to read from a set aik)” cells
Gt N22F &Y

A problem jis nice if M)h: |Siu )6
t  fix hipart in problem

A problem j is not nice if } {h: |S.J| > (n/K)*
t choose T to hit all






