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requirement cut
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©0 00

oblivious 0-extension
And Steiner generalizations of:

oblivious routing

min-cut linear arrangement

© 00

minimum linear arrangement

Our approach is to prove the existence of vertex sparsifiers that preserve
cuts...
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Definition
G' = (K, E’) is a Vertex Sparsifier for G = (V/, E) if all cuts in G’ are at
least as large as the corresponding min-cut in G.

Definition
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Vertex Sparsifiers

Good Vertex Sparsifiers exist!

And can be computed in polynomial time!

Theorem

For all weighted graphs G = (V,E), and all K C V there is a weighted
graph G' = (K, E') such that G’ is a poly(log k)-quality Vertex Sparsifier
and such a graph can be computed in time polynomial in n and k.
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Vertex Sparsifiers

An Application to Steiner Minimum Bisection

Graph G=(V.E) Sparsifier G’=(K,E’)
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Vertex Sparsifiers

Reducibility in Multicommodity-Type Problems

This is a general strategy!

Reducibility for Multicommodity-Type Problems:

@ Construct G’ so OPT’ < poly(log k)OPT
@ Run approximation algorithm on G’
© Map solution back to G

Informally: If the problem is Lipschitz w.r.t. hg, then this is a general
reduction!
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Vertex Sparsifiers

Definition

G=(V.E)

Ankur Moitra () Multicommodity October 23, 2009 57 / 116



Definition J

Ankur Moitra () Multicommodity October 23, 2009 58 / 116



Vertex Sparsifiers

Definition

Ankur Moitra () Multicommodity October 23, 2009 59 / 116



Definition
Let f: V — K, denote a O-extension if for all a € K, f(a) = a.
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\

The dualityof the Sparsifer is < 2
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An Example

Approximate Vertex Sparsifiers via 0-Extensions

Theorem

For all graphs G = (V/, E) and all sets K C V/, there is a distribution ~ on

0-extensions such that G' =Y ~(f)Gy is a O(Iog"ﬁ)gk) quality Vertex
Sparsifier for G, K.
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Let v denote the game value of the extension-cut game

So d a distribution « on 0-extensions s.t. for all A C K:

Er[N(f, A)] < v

BN A= Y0 )y

fesupp(y)

Let G = )" v(f)Gy; forall AC K:

H(A) = Ery[he(A)] < vhi(A)
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Best Response?
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Proof Outline

@ Define a Zero-Sum Game
@ The Best Response is a 0-Extension Problem

© Construct a Feasible Solution for the Linear
Programming Relaxation

© Round the solution to bound the Game Value
[Fakcharoenphol, Harrelson, Rao, Talwar 2003]
[Calinescu, Karloff, Rabani 2001]
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Approximate Vertex Sparsifiers via 0-Extensions

Theorem

For all graphs G = (V/, E) and all sets K C V/, there is a distribution ~ on
0-extensions such that G' =Y ~(f)Gy is a O(Iog"ﬁfg‘k) quality Vertex
Sparsifier for G, K.

Theorem

For all graphs G = (V, E) and all sets K C V, there is a polynomial (in n
and k) time algorithm to construct G’ that is a poly(log k)-quality Vertex
Sparsifier for G, K.
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Constructively Finding G’

Unfortunately, this is a whole other talk!
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Improvements and Open Questions

Let Pg C R(5) be the set of all demands that can be routed in G (where
demands are restricted to K).

Theorem
There is a graph G' = (K, E') such that P¢ C Pg C O(lolgoilg‘k)PG J
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Improvements and Open Questions

Let Pg C R(5) be the set of all demands that can be routed in G (where
demands are restricted to K).

There is a graph G' = (K, E') such that Pg C Pgr C O(=26%)P¢

Theorem
log log k J

This is a strengthening of the results presented here!

Open Question
What is the integrality gap of the linear program for 0-extensions? J

log k
loglogk' """

Is it v/log k,
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Improvements and Open Questions

Theorem (Leighton, M)

There is a graph G and a set K so that for any graph G' = (K, E") which
is a better flow network - i.e. P C Pg:, Pg ¢ Q(loglog k)Pg
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Improvements and Open Questions

Theorem (Leighton, M)

There is a graph G and a set K so that for any graph G' = (K, E") which
is a better flow network - i.e. P C Pg:, Pg ¢ Q(loglog k)Pg

Open Question

What if we are only interested in cuts, and not all flows? Is there an O(1)
upper bound?

Equivalently, is there an O(1) upper bound for the linear program for
0-extensions when A is an ¢ semi-metric?
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Thanks!
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