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1 Intro duction

This thesisinvestigatestwo properties of xed-angle polygonal chains: (1) condi-
tions for locking near-unit chains, and bounds on length ratios when the precise
conditions seeminaccessible2) the maximum span of a xed-angle chain, that
is, the largest distance achievable betweenits endpoints.

1.1 Basic De nitions 4

A polygonal chain, or just a chain, is a non-self-intersecting sequenceof line
segmets (in 2D or 3D) connectedend-to-end. The edgesare also called links,
and the vertices are also called joints. The joint angle at a vertex vy refersto
the angle betweenthe edgesvyx 1vk and v Vg4 . If there is no constraint on the
joint angles,the chain has universal joints. A xed-anglechain is onein which
ead joint angle at eat vertex is some xed angle ;. If all joint anglesof the
chain are xed to the sameangle , it is calledan -chain. These -chains are
our main (although not sole) focus. We will occasionallyrefer to the turn angle
rather than the joint angle , which isde ned to be =

A chain is locked if its con guration spacehastwo or more connectedcom-
ponerts. This meansit cannot be recon gured between some pair of distinct
embeddingswithout self-intersection. A chain all of whoselink lengths are equal
is an equilateral chain. Becausewe take this xed length to be 1, we also use
the term unit chain. The length ratio L of a chain is the ratio of the longest
link length to the shortest link length. The standard 5-link \knitting needles"
chain (with universaljoints) is locked for all L > 3. SeeFig. 19.

A chain C is called a near-unit chain if, for any given > 0, there is a chain
COof similar relevant properties (for us: whether or not it is locked) with length
ratio within 1 . Similarly, a chain C is called a near- chain if, for any given

> 0, there is an %chain of similar relevant properties with  © within

4These de nitions are based on those in [DO06] and [DLOO5 ]



1.2 Locked Chains

The rst part of this thesis concerrates on the locking of near-unit -chains.
Such chains have beenusedto model the geometry of protein backbones(which
havejoint anglesofs 109 and links of roughly constart length) [STOQ] [DLOO5].
Understanding the locking of thesechains is believed to be certral to predicting
the native state of a protein, and furthermore, may clarify the spaceof possi-
ble protein foldings [DLOO05]. A promising application that could stem from
understanding the conditions for locking is protein folding algorithms. The
con guration spacebeing searded by current folding algorithms is vast, and
may consist of predominartly locked con gurations. Yet the processby which
proteins fold asthey emergefrom the rib osomedoesnot permit locked con gura-
tions, soremoving these con gurations from the seardable con guration space
would increasethe e ciency of folding algorithms. Henceone of our primary

motivations is the pursuit of this question:
Question. Doesthere exist a near-unit, near- locked chain?

We show that there is a near-unit, near-60 locked 4-chain. However these
bond anglesof 60 are far from the bond angles of proteins, which are close
to 109 . Although we worked on trying to establish whether or not there are
near-unit, near- chains for bond anglescloserto those in proteins|esp ecially

= 90, we were unable to settle those questions. Therefore we sough the
smallest length ratio, the ratio of the longestto the shortest link lengths, that
permits locking. This led to our secondmain focus.

1.3 Maxim um Span

The secondpart of the thesis concertrates on the maximum span of xed-angle,
polygonal chains. This latter investigation is weakly connectedto lockability, in
that the maximum spanof a near-unit, -chain providesa (weak) bound on the
length ratio for which a locked chain exists. This was our original motivation
for exploring the span of polygonal chains. Howewer our line of investigation
shifted from lockability to maximum span, an interesting problem in its own

right.



As previously mentioned, xed-angled chains can model protein backbones.
Sossstudied the span of such chains: the endpoint-to-endpoint distance. He
proved that nding the minimum and the maximum span of planar con gura-
tions of the chain{the min and max at span{ are NP-hard problems [Sos0]l.
Protein badkbonesare rarely planar, so the real interest lies in 3D. Sosspro-
vided an exampleof a 4-chain whosemax spanin 3D is not achieved by a planar
con guration, establishingthat 3D doesnot reduceto 2D. He designedan ap-
proximation algorithm, but left open the computational complexity of nding
3D spans.

Sossconcenrated on the more interesting max-span problem, and we do
the same. We make progresson the 3D max-span problem by focussing on
restricted classesof chains, which are incidentally among the most relevant
under the protein model.

We shaw that the 3D max span of a unit -chain is achieved in a pla-
nar con guration, what we call the trans-mn gur ation: a at con guration in
which the joint turns alternate between+ and . (The terminology is from
molecular biology, which distinguishesbetweenthe trans- and cis-con gurations
of molecules.) We provide examplesthat show that, without the equal-length
assumption, or without the equal-angle assumption, the max-span con gura-
tion might be nonplanar. For 90 -chains, the max at spanis achieved by the
trans-con guration, and can be found e cien tly, in contrast to the arbitrary-
situation. Finally, we establish a structural theorem that permits the 3D max
span of 90 -chains to be found via a dynamic programming algorithm in O(n?)
time.

Although in this thesis, | only prove the above results for 90 -chains, we are
con dent that the results hold for -chains for abitrary , and hope to write a

paper for publication with those results.

2 Near Unit, Near Fixed-Angle 4-Chains

In this section, we examinethe conditions for locking near-unit, near- 4-chains,
and prove the existenceof a locked 4-chain for 60. Recall that a chain is
lockad if its con guration spacehastwo or more connectedcomponerts. This



meansit cannot be recon gured betweensomepair of distinct embeddingswith-
out self-intersection.

Theorem 2.1 For any > 0 andany > O, thereis a near-unit, near 60
locked 4-chain, that is, one with all lengths within 1 and all angleswithin
60

Pro of: Consider the following symmetric con guration (shown in Fig. 1) of
a 4-chain with vertices (a% a; 0;b;1’) and edgesconnecting adjacert vertices of
the 5-tuple: Let a and b be xed at ( %; 0;0) and (%;0; 0), respectively. Let o
be xed at (0; %;O). Note that ao and obhave unit length. Selectcoordinates

for a® such that:

(1) aal lies betweenoband bt
(2)jaaf = 1+ ;
)@@ a (0o ay=(1+ yeodz )

Similarly choose coordinates for b° such that bl lies above (with respect to z)
aa’, haslength 1+ and makesan angle of 3 with oh Let coneA be the
coneswept out by aa® while maintaining \ oaa’= 3 . Let coneB bede ned
analogously If aa°lies betweenoband blf for any position of b° on coneB and
aon coneA, we sa that aa is captured. That is, the motion of aa® about ao
is restricted to anglesbetweenblf and oh Refer to Fig. 2.

Our goal is to shav aa’ is captured betweenob and bl?, and that as goes
to zero,sodoes , which permit usto satisfy any given (; ) pair.

Rotate aa’ such that it just touchesfrom above oband rotate b suc that
it just touchesfrom above aa’, sothat aa’ and bl are in nitesimally closeto
the xy-plane; seeFig. 3. Then the equations of the lines cortaining aa® and bl
arey = (x+ 3)tan andy= (x 3)tan(5+ ); respectively. Solving for the
intersection of aa® and bl¥, we obtain
tan +tan(3 ).
tan tan(z )’

Xint =

where Xjn; is the x-coordinate of their intersection point. Hencewe have

(14 )= G5+ Xm)?+ (Om + J)tan )2

4
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Figure 1: Con guration of 4-chain. Notice that aa®is captured betweenoband
bis.

Figure 2: aalis captured between ob and bl inside coneB. aa’ cannot reac
the midplane without passingthrough bl at somepoint along the trajectory.



The above equation allows us to write  has a function of : Geometrically
it is clearthat, Iim, ¢ () = 0. SeeFig. 3. Algebraically, as ! 0 the LHS
goesto 1, the RHS must also go to one, which can only happen if the second
term ((Xjnt + %)tan )2 goesto 0, sincethe rst term goesto 1. And the second
term will only goto 0if goesto O.

0
O
b!
a p/3-d
:} i a’
b '€

Figure 3. Geometric relationship between and

Now we show that aa’is captured between ob and b: We will do this by
shawing that the conditions for escape cannot be satis ed without aa® passing
through bl The minimum requiremert for escag is that a° lies along bty (that
is, aa® just brushesby bi). Let A be the unit vector along aa® Then we obtain

the following equations:

A (0o a-= cos(§ )
A A=1
@ b (0o b=ja° bcof3z )

wherea®= a+ (1+ )A. A tedious calculation shows that the only solution (for
appropriate and ) is when a® = b on midplane x = 0: SeeFig. 2. But aa’
cannot reach the midplane without passingthrough b at somepoint along the
trajectory. Seeagain Fig. 2.

Notice that this theorem is tight in that if > =3 there are no locked
near-unit 4-chains. SeeTheorem 2.3. 2



Corollary 2.2 Foranyn 4and < 60, there existsa locked near-unit and
near- n-chain, i.e., onewith all lengthswithin 1 and all angleswithin

Pro of: First notice that the construction of ?? worksforany < =3, becoming
easierfor smaller anglesto lock the chain. Now take a locked near-unit, near-
4-chain, and simply add as many links asyou like to the endpoints to obtain an

arbitrarily long locked near-unit, near- chain. 2

Theorem 2.3 There are no locked near-unit and near- 4-chainsfor > 60 :

Pro of: Let K be a near-unit 4-chain with > 60 . Label verticesin the order
(a%a;0;b;b°) as before. Without a loss of generality, take a;0; and b to lie in
the xy-plane and o and b to have coordinates (0; 0; 0) and (1; O; 0), respectively.
Becauseangle boais greater than 60 , the projection of a® onto the xy-plane

must lie to the left of oh (Note that if were exactly 60 , a° could lie directly

(o]

Figure 4.

on top of b and closethe equilateral triangle aoh) Similarly the projection of b°
must lie to the right of oa. If a’is to the left of oa or K’ is to the right of obwe
are done. Hencetake a® and b to lie within the angle boa SeeFig. 4. One of
the edgesbld or aa® must be on top. If bl is above aa’ simply rotate bl onto
the right side of ol such that the end links aa® and bl lie on opposite sidesof
ob and hencecannot possibly intersect. If aa’ is above bl rotate aa® onto the
left side of oa away from b°. This exhaustsall possibilities. 2



These are the rst results on near-unit, near- chains, and, unfortunately,
none others are known at this time. It seemsthat larger angleswould lead to

larger length ratios.

3 Fixed-Angle 5-Chains

By an extensionof the sameargumert, we can prove a bound on L for 5-chains.
As the reasoningis similar to that in the previous section, we only sketch the

proof.

Theorem 3.1 For any < 90, thereis a near-L, near- locked 5-chain, with
L = 1=cos .
Pro of: (Sketch.) We x vyv, and vav, to have unit length. Referring to Fig. 5,

1
cos

Figure 5: Taking jvovij and jv4vsj to be greater than ensuresthat we can

lock the chain.

taking jvovij and jvavsj to be greater than jv,vszj prevents the two end links
from escaping,and hence,locks the chain for reasonssimilar to those detailed
in Theorem2.1. (In this sketch we do not repeat the reasoning.) Now we express
jv2v3j has a function of . We have

_1 1
" 2 cos
i i=2h=
JVaV3]) cos



Sincemaking jvgvij and jv4vsj greater than Coi locks the chain, this givesus

alength ratio L = _1—. 2

This result is weak: for = 60, it leadsto L = 2 when we know 1 is
achievable;for = 70,itleadstoL 29;andL! 1 as ! 90.

4 Fixed-Angle 6-chains

Stefan Langerman and Joseph O'Rourke proved that there is a near-unit, 90 ,
locked 6-chain for any L > P 2 [LO04]. SeeFigs. 6 and 7.

Figure 7: Animation of opening motion [LO04]. The two end links have length
p_
2+



5 Planar Maxim um Span Con gurations

de nied as the maximum distance between its endpoints vy and v, acdieved
over all con gurations of the chain. The maximum at span of a chain is the
largest such distance achieved in any at con guration of the chain. A at con-
gur ation of a chain is a con guration in which all links lie in one plane without
self-intersection. The minimum span and minimum at span are de ned anal-
ogously

Computing the minimum and maximum spansof a chain are of interest to
polymer physicists, who often needto compute the distribution of the distances
betweenthe endpoints of a polymer [Sos0]. This is becausethe mean-squared
distance betweenthe endpoints of polymers relates to their physical properties
such as light diusion and scattering [Sos0]. We will also see,in Section 6
below, that the maximum span leadsto bounds on the length ratio neededto
lock a chain. This connection motivated our study of the maximum span.

As mertioned in the Intro duction, Sossproved that computing the minimum
or maximum at span of a chain is NP-hard [Sos0]. Both proofs are by
reduction from set par tition.

Hardnessof computing extreme spansin 3D remains open for general xed-
angle polygonal chains, but we'll show that for a speci c classof these chains
the problem becomeseasy requiring only a constart amourt of computational
time. This subclassis the classof unit -chains. We'll alsoshaw, in Section8.3,
that the max span of non-unit 90 -chains can be computed in O(n?) time. In
order to prove our complexity results for the classof unit -chains, we needto
intro duce someterminology imported from biochemists.

The cis-con guration of amoleculerefersto the con guration whereopposite
groups lie on the sameside with respect to a line of reference,asin Fig. 8(a),
while trans-con guration of a moleculerefersto the con guration whereopposite
groups lie on opposite sideswith respect to a line of reference,as in Fig. 8(b)
[MW97]. Although typically theseterms refer to the location of opposite groups
acrossa double bond (alkene), we will extend the terms analogouslyto describe
polygonal chains. We de ne the trans-con guration of a xed-angle chain as

10



(a) Cis-con guration. (b) Trans-con guration.

Figure 8:

the planar con guration in which the turns at ead joint alternate between+ |
and ;, where ; = i. We say that a con guration is maximal if the

maximum span is achieved in this con guration.

Lemma 5.1 (3-Chain Lemma) The maximum span of any xe d-angle3-chain
is achievel in a planar con gur ation.
Pro of: Let the chain be (vo;Vv1;V2;Vv3), and let  denote the angle between
VoV2 and v,v3. Then the maximum distance betweenvg and v3, maxjvgVsj, is
achieved when s largest, becausethe lengths jvov,j and jvovsj are already
determined by the xed edgelengthsand xed turn anglesof the chain, leaving
only to vary. Now wejust needto shav that islargestwhenvs; isin the plane
determined by fvg;Vvy;Vv2g. SeeFig. 9. If we look down on  from above, we
obtain the view shown in Fig. 10. It is clear that the red line, the projection of
the conerim on which vz rides (cf. Fig. 9), intersects eat level curve at most
once, beginning at someintermediate and ending at the maximum in the
plane . Hencemaxjvgvsj is achieved when vz liesin , and sothe maximal
con guration is planar. 2
Note that this lemma holds for arbitrary joint angles,not necessarilyall equal,

as doesthe next lemma.

anglek-chain. Then in any maximal con gur ation of the chain, verticesfvg; vy;

Vo; Vi@, and verticesfvg; vk 2, Vk 1;VkQ are coplanar.

11



Figure 9: The maximum span of a 3-chain is achieved in a at con guration.
The blue rings are the level setsfor , where is the angle betweenvgv, and
VoV3. The anglesincreasefrom left to right along the pink line. The greenribs
specify all possiblelocations of edgev,vs, which rides along a cone whoseaxis

is vivo. The rim of the cone(red) is the locus of possiblelocations of vs.

V1

Figure 10: The red line intersects eat level curve at most once, starting at
someintermediate  (toward the left), and ending at the maximum  (toward

the right) in the plane of fvg;vi; v20.

12



Pro of: We prove the latter claim; the former follows by relabeling the vertices
in reverse. Let  be the plane determined by fvg; vk 2;Vk 10. As in the proof
of the 3-chain Lemma 5.1, let  denote the angle betweenvovy, 1 and v 1.
Any position of the three vertices fvg; vk 2;vk 19 in  determine a \virtual”

3-chain (vo;Vk 2;Vk 1;Vk) Whose span is maximized when vy lies in (i.e.,
when is largest) by Lemma 5.1. That is to say, for any sud position, rotat-
ing vk into the planar trans-con guration of the corresponding 3-chain yields
the largest distance betweenv, and vi for those particular positions of the ver-
tices vp, Vk 2, and v 1. Hence,in any maximal con guration, we must have
fvo;Vk 2;Vk 1;Vkg coplanar; otherwise we could increasethe distance between

Vo and vy by rotating vg into . 2

5.1 Unit -Chains

In the above lemma and corollary we made no assumptionson the link lengths,
nor on the joint angles,exceptthat both are xed. Now we specializeto unit-
length chains, all of whoseanglesare equalto , i.e., unit -chains. Our rst

lemma will sene asthe basecasein an induction proof to follow.

Lemma 5.3 The maximum span of a unit -chain of 4 links, is achievel in a
planar con gur ation.
Pro of: Let (vo;V1;V2;Vs;Vs) be sudh a chain. Let  be the plane determined
by fvg;Vvi1,vog. Draw a sphereof radius jvov,j certered at v,. Becausejv,vsj =
jVovaj = 2sin 5, v4 must alsolie on this sphere. SeeFig. 11. By Lemma5.2, we
know that v, must alsoliein . Hencev, must lie onthe \equatorial* great circle
that is the intersectionof  with the sphere. The maximum distance betweenvg
and v, is just the diameter of this circle, i.e., jvoVvaj + jVoVa] = 2jvgVvoj. And since
the planar trans-con guration achievesthis distance, we have that the maximal
con guration is planar. SeeFig. 12.
2

We will seelater (Facts 7.3 and 7.1) that this lemma is false without either

the unit-length or the same-angleassumptions. Howewer, there is no restriction

on the xed angle

13



Figure 11: A sphereof radius jvgv,j certered at v,: Since jvoVaj = jVoVaj =
2sin 5 ; v4 must also lie on this sphere.

Figure 12: The maximal con guration of a unit, xed-angle 4-chain with joint
angles is the trans-con guration. Notice that the spanis just the diameter of

the circle certered at v,, which is equalto 2jvovyj.

14



We now focus on unit -chains of an arbitrary number of links. The argu-
mert is di erent for even and odd number of links.

Lemma 5.4 The maximum span of a unit -chain, having an even number k
of links, is achieveal by the planar trans-con gur ation.

Pro of: We will prove this by induction. The basecasen = 4 is achieved in
the planar trans-con guration by Lemma 5.3 above. Assumetrue for all even
n k 2 that the maximal con guration of a unit -chain with n links is
the planar trans-con guration, i.e., maxjvoV,j is achieved in the planar trans-
con guration. Now we'll show that this is true for n = k by using a subadditive
argumert.

Clearly,

MaxjVoVkj MaxjVoVk 2f + jVk 2Vk]

becausethe distance jvg »Vvkj is uniquely determined from the joint angle
and the unit lengths jvx 2vk 1j = 1 and jvk 1vj = 1. (In other words, were
max jvoVij larger than this quartit y, the xed distancejvk 2vkj would imply that
maxjvoVk 2] is not in fact maximal.) By induction, maxjvovy »j is achieved
in the planar trans-con guartion. The planar trans-con guration of the full
k-chain givesus equality in the above expression,so this must be the maximal
con guration sincejvgpvkj can be no larger. SeeFig. 13.

Vk-1

V2 Vk-2
VO Vk
maxspan(k-2) + |Movi| = k sin@/2)

Figure 13: The maximal con guration of a unit, k-chain for even k (and joint
anglesall equalto ) is the planar trans-con guration.

Lemma 5.5 The maximum span of a unit -chain, having an odd number k of
links, is achieval in the planar trans-con gur ation.

Pro of: Proving this result for odd k is signi cantly more di cult, despite our
intuition that the maximal con guration for odd k should also be the planar
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trans-con guration. Wewill againuseinduction. Our basecaseis a unit 3-chain,
which we know we know has the planar trans-con guration for its maximal
con guration by Lemma 5.1. Assumeit is true for all odd n k 2 that
the maximal con guration of a unit n-chain with joint angles is the planar
trans-con guration. We'll now show true for n = k.

Let be the plane determined by vertices fvk 2;vk 1;vkg. Now we will
show that the position of vy that maximizesjvovij is that of the planar trans-
con guration. By the 4-vertex Lemma 5.2, we know that vy must also lie in
if we are to achieve a maximal con guration. Let maxspanjmj denote the max
spanof a unit -chain with m links. Let transspanjmj denote the span of the
trans-con guration of such a chain.

Draw a circle Cx » of radius maxspanjk 2j certered at vx ». We know
by the induction hypothesis that this radius is just the span of the trans-
con guration, that is, maxspanjk 2j = transspanjk 2j. Similarly draw a
circle Cx ; of radius maxspanjk  1j certered at v ;. Now sincek 1is
even, maxspanjk 1j = transspanjk 1j by Lemma 5.4. Finally, draw a circle
Ck of radius transspanjkj certered at vi. It is clear that these three circles
Ck 2;Ck 1;and Cy must intersectat a common point v , sinceany subchain of
a trans-chain is itself trans, and all three circles are basedon transspans. This
construction is displayed in Fig. 14.

We aim to prove that the maxspanjkj is achieved whenvg = v . This v is
the position of vo when (vp;:::; V) is in the trans-con guration. Supposefor
contradiction that there is a position of vg for which jvgovkj > jv vkj: Then vq
is exterior to Cy (blue circle in Fig. 14). Let L denote the line through v and
Vi. If L also passesthrough vi », then the last two links exactly extend the
trans-con guration of the rst k 2 links, and we are nished. So assumeL
missesvk 2, and in particular, intersectsvy vk 1.

That this intersection is without a loss of generality can be seenby the
following reasoning. Orient the chain horizontally (that is to say, the x-axis
bisectsead link of the chain and sothe y-coordinates of eact vertex alternate
between+y and y) asin Fig. 15 with v having y-coord +y. Both v , and
vk have y-coord vy, and v lies to the right of vx »; hencethe line L through
V Vg is above the line v v 2. And the y-coordinate of v 1 is +Yy, sothe line
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Figure 14: Cy » is a circle of radius maxspanjk 2j = transspanjk 2j certered
at vk 2, C¢ 1 is acircle of radius maxspanjk  1j = transspanjk 1j certered
at vg 1, and Cy is a circle of radius transspanjkj certered at vix. The circles

Ck 2; Ck 1; and Ci intersect at the common point v .
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determined by v v¢ ; is horizontal. Hencel is sandwiched betweenthe lines

alongv vk 2 andv vg 1 and must intersect v vk 1 by continuity.
Y

Figure 15: L must intersect v Vi 1.

We have two casesto consider.

Casel: vqg is above L and exterior to Cy. Becausevy » lies belov L and the
radius of C¢ , is smaller than that of Cy, Cx > (greenin Fig. 14) lies interior
to Cx above L. Hence,vq is exterior to Cx », which contradicts our assumption
that maxspanjk 2j = transspanjk  2j:

Case2: vy is below L and exterior to Cx. Becausevy ; is positioned above L
and the radius of Cx ; is smaller than that of Cyx, Cx ; (red in Fig. 14) lies
interior to Cy below L. Hence, vq is exterior to Cx 1, which contradicts our

assumptionthat maxspanjk 1j = transspanjk 1j:

Hencevy must lie interior or on the boundary of Cy: Thus we have
VoVk]  JV vk = transspanjkj

so the maximum of jvpvij is achieved by taking vo = v . And sincev corre-
spondsto the planar trans-con guration of the k-chain, we have that the maxi-
mal con guratoin of the k-chain occuring in the trans-con guration asdesired.
2

Putting Lemmas5.4 and 5.5 together, we obtain:

Theorem 5.6 The maximum span of any unit -chain is achieval in the planar
trans-con gur ation.
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Corollary 5.7 Computing the maximum span for unit -chains takes constant
time.
Pro of: Let C beaunit -chain with k links.
Casel: The number of links k is even. Then the max span of C is simply
gjvovzj = EZSin5 = k sin E;
where is the joint angle of the chain. SeeFig. 16. Notice the subadditivity of
the max spanin the casewherek is even.

Vk-1

V2 Vk-2
VO Vk
maxspan(k-2) + |Movi| = k sin@/2)

Figure 16: The maximal con guration of a unit, -chain for evenk is its trans-
con guration. Its spanis equalto k sin 5.

Case2: The number of links k is odd. Then the max spanof C is the length

of the hypotenuse of the shadedtriangle in Fig. 17, which is
r

2
ksin-)2 + =
( sm2) 0052

cos@/2)

V
0 (K/2)*|vgval

Figure 17: The maximal con guration of a unit, -chain for odd k is its trans-
con guration. Its spanis just the length of the hypotenuseof the pink triangle.

2
The valuesof the max spanM (k; ) for unit -chainswith k links are listed
in Table 5.1. SeeFig. 18 for a plot of the max spanof unit -chains as function
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k| [ Mk ) |
3 60 1.73
4 90 291
5 108 4.09
6 120 5.22
7 | 1286 6.32
8 135 7.40

Table 1: The max spansof unit k-chains for various bond angles and up to 8

links.

of k (up to k= 10)for = 60,90, and 135.

Max Span

# of links

Figure 18: This plot shawvs the max spanof unit  chains asa function of k (up
to k=10)for = 60 (red), 90 (blue), 135 (green).

6 Connection between Locked Chains and Max-
imum Span °

The \knitting needles"exampleis a 5-chain with universaljoints that is locked.
SeeFig. 19. It hasthree certral unit links, and two endlongerlinks. It is proved
in [DO06, Thm. 6.3.1] that the chain is locked if the long links have length

5This section was rst drafted by Joseph O'Rourk e to provide motiv ation for our study of

maxspans.
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strictly greater than 3. The proof arguesthat if the long links are connected
by a rope, then the resulting trefoil knot would be untied if the chain could be

straightened. This cortradiction establishesthat the chain is locked.

Vg 4
V3 V2
Vo Vs

Figure 19: The knitting needlesis an exampleof a locked 5-chain with universal

joints

We establishherea (weak) connectionbetweenlocked xed-angle chainsand
the maximum span, which was our original motivation for exploring the span.
Essernially it indicatesthe length ratio must be able to \o vercome"to maximum
span. First we obsene this lemma:

Lemma 6.1 LetC bea xed-anglechain in somecon gur ation, and J a subset

of its joints. If C is locked whenthe joints in J are made universal joints, then

C is lockaed whenthe joints in J are xed-angle.

Pro of: Universal joints simply allow more freedom, so if they chain is stuck

with universaljoints, it is certainly stuck with xed-angle joints. 2
Now our strategy is to form a unit, regular, xed-angle k-chain, add two

links of length L weaving into a knitting-needles pattern, and follow the proof

cited above to yield a lower bound on L which will ensurelocking.

Theorem 6.2 Letn= k+ 2, andlet = (k 2)=k= (n 4)=(n 3) be
the internal angle of a regular k-gon. Then there is a locked, near-unit, n-link
-chain, whoselengthratio isL = M + (for any > 0), where M is the

maximum span of ak = n 2 unit-chain with xed angle

We rst illustrate the theoremforn = 8,k = 6. Then = (4=6)= 120, the
angleof aregular hexagon. Referring to Table5.1,M (6;120 ) = P 1092 5:22.
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We can create an 8-chain basedon a unit regular hexagon, that is locked for
L > 5:22 SeeFig. 20a.

b a
/i\j \L
a’ b’

(@) b’

a

(b)
Figure 20: Locked 8-chain basedon a unit regular hexagon.

Pro of: Form the knitting-needles con guration asillustrated in Figure 20a
for k = 6. We saw in Figs. 16 and 17 that the maximum span con guration of
a unit k-chain is symmetric about the median point m of the chain, which is a
vertex when k is even, and the midpoint of an edgewhen k is odd.

Draw a sphereS of diameter M certered on m. Connectthe two endpoints
a® and P by a rope outside of S. Then, asin the proof in [DO06], unlocking
the chain requires either a° or b’ to enter S, for otherwise the rope maintains it
in a trefoil knot. If we imagine joints a and b universal joints, then it is clear
that L > M will prevent that penetration; seeFigure 20b. As all the short
segmeits are con ned inside S, and a° and P excluded outside S, the chain
remains locked. 2

We beliewe this result is weak. For example,forn=6andk = 4, = 90,
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the theorem predicts L > P 17=2  2:91, but we know from Figure 6 [LO04]
that L = p§+ su ces to lock a 90 near-unit chain.

The reasonfor the weaknesswe believe, is that treating a and b asuniversal
joints losesa signi cant constraint. In fact the angle at those joints must be
aswell (unlik e the sharply acute angledrawn in Figure 20b). If we insist that all
anglesbe , then the relevant L is smaller, asindicated in Fig. 21. In e ect, the

Figure 21: All joint angles .

two extreme unit links are frozen, and the span determined by the remaining
k 2links. A calculation shows that this yields exactly L = P 2 for n = 6 and
= 90, but we do not know how to formalize these obsenations.

7 Nonplanar Maximal Span Con gurations

Naturally one might ask whether the maximal con guration remains planar for
non-unit chains with all equal joint angles, even special angles such as 90 ,
or for unit-chains with non-equal joint angles. The answer is no in all three
cases. Soss[Sos0] was the rst to show that the maxspan of a 4-chain might
be achieved in a nonplanar con guration. He provides an example of a 4-chain
with acute angleswhosemaximal con guration is nonplanar. We provide other
examplesof chains with nonplanar maximal con gurations in Figures 22, 23,
and 24.

Fact 7.1 The maximal con gur ation of an -chain whoseedgelengthsare not
all equal, is not necessarily planar.
Pro of: Fig. 22 gives an example of a non-unit chain, with equal joint angles

whosemaximal con guration is nonplanar. The lengths of the edgesvovi; ViVa,
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Figure 22: An example of a nonunit, -chain whosemaximal con guration is
nonplanar. The span of the nonplanar con guration is 6:57, while the span of

the planar con guration is 6:48:

VoV3, and vzv, are 3,1, 1, and 2, respectively. The span of the nonplanar con-
guration is 6:57, while the span of the planar con guration is 6:48: 2

Evenspecializingto all anglesequalto 90 doesnot guarartee planarity. See
Fig. 23.

Fact 7.2 The maximal con gur ation of a non-unit 90 -chain is not necessarily

planar.

Pro of: Fig. 23 gives an example of a non-unit 90 4-chain, whose maximal

con guration is nonplanar. The lengths of the edgesvgvy,viVa, Vovs, and vavy

are 2, 1, 1, and 2; respectively. The span of the nonplanar con guration is
4:47, while the span of the planar con guration is  4:24:

Fact 7.3 The maximal con gur ation of a unit, xed-angle chain whose joint

anglesare not all equal, is not necessarily planar.

Pro of: Fig. 24 gives an example of a unit chain, with nonequal joint angles

whose maximal con guration is nonplanar. The length of ead link is 1, and

the anglesat vi, vo, and vz are =2, =2, and =4, respectively. The span of the

nonplanar con guration is  2:18, while the span of the planar con guration is
2:17: 2
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Figure 23: An example of a nonunit, 90 4-chain whosemaximal con guration

is nonplanar. The nonplanar con guration has it's fourth and fth vertices

denoted asv,; and v,; respectively. The span of the nonplanar con guration is
4:47, while the span of the planar con guration is  4:24:

V3
Vl ‘
‘ V3
Vg

\Z1

Figure 24: An exampleof a unit, xed-angle chain with nonequaljoint angles,
whosemaximal con guration is nonplanar. The span of the nonplanar con gu-

ration is  2:18, while the span of the planar con guration is 2:17:
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7.1 Alignmen t Lemmas

Figs. 24 23illustrate a nice property of 4-chains. Notice how the spansin both
of these chains align, that is, the max span of the 4-chain is the sum of two
2-spans. Soss[Sos0] noticed this property in his example of a 4-chain with
nonplanar maxspan, where he used collinearity of vg;Vv,; v, to argue that the
span was indeed maximal.

For 4-chains, the maximal con guration can be achieved in one of two ways:

1. The spansof subchains (vp;Vv1;Vv2) and (v2; v3; v4) align. Hencethe 4-span
is the sum of two 2-spans.

2. The maximum span con guration is planar.

The following lemma shaws that, if there is alignment of subchain maximum
spans,then that realizesthe maximum span of the full chain.

maxspan(C) = maxspan(A) + maxspanB), achieval by that alignment.

Pro of: In any con guration of C, we can identify a triangle 4 (vo; Vk;Vn). By
the triangle inequality, jvovnj  jVoVk] + jvkVnj. and we know that jvovgj
maxspan(A) and jvgVnj maxspan(B). Therefore, jvoVvnj maxspan(A) +
maxspan(B). Hence,when this upper bound is achieved by alignmert, it must
be the maximum for the whole chain. 2

7.2 4-chain Flower

Let C = (vo;V1;V2;Vs;Vs) be a xed-angle 4-chain, and without a loss of gen-
erality pin down the rst two links. We brie y characterize the locus of points
wherev, can lie. Even though we understand the possiblemaximum span con-
gurations allowed for 4-chains (there are only two), computing this locus will
be useful for the max span analysisin Subsection7.3. Consider the sphere S
of radius jvpvsj certered at v,. Then the locus of points where v, is permit-

ted to lie is a region of the spherebounded by two parallel planes, which are
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orthogonal to the axis viv,: The top cutting plane comesfrom starting in the
trans-con guration of the 3-chain (vi;Vv2;Vs;Vy4), and then rotating the 2-chain
(v2;vs;Vvs) about the axis viv,. The bottom cutting plane comesfrom start-
ing in the cis-con guration of the 3-chain (v1;V2;Vs;Vs), and again rotating the
2-chain (vy; v3;V4) about the axis viv,. SeeFig. 25.

Figure 25: 4-chain o wer for a unit 135 -chain.

7.3 90 5-Chains

We now restrict our attention to 90 5-chains for de niteness, although we be-
lievethe results extendto non-acute (at the least). Indeedthe remainder of the
analysisin the thesisis restricted to = 90 . For the remainder of this section,
we take vg; v1; Vo to lie in the xy-plane. Recall that 4-vertex Lemma 5.2 guar-
anteesthe coplanarity of vg; vi; Vo; Vs (aswell asthe coplanarity of vg; vs;Vs; Vs)
in any maximal con guration. Soin attempting to compute the max span of a
5-chain, we are only interested in con gurations of the chain which place vs in

the xy-plane.
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As with the 4-chain, considera sphereS of radius jvavsj certered at v3: We
know that vs is con ned to aregion of this sphereboundedby two parallel planes
which are orthogonal to the axis v,v3. This is illustrated in Fig. 25for = 135
and Fig. 29 for = 90 : But before trying to understand the intersection of
this region with the xy-plane, it is natural to askwhat is the intersection of the
whole spherewith the xy-plane. In other words, imagine a sphere cerntered at
vz which itself lies on the rim of the cone whoseaxis is viv,. (Note that, for

= 90, the \cone" degenerateso a disk.) We are asking for the intersection
of this spherewith the xy-plane as v,v3 spins on its cone. It turns out that
this spherealways intersectsthe plane in a coaxal family of circles, as shown in
Fig. 26.

Figure 26: A spherecertered at v intersectsthe xy-plane in a coaxal family of

circles (blue) asv,vs spinson its cone/disk (green).

Now sincevs is con ned to a region of the spheretruncated by two planes,
the locus of points for vs in the xy-plane is a subset of the coaxal family of

28



circles. Without a lossof generality, take vg to lie in the lower half of the xy-
plane depictedin Fig. 27. Becausewe aretrying to maximize jvovsj, we are only
interested in con gurations which place vs in the upper half plane (since we've
taken vp to lie in the lower half plane). Hencewe may ignore the bottom half
of the gure. The region corresponding to con gurations that place vs in the
Xy-plane is a quadrilateral consisting of four arcs of circle. This quadrilateral is
the intersection of the band of the sphereshown in Fig. 29 with the xy-plane
as the sphererotates around the v3 rim shown in Fig. 26. The top arc abis
an arc of radius maxspan(vs; vs; V4; Vs) certered at v,, which happensto be the
spanthe trans-con guration of this 3-chain. The bottom arc cd is an arc of the
circle of radius minspan(vz; v3;Vvga; Vs) certered at vy, which is the cis-span of
this 3-chain. The vertex vs is subject to the constraint that jv,vsj is at least
the min spanof (vs;Vvs; V4; vs) and no greater than the max span of this 3-chain,
which is what the top and bottom arcs represent. When vs lies along the left
or right side arcs (bcand ad of Fig. 27), v,vs liesin the xy-plane sothe sphere
certered at v3 is cut in half and intersects the plane in a great circle. Hence
arcs bcand ad are arcs of a great circle of this sphere,which recall has radius
jVavs].

Let usnow examinewhat it meansfor vs to lie on any oneof these4 arcswith
respect to the max span. Becausewe have taken vy to lie in the lower half-plane,
and are trying to maximize the span of the 5-chain, we know that vs must lie
on the boundary of this quadrilateral. In particular, vs must lie along ab, bg or
ad in any maximal con guration of the 5-chain, for if it were strictly interior to
the quadrilateral, a greater span could be achieved by moving to the boundary
of the quadrilateral. If vs liesinterior to the top arc ab, then we must have vgvs
orthogonal to ab for maximality{non-orthogonality would permit lengthening
the span by moving toward orthogonality. Hence, vovs must passthrough v,
the center of this circle (this is the caseillustrated in the gure). This alignment
yields

JVoVs] = JVoVa] + jVoVs) = maxsparn(Vo; Vi; V2) + maxspan(Va; Vi, Va; Vs):

In other words, the max spanis achieved by alignment of a 2-spanplus a 3-span.
This caseis illustrated in Fig. 28.
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Figure 27: The region corresponding to con gurations which place vs in the
plane is a quadrilateral (blue region). The sides of the quadrilateral corre-
spond to 4-arcs of circle. The top arc ab (pink) is an arc of the circle of
radius maxspan(vz; Vs; V4; Vs) certered at v,, which corresponds to the trans-
con guration of this 3-chain. The bottom arc cd (also pink) is an arc of the
circle of radius minspan(v,; vs; vs;Vs) certered at v,, which correspondsto the
cis-con guration of this 3-chain. The side arcs ad and bc are arcs of a great
circle of the spherewith radius jvsvsj: In this example, the link lengths of the

3-chain (v2;V3; Va; vs) are (1;1; 7).
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Becausebc and ad are symmetric, we'll only consider what happensif vg
lies on one of these arcs, say ad. Supposevs lies interior to ad. Then vgvs is
orthogonal to ad. Recall that ad correspondsto vs lying in the xy-plane, and
so orthogonality implies that vovs passthrough vs. Also, recall that we have
taken vg; v1; Vv, to lie in the xy-plane, sothe additional coplanarity of vs implies
that the 3-chain (vo;V1;V2;V3) is in its trans-con guration and henceachieves
its max span. Sowe have,

jVoVsj = jVoVaj + jvaVsj = maxspan(Vo; V1; Vo; V3) + maxspan(Vs; Va; Vs):

The only caseleft to consideris when vs lies at a corner (either b or a).
Suppose vs lies at the corner a = ba\ ad, and that vgvs is orthogonal to
neither ba nor ad (otherwise one of the above two caseswould apply). Now
since, vs lies along ad, we have v3 lying in the xy-plane. Combining this fact
with Lemma 5.2, we have coplanarity of vp;Vvy;V2;Vs; Vs, aswell as coplanarity
of vp;Vs3;Vvs;Vvs: Now by our assumption that vovs is not orthogonal to ba or
ad, we do not have collinearity of vo;Vv2;Vs Or vp;Vvs;vs. Hence, we conclude
that vp;Vvs;Vvs uniquely determine a plane, moreover since vo;Vv1;V; lie in the

xy-plane, all vertices must lie in the xy-plane (i.e., the maximal con guration

of the 5-chain is planar.)

Figure 28: The maximum span (red) of a 90 5-chain with link lengths

(2;£:1,1; 1). The last three links correspond to Fig. 27
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We concludethis analysiswith a summarizing theorem:

Theorem 7.2 The maximum span of a 90 5-chain is achieval in one of three
con gur ations:

1. Alignment of the maximum spans of the 2-chain (vp; v1; v2) and the 3-chain
(v2;Vv3;Vs; Vs), both in trans-con gur ation.

2. Alignment of the maximum spans of the 3-chain (vg;Vv1;V2;Vv3) and the
2-chain (v3;Vv4;Vs), both in trans-con gur ation.

3. The trans-con gur ation of the full 5-chain.

Figure 29: This gure depicts a 2-chain torus/ o wer (left) generatedby link

lengths (1; 1), and a 3-chain torus/ o wer (right) generatedby lengths (1;1; %),
both for = 90 . The right gure correspndsto the quadrilaterals in Fig. 27,
although oriented di erently: vs lies on the red circles, which intersect the xz-
plane in two quadrilaterals.

8 The Maxim um Span of n-link 90 -Chains

8.1 Gradient Ascent Examples

We now generalizeTheorem 7.2. The generalizationwas suggestecby a program
written by JosephO'Rourke which found the maximum span con gurations of

32



n-link chains empirically by gradient ascer. We will not discussthis program
further, but someof its outputs are showvn in Figs. 30-35. It wastheseempirical

results that suggestedthe main structural theorem we prove in Theorem 8.4
below.

EY

.

n=9 0
links=8, 7, 5,10, 1, 9, 9, 8, 4
span=43. 6926

Figure 30: Two views of a 9-chain: 2+ 3+ 4 subchains.

0 10 20 0

n=10
links=4, 2,7, 237 10,6, 5 3 o 0
span=35. 7877

Figure 31:

Figure 32: Two views of a 10-chain: 4+ 6 subchains.

8.2 Structure Theorem &

We cortinue to specializeall analysisto = 90 .

6From this section onward, the results reported were obtained in direct collaboration with
Joseph O'Rourk e.
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n=1
» links= 1, 5,1, 1, 10, 3, 6, 1, 8, 10, 6
span= 39. 352

Figure 33: Two views of a 11-chain: 3+ 5+ 3 subchains.

n=5
links =1, 10,3,6,1
span = 16.7631

Figure 34: Testingthat the spanof the 5-chain contained in the n = 11 example
(Fig. 33) is indeed its max span.
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© 2 n=12
links= 2,21, 4,4, 4,9 3,257 2
span= 32.023

Figure 35: Two views of a 12-chain: 2+ 3+ 3+ 4 subchains.

Pro of: Supposefor cortradiction that C is in its maximal span con guration.
Let o bethe plane determined by fvg;vi;v20, 1 bethe plane determined by
fvo;vk 1;vg, and , be the plane determined by fvg;Vk+1;Vng. First note
that, becausethe sectionsup to vy have their spansaligned, those spansall lie
along the line L cortaining vovk, and ead plane for ead section includes L.
Now, by assumption, vi.; doesnot lie in 1; therefore ;6 ,. We will now
show that either v, liesalongL, or 1 = 5, cortradicting the assumptionsof
the lemma.

We replace C; with a 3-chain C? = (vo;u; vk 1;Vk) lying in  1; and we re-
placeC, with a3-chain C9 = (Vk; Vk+1 ;W;V,) lying in - ». The two replacemers
are performed by the samemethod, and we only explain the latter, illusrated in
Fig. 36. Extend a ray from vi.1 , perpendicular to vk vk+1 . Let w be the projec-
tion of v, onto this ray. Then (vi; Vk+1 ;W;Vy) isa90 3-chain. Let C°= CY[ C9.
Notice that we have not changedany spans;in particular, span(C% = span(C).

BecauseC is in a maxspan con guration by hypothesis, we know (by the
4-Vertex Lemma 5.2) that v, must lie in . And, again applying the 4-Vertex

35



Figure 36: We replace C; with a 3-chain C{ = (vo;u;vk 1;w) lying in 1
by introducing u, and C, with a 3-chain C2 = (Vi;Vk+1 ;W;Vy) lying in 5 by
introducing w. Two possiblepositions for v,, are shawn.

Lemma, v, must lie in 1, the plane determined by fvg;u;vk 19. This leaves
us with two casesto consider: either ¢ 6 o0or o= 1. We'l showv that
both caseslead usto a contradiction.

Casel: Suppose o6 1. Thenv, liesalongL = o\ 1, contradicting the
assumptionthat vo; vi; v, are not aligned (elsewe'd have span(C;) aligned with
span(C,)).

Case?2: Suppose o = 1. We now reasonin a manner similar to that used
for the sux 3-chain of a 5-chain in Section 7.3 and Theorem 7.2. We have
asux 3-chain C? at vg, sov, liesin or on the boundary of one of the two
quadrilaterals Q or QU identied in Fig. 27. By symmetry we may consider
locations for vp in a quadrant of 1, with v, 2 Q. Referto Fig. 37. BecauseC®
is in its maximum span con guration, v, must lie along arc ab or arc ad (taking
Vo to bein the shadedquadrant of Fig. 37). Now we claim that the only viable
location for v, is at the corner a. For supposev, were at somepoint p interior
to arc ab. Arc abis a smooth, di erentiable curve (it is an arc of a circle), so
VoVn must be orthogonal to ab becauseits distance is a maximum at p. Hence
VoVn passesthrough the certer of the circle containing arc ab, namely vi. But
this contradicts our assumption that vo;Vvi; Vv, are not aligned. Similarly if v,
lies interior to arc ad, we get a cortradiction. For completeness,we will go
through this reasoningaswell. The locusof points interior to arc ad correspond
to con gurations of C? having v+, lying in ;. And by our assumption the
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V-1

ab

Figure 37: Q is the set of points wherev, might lie on ;. Ly, L,, and L3 are
three possiblelines of alignmert. C°can be lengthenedby placing v,, on ab(L 1)

orata (L, andLj).
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link vgvis+, doesnot liein 4.

Hencev, must lie at the corner a of arcs ab and ad. But this point cor-
responds to the situation when the ertire chain C9 is liesin 1 in its trans-
con guration, which again contradicts our assumptionthat ;6 5. Thuswe
concludethat the spansof any two distinct planar sectionsmust align. In par-
ticular, if C is a chain that consistsof seweral planar sectionscontaining chains
Ci, then the intersection of these planesis the line vgv, which passesthrough
the start point and endpoint of every C;.

Corollary 8.2 In a maximal span con gur ation, the spans of each planar sec-
tion must align, along the line segment vov,,.

Pro of: Supposethere is somevg at the joint betweentwo planar sectionsof a
chain C that doesnot lie on vgvy; selectthe rst sucd vi. Then, if we partition

C into C; and C, asabove, then the spansof C; and C, do not align. Therefore

the lemma shows that C could not be in maxspan con guration. 2

Lemma 8.3 If a chain is in maximal span con gur ation, each planar section

must be in trans-con gur ation.

Supposefor cortradiction that one of its planar sectionscortains a chain in its
cis-con guration. Without a lossof generality, we may take such a chain to bea
3-chain Ci=( Vk; Vk+1 ; Vk+2 ; Vk+3 ), Sincewe can always replacea chain consisting
of sewral links with a 3-chain without changing the joint angles at its two
endpoints or its span. SeeFig. 38. Let L denotethe line of alignmert through
VoVnh. We'll show that rotating (V; Vk+1 ; Vk+2 ; Vk+3 ) into its trans-con guration
yields a new line of alignment L° and that the span of C is increasedby this
recon guration, contrary to our assumption that C was in its maximal span

con guration.

the line through vi.2 Vk+3 Whoseposition is chosensuch that vy U is orthogonal
to v . Referto Fig. 38. Notice that we have not changedthe distance between
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vk and v,. Let denote the angle between vgvy, and vgvi+1 . We have two

Vik+1 Vik+2

(Vk+2 ; U; Vi) by adding a vertex u along the line through vi+2 Vk+3 Whoseposi-
tion is chosensud that vi., U is orthogonal to vy, . This construction presenes
the distance betweenvy and vy, aswell asangles.

casesto consider.

Casel: Suppose < . Rotate the cis 3-chain (Vi ; Vk+1 ; Vk+2 ; U) into the trans-
con guration (Vi; Vk+1 ; Vk+2 ; U9, as shavn in Fig. 40. Then the projection of
v0 onto L lies to the right of vp,, since < 5. SO vovY is the hypotenuse of
the right triangle with sidesvoVm, vmVY . Hencejvovlj > jvovmj. We rigidly

jvOVv0j = jvmVaj. Let LOdenote the new line of alignment through vovo ve.
We have
Vovaj = VoV + IV VRi = VoV + jVim Va]
> [VoVm] + JVmVn] = [VoVn];
contradicting our assumptionthat C wasin its maximum span con guration.
Case2: If > 5, then ip (Vk+1;Vk+2;:::;Vq) to the other side of L, asil-

lustrated in Fig. 39, so that you are now in Casel. And now the previous
argumert holds. 2

Theorem 8.4 (Structure Theorem) The maximum span con gur ation for a
90 -chain is either:

1. planar: trans-con gur ation

39



Figure 39: It is always possibleto ip vk+1 to return to the sameplane, while

maintaining orthogonality with vy qvg.

Figure 40: Rotating the cis 3-chain (Vk;Vk+1;Vk+2;U) into the trans-

con guration (Vi Vk+1 ; Vks2 ; UY increasesthe spanjvov,j of the ertire chain.
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2. nonplanar: there is a partition of the chain into planar sections, each of
which:

(a) is in maxsm@an trans-con gur ation; and

(b) whosespans align

This theorem captures the experimental results displayed in Figs. 30-35.

8.3 Dynamic Programming Algorithm

n="7
links=5, 10, 1, 9, 9, 8, 4
span=33.0 6

Figure 41: A 7-chain usedto illustrate the dynamic programming algorithm.

In general, hardnessof computing the maximum spanin 3D is not known.
However, we shaw that for 90 -chains it can be computed in O(n®) time via a
dynamic programming algorithm.
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Subchain Details

2 chains | (5;10) (1;9 |(9;9 | (8;9)
span 11:2 91 127 89

3 chains | (5;10;1) (1;9;9 (9;8;4)
span 11:6 135 15:3

4 chains (5;16,1,9) (9:9,8,4)
span 199 214

5 chains | (5;10;1)+ (9;9) (1;9,9,8,4)
span 116+ 127 = 244 220

7 chain (5;10;1) + (9;9;8;4)
span 11.6+ 21:4= 331

Table 2: Dynamic programming table for chain with lengths (5; 10; 1, 9; 9; 8; 4).
Spansare reported to one decimal place.

Dynamic programming is a way of solving a problem by breaking it into
subproblems, solving ead subproblem which may have overlapping subsub-
problems, and then combining these solutions [CLR90]. This strategy is typi-
cally applied to optimization problems [CLR90], such as nding the max span.
Dynamic programming algorithms can greatly reduce the computational time
required for a problem. By solving ead subsubproblem exactly once, from
smallestto largest, and storing the answer in a table, whenewer a subsubprob-
lem is subsequetly encouriered its solution does not needto be recomputed
(just look up the answer in the table{this takesconstart time) [CLR90].

The Structure Theorem 8.4 permits the 3D max span of 90 -chains to be
found via a dynamic programming algorithm in polynomial time. We illustrate
the stepsof the algorithm for a 90 7-chain example.

Steps of Algorithm on Example. First notice that a maximum span con-
guration will not have the rst or last link constituting its own planar section.
This is becauseif the rst or last link constituted its own planar sectoin, then

that link would have to lie along the line of alignment, and henceit would
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lie in the adjacert planar section (so consideringit would be computationally
redundart).

The following show the stepsof the algorithm running on the exampleshown
in Fig. 41. Referto Table 8.3 throughout.

2.

Compute the span of all 2-chains as the hypotenuse of the right triangle
whosesidesare the two links. The chains (10; 1) and (9; 8) are not included
becausethey leave 1-chains at either end, so there are four relevant 2-
chains.

. Compute the spanof all 3-chains;there arethree. Weknow from Lemma5.1

that the max span is achieved by the planar trans-con guration. The
chains (10; 1;9) and (9; 9; 8) are not included.

. Compute the span of all 4-chains; there are two. The spansof (5; 10) and

(1;9) cannot align, sothe max spanof (5; 10; 1; 9) is achieved by the planar
trans-con guration. Similarly, the spansof (9;9) and (8;4) cannot align.

. Compute the span of all 5-chains; there are two. For (5;10;1;9;9), the

subchains (5; 10) and (1;9;9) cannot align, but the subchains (5; 10; 1)
and (9;9) canalign, and by Lemma 7.1, that realizesthe max spanasthe
sum of the spansof thesetwo chains. For (1;9;9; 8; 4), neither (1;9) and
(9; 8;4) can align, nor can (1;9;9) and (8; 4), sothe max spanis achieved

by the planar trans-con guration of the 5-chain.

. Both 6-chains leave one link, and so neednot be explored.

. Finally, the complete 7-chain has partitions into 2+ 5, 3+ 4, 4+ 3, and

5+ 2 links. For example,the partition (5;10;1;9)+ (9;8;4) would achieve
a length of 199+ 153 = 352, but in fact these cannot align. The only
alignmert is achieved by the partition (5;10;1) + (9;9; 8;4), leading to a
max spanof 11:6 + 21:4 = 331.

We analyze the steps above for an arbitrary 90 n-chain. By Lemma 8.3,

ead planar sectionis in its trans-con guration, so computing the max span of

ead subchain a constart time computation. Similarly, chedking for the pos-
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V[@k+1

)
VK AlVna

it

Figure 42: Spin the plane of C, about the line through fvg,vk,vhg, and deter-

mine, if for any , vk 1Vk is orthogonal to vk Vi1 :

tach C, to C; such that the line of alignment vgv is collinear with the line of
alignment vgv,. Then spin the plane of C, about the line through fvp,v,vhQ,
and seeif at any point vx 1V is orthogonal to vgvk+1. SeeFig. 42. If we
parametrize the spin by , then this is equivalent to determining whether there
existsa sud that

(k 1 W) (W1 () w)=0;

a constart time computation.
There are O(n) stepsin ead row and the table sizeis at most n?, so the
max span can be computed in O(n?) time.

9 Conclusion

Fixed-angle polygonal chains are of interest to the biochemical and physical
community, becausethese chains can model the geometry of protein badbones
[STOQ] [DLOO05], aswell aspolymers [Sos0]. This thesisinvestigatedtwo prop-
erties of xed-angle polygonal chains: (1) conditions for locking near-unit chains,
and bounds on length ratios when the preciseconditions seeminaccessible;(2)
the maximum span of a chain, that is, the largest distance achievable between
its endpoints. Even though in this thesis, we only prove the above results for
90 -chains, we believe that the results hold for -chains for abitrary . It is

likely that the polynomial time bound only holds for -chains, and that, in its
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full generality, 3D max spanis NP-hard. This is becausethe planar sections
are no longer guaranteed to be in the trans-con guration, so one must resort
to computing the max at spansof the planar subchains (which can become
arbitrarly large if alignment of subsulchainsis not possible),which Sossproved
was NP-hard [Sos0].

Finally, it was suggestedto us by ProfessorRuth Haasthat our results may

extend to arbitrary dimensions. This remainsto be proved.
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