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Assignments

* Problem set 4
— Out last Wednesday.
— Due at midnight tonight.

* Problem set5
— Out today and due in a week.
* Readings

— Today: “Probabilistic Reasoning Over Time”
[AIMA], Ch. 15.
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Today’s topics

1. Motivation
2. Probability recap
— Bayes’ Rule

— Marginalization
3. Markov chains
4. Hidden Markov models
5. HMM algorithms

— Prediction

— Filtering

— Smoothing

— Decoding Won’t be covered today and significantly more
— Learning (Baum-Welch) involved, but you might want to learn more

about it.
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1. Motivation

Why are we learning this?
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Robot navigation
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Robust sensor fusion (visual tracking)
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Natural language processing (NLP)
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2. Probability recap

“Probability is common sense reduced to calculation.”
— Pierre-Simon Laplace
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Bayes’ rule

Joint Conditional  Marginal @

Pr(4, B) = Pr(A|B)Pr(B) A, B: random variables
Pr(4, B) = Pr(B|A)Pr(A)

Pr(A|B)Pr(B) = Pr(B|A)Pr(A)

Bayes’ rule!

Pr(B|A)Pr(A) « Pr(B|A)Pr(A)

Pr(B)

Pr(A|B) =
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Marginalization & graphical models

oS0
Pr(B|A)

A “causes” B

Marginalizes A out : " ”
Prior on “cause

Pr(B) = Z Pr(A=a,B) = 2 Pr(B|A = a)Pr(A = a)

Distribution of the Conditioning on “cause”
effect” B makes the computation
easier.
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Our goal for today

How can we estimate the hidden state
of a system from noisy sensor
observations?’
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3. Markov chains
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State transitions over time

' State S S,: state at time t (random variable)
S,=s: particular value of S, (not random)

se§, S is the state space.

Time
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State transitions over time

Pr(SO'SL ""StI St+1) — 1:)r(SO:t+1)

Pr(So.t+1) = Pr(S,) Pr(5,]S,) Pr(5;[So.1) Pr(S31So.2) Pr(541S¢:3) ...

Pr(S:|So.t—1) “Past influences present” models

L

—>» Models grow exponentially with time!
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The Markov assumption

Pr(S¢1So.t—1) = Constant size! ©

“Path” to S, isn’t relevant, given
knowledge of S, ;.

Definition: Markov chain \

If a sequence of random variable S,,S,,...,S,,; is such that
t+1
Pr(So.t+1) = Pr(So) Pr(8;1S,) Pr(5,[Sy) ... = Pr(So) Pr(S;1Si-1),
i=1
we say that S,,S,,...,S,,; form a Markov chain. /
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Markov chains

OO~

S = Pr(S;|S;—1): d X d matrix T®
1 I . t _ o =
Discrete set with d values Ti,j = Pr(S; = i|S;_1 = J)

If Tt does not depend on t Markov chain is stationary.

Ti,j = PI'(St — ilst—l :]),Vt

10/07/2015 P. Santana, 16.410/413 - HMMs



(Very) Simple Wall Street
L R H F S F L R H H Stock price* _
- — H: High

R: Rising
F: Falling
L: Low

h \—\ S: Steady

Hia [Rea R [Laa [ Sk
H |01 |0.05 0.2
R, 0.5 0.8 |0.25
F, |09 0.6 0.25
L, 0.1
S, 0.45 | 0.3 0.5

*Pedagogical example. In no circumstance shall the author be responsible for financial losses due to decisions based on this model.
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4. Hidden Markov models (HMMs)
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Observing hidden Markov chains

Pia N Pl Pl Pia N Pl

G N /’ S “ /7 S N / \ / N
] 0,,‘—>'\ 1,,‘—>---—"\\ t,,‘—"\\ t+1,,‘—"‘\ t+2,,‘—’"'—’
\ \

\N_f, \N f, \N f, \N f’ \N f’
I‘\\ .
\._s Hidden

| J h

A

A sequence of random variables 0,,0,,...,0,,..., is an HMM if the
distribution of O, is completely defined by the current (hidden) state
S, according to

Pr(0¢|S¢),

where S, is part of an underlying Markov chain. /
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Hidden Markov models

Pia N Pl Pl Pia N Pl

G N /7 S \ / S N\ / \ / N\
( 0/]_," 1 ,'l_p..._"‘\ t ,’I_"‘\ t+1,’|_"‘\ t+2,’l_> o0 9 —>
\ \

\N_’/ So PR 4 o PR 4 o PR 4 So PR 4
I‘\\ .
\._s Hidden

0 = Pr(0;|S;): d X m matrix M

Discrete set with m values. M;; = Pr(0; = j|S; = i)
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The dishonest casino

‘ ’ T Fea | L

F, | 0.95 | 0.05
L, | 0.05|0.95

Fair Loaded
Hidden states
Observations
) 4 ) 4 )
o o
o o
\ /) .) \_ .) M
1 2 3 4 5 6
) 4 ™ 4 ™
® o o :: F, | 1/6 | 1/6 | 1/6 | 1/6 | 1/6 | 1/6
o 0 L ) \. 0) L, 1/10 | 1/10 | 1/10 | 1/10 | 1/10 | 1/2
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not random variables.

Qu e rl es r Lower case: these are known values,

} 0,,0, ..,0t=0,, -/ _

0 t

“Given the available history of observations, what’s the belief
about the current hidden state?”

Pr(S¢|oq1.¢) Filtering

“Given the available history of observations, what’s the belief
about a past hidden state?”

Pr(Siloi.:) k<t Smoothing
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not random variables.

Qu e rl es r Lower case: these are known values,

} 0,,0, ..,0t=0,, -/ _

0 t

“Given the available history of observations, what’s the belief
about a future hidden state?”

Pr(Siloi.t) k>t Prediction

“Given the available history of observations, what’s the most
likely sequence of hidden states?”

So.t = arg max Pr(Sy.: = Sg.t|01:¢) Decoding
So:t
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5. HMM algorithms

Where we’ll learn how to compute answers
to the previously seen HMM queries.
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Notation

Random variable!

Pr(S;| -) Probability distribution of S,

Vector of d
probability values.

Pr(S;, = s| ) = Pr(s¢| *) Probability of observing
St = s according to Pr(S;| -)

Probability € [0,1]
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Filtering (forward)

“Given the available history of observations, what’s the belief

about the current hidden state? Pr(Stlol:t) _ ﬁt
Pr(S¢log.e) = Pr(Stlog, 01.¢-1)
o Pr(o¢|St, 01:.-1)Pr(S¢[01:6-1) Bayes
= Pr(o|S{)Pr(S¢|01.1—1) Obs. model
d
Pr(S¢log.e—1) = i=1Pr(St|St_1 =1,01.4-1) Pr(8¢—1 = ilo1,4—1)  Marg.

10/07/2015

d
= z Pr(S¢|Se—1 = 1) Pr(S¢—1 = iloy.t—1)  Trans. model
i=1

Recursion!
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Filtering

“Given the available history of observations, what’s the belief

about the current hidden state?” n
Pr(S¢lo1.+) = Py
1. One-step prediction:
d
Pr(S¢|o1.4-1) = D = _ 1Pr(5t|5t—1 = 1) Pr(S¢-1 = il01.4-1) = TPht-1
1=

2. Measurement update:
Deli] = nPr(o¢|S: = D)p:li]
3. Normalize belief (to get rid of n):

d
. Pl O
peli] « . ,n—;pt[f]
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Prediction

“Given the available history of observations, what’s the belief
M ?”
about a future hidden state- Pr(5k|01-t) >t

Pr(St+1|01:t) = Tﬁt Previous slide.

PI'(St+2|01 t) z Pr(Se+2Se+1 = D) Pr(Ses1 = ilog) = szt

Pr(Siloi.t) = Tk tpt
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Smoothing (forward-backward)

“Given the available history of observations, what’s the belief

about a past hidden state?” Pr(S;lo,.c), k<t
Pr(S;loq.+) = Pr(Skloq.x) Ok+1:t)
X Pr(0k+1;tlsk; Ol:k)Pr(Sklol:k) Bayes
— Pr(0k+1:t|Sk)Pr(5k|01:k) Obs. model
Filtering!
d
Pr(ok+1:tlsk) — z Pr(0k+1:t|Sk+1 - i, Sk)Pr(Sk+1 — llSk) Marg.
i=1
d
=) 1Pr(0k+2:t: Ok+11Sk+1 = DPr(Sg4q = i|Sk) Obs. model
l:
d
= Z 1Pr(0k+2:t|5k+1 = DPr(ok+1/Sk+1 = DPr(Sk+1 = i|Sk)
i=

Recursion!
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Smoothing

“Given the available history of observations, what’s the belief
about a past hidden state?” Pr(Seloq.s) = Prp k < t

1. Perform filtering from O to k (forward):

Pr(Sklos:x) = Px
2. Compute the backward recursion from t to k:
Pr(ogs1:¢|Sk) = bty bee =1

d
bsali] = ) bmcli]PrCOmISm = DPr(Sm = jlSms = 1) k+1<m <t
]=

3. Combine the two results and normalize:d
o o i Drelil o
reeli] = bclilfelil,  Feelil « 52,5 =) i lj]
j=1

n
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Decoding

“Given the available history of observations, what’s the most
likely sequence of hidden states so far?”

So-t = arg r?af‘ Pr(So.t = So.t|01:¢)
0:
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Decoding (simple algorithm)

“Given the available history of observations, what’s the most
likely sequence of hidden states so far?”

So-t = arg r?af‘ Pr(So.t = So.t|01:¢)
0:

Pr(so:¢|01:¢) o< Pr(04.¢50.¢)Pr(so.c) Bayes

t
= Pr(sy) 1_[ Pr(s;|s;—_1)Pr(o;|s;) HMM model
i=1
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Decoding (simple algorithm)

“Given the available history of observations, what’s the most
likely sequence of hidden states so far?”

So-t = arg rglatx Pr(So.t = So.t|01:¢)
0:

Compute all possible state trajectories from 0 to t.

Try., = {So.tls; € S,i=0, ..., t} How big is Tr,,,?
dt+1

Choose the most likely trajectory according to
t

So: =arg max  Pr(so) Pr(s;ls;—1)Pr(o;|s;)

S0:t€ I T Can we do better?

i=1
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Decoding (the Viterbi algorithm)

“Given the available history of observations, what’s the most
likely sequence of hidden states so far?”

So-t = arg rglatx Pr(So.t = So.t|01:¢)
0:

. O’\:: ------- - Pr(So.c|01:¢) = Pr(So:¢[01:¢-1, 0¢)

O,::’.“.:.-.:Z’f::,@ o Pr(0o¢|S¢)Pr(Se, So.t-1101:6-1)
" \\ \\(, /’
4

‘;,{X‘x\’ : = Pr(o¢|Se)Pr(S¢|St-1)Pr(So:t-1/01:¢-1)
; /:/ \:\ ) .
Oo’*’ \\:.O Recursion!
t-1 # “From all paths arriving at s, ,, record only the most likely one.”

max Pr(sg.;|01.c) = max Pr(o¢|s;) Pr(s¢|s;—1) max Pr(sg.t—1]01:t-1)
So:t St)St—1 S0:t—1
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Decoding (the Viterbi algorithm)

“Given the available history of observations, what’s the most
likely sequence of hidden states so far?”

Ok [s]: most likely path endingin s, = s li[s]: likelihood of &p[s]
8o[s]: (s), Lo[s]: Pr(Sy = s) (unnormalized probability)

1. Expand paths in 6}, according to the transition model
predy.[s] = arg max Pr(sysrs = S|s, =) L [s'],s=1,...,d
Sr+1ls] = 6k [predk+1[s]].append(s)

2. Update likelihood:

Lir1[S] = Pr(ogs1|Ske1 = ) Pr(sgsq = s|si = predyyq[s]) L[predyq[s]]

3. When k=t, choose 6, [s] with the highest [,[s].
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Dishonest casino example

‘ ’ T Fea | L

F, | 0.95 | 0.05
L, | 0.05|0.95

Fair Loaded
Hidden states
Observations
) 4 ) 4 )
o o
o o
\ /) .) \_ .) M
1 2 3 4 5 6
) 4 ™ 4 ™
® o o :: F, | 1/6 | 1/6 | 1/6 | 1/6 | 1/6 | 1/6
o 0 L ) \. 0) L, 1/10 | 1/10 | 1/10 | 1/10 | 1/10 | 1/2
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Dishonest casino example

Filtering Smoothing
Pr(SO) — 0.83 Fair Fair | Loaded | Fair | Loaded
(.24 Loaded t=0 | 0.8000 | 0.2000 | 0.7382 | 0.2618
_ t=1 | 0.8480 | 0.1520 | 0.6940 | 0.3060
Observations = 1,2,4,6,6,6,3,6
t=2 | 0.8789 | 0.1211 | 0.6116 | 0.3884
T t=3 | 0.8981 | 0.1019 | 0.4679 | 0.5321
Fri | Lia t=4 | 0.6688 | 0.3312 | 0.2229 | 0.7771
F, |0.95]0.05 t=5 | 0.3843 | 0.6157 | 0.1444 | 0.8556
L, | 0.05] 0.95 t=6 | 0.1793 | 0.8207 | 0.1265 | 0.8735
t=7 | 0.3088 | 0.6912 | 0.1449 | 0.8551
M
1 2 3 4 5 6 t=8 | 0.1399 | 0.8601 | 0.1399 | 0.8601
F, | 1/6 | 1/6 | 1/6 | 1/6 | 1/6 | 1/6 - |
Coincidence?
Lk 1/10 | 1/10 | 1/10 | 1/10 | 1/10 1/2
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Dishonest casino example

Pr(s,) = [2-8] P Observations = 1,2,4,6,6,6,3,6

(0.24— Loaded

Filtering (MAP): ['Fair ', 'Fair ', 'Fair ', 'Fair ', 'Fair ', 'Loaded', 'Loaded’, 'Loaded', 'Loaded']

Smoothing (MAP)I ['Fair ', 'Fair ', 'Fair ', 'Loaded ', 'Loaded ', 'Loaded’, 'Loaded’, 'Loaded’, 'Loaded']

Decoding:

t=0: ['Fair']

t=1: ['Fair', 'Fair']

t=2: ['Fair', 'Fair', 'Fair']

t=3: ['Fair', 'Fair', 'Fair', 'Fair']

t=4: ['Fair', 'Fair', 'Fair', 'Fair', 'Fair']

t=5: ['Fair', 'Fair', 'Fair', 'Fair', 'Fair', 'Fair']

t=6: ['Loaded’, 'Loaded’, 'Loaded’, 'Loaded’, 'Loaded’, 'Loaded’, 'Loaded’]

t=7: ['Fair', 'Fair', 'Fair', 'Fair', 'Fair', 'Fair', 'Fair', 'Fair']

t=8: ['Loaded’, 'Loaded’, 'Loaded’, 'Loaded’, 'Loaded’, 'Loaded’, 'Loaded’, 'Loaded’, 'Loaded']
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Borodovsky & Ekisheva (2006), pp 80-81

H: High genetic content (coding DNA)
[ N N ) G
DNA AJGITICIAIT L: Low genetic content (non-coding DNA)

M

T He | Lis A C G T
H, | 0.5 | 0.4 H, | 02 | 03 | 03 | 0.2
L, 0.5 0.6 L, 0.3 0.2 0.2 0.3
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Borodovsky & Ekisheva (2006), pp 80-81

Filtering Smoothing
05 High H L H L

0.53— Low

Pr(S,) =

t=0 0.5000 | 0.5000 | 0.5113 | 0.4887

t=1 0.5510 | 0.4490 | 0.5620 | 0.4380

Observations = G,G,C,A,C,T,G,A A

t=2 0.5561 | 0.4439 | 0.5653 | 0.4347

T t=3 0.5566 | 0.4434 | 0.5478 | 0.4522

Hk-l Lk'l t=4 0.3582 | 0.6418 | 0.3668 | 0.6332
Hk 0.5 0.4 t=5 0.5368 | 0.4632 | 0.5278 | 0.4722
Lk 0.5 0.6 t=6 0.3563 | 0.6437 | 0.3648 | 0.6352
M t=7 0.5366 | 0.4634 | 0.5259 | 0.4741

t=8 0.3563 | 0.6437 | 0.3474 | 0.6526

H, 0.2 0.3 0.3 0.2
L, 0.3 0.2 0.2 0.3

t=9 0.3398 | 0.6602 | 0.3398 | 0.6602
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Borodovsky & Ekisheva (2006), pp 80-81
Pr(S,) = [82 Observations = G,G,C,A,C,T,G,A,A
Filtering (MAP): ['H/L', 'H', 'HY, 'HY 'L, HY LY HY LY L

Smoothing (MAP):  ['Hr 'H' 'HY "HY L HY L THY 'L L]
Decoding:

t=0: ['H']

t=1: ['H', 'H']

t=2: ['H', 'H', 'H]

t=3: ['H', 'H', 'H', 'H']

t=4: ['H', 'H', 'H', HY 'L

t=5: ['H', 'HY, 'HY, HY L L

t=6: ['H', 'H', HY HY L L L

t=7: [H', 'HY, HY HY L L L THY

t=8: [H', 'HY, HY R L L L L L
t=9: [H', 'HY, HY R L L L L L L
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