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A Good Family of Quantum Low-Density
Parity-Check Codes

Reina Riemann and Peter Shor

Abstract—We present a good family of quantum low-density
parity-check error-correcting codes. This family is derived from
regular Platonic surfaces. We present a logarithmic lower bound
on their shortest noncontractible cycle and therefore on the
distance of the family of codes. We show the asymptotical low-
density of their matrices, and show their asymptotical nonzero
rate. We simulate their good decoding performance. This family
answers a conjecture proposed by MacKay about the existence
of families of quantum low-density parity-check (LDPC) codes
with nonzero rate, growing minimum distance and a practical
decoder.

Index Terms—Low-density parity-check codes, message pass-
ing decoding, quantum codes.

I. I NTRODUCTION

From a theoretical perspective a good family of error-
correcting codes corrects errors in proportion to the block
length of the codes and has a practical decoder [7]. For
example classical low-density parity-check codes (LDPC),first
introduced by Gallager [5], approach the Gilbert-Varshamov
bound and have a practical decoder. LDCP codes have
reemerged as one of the most influential coding schemes. Their
sparse local parity-check dependencies imply low decoding
complexity when using local iterative message-passing decod-
ing algorithms. Classical LDPC and LDPC-like codes decoded
with message-passing decoders are used in practice such as in
internet and mobile media broadcast, optical networking and
other applications.

The development of quantum information theory paves the
way to the development of quantum computers extending
the notion of classical channels and error-correcting codes
[3]. The existence of good quantum error-correcting codes
was shown non-constructively by Calderbank and Shor [4].
In 2003, MacKay [8] introduced some promising individual
examples of quantum LDPC codes. MacKay’s codes are dual-
containing stabilizer codes whose matrix representation is
sparse. Several theoretical questions were raised by this work
including a conjecture about the existence of good families
of sparse-graph quantum error-correcting codes with nonzero
rate, growing minimum distance and a practical decoder. We
answer this conjecture by presenting one such family here.

We present a family of good sparse quantum error-
correcting codes with asymptotic logarithmic distance.We
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show their asymptotical sparsity, non-zero rate, and their
decoding performance with belief propagation. These codes
are derived from sparse graphs, induced by tessellations of
topological surfaces, and are therefore a type of low-density
parity-check (LDPC) code. Note that while most known LDPC
codes are derived from regular graphs, there are known clas-
sical LDPC codes derived from irregular graphs [9].

The low-density parity-check families of quantum codes
that we present are generalizations of Kitaev’s codes [6] to
surfaces of genusg that encode2g qubits, as explained in
section III. Kitaev’s topological codes are a class of stabilizer
codes derived from lattices on surfaces of single genus, or tori,
with asymptotical zero rate.

In section II we give definitions, background and notation
used in this paper. In section III we review stabilizer quantum
error-correcting codes, topological quantum error-correcting
codes and their generalization to tessellations on 2-manifolds.
In section IV we describe the family of Platonic graphs
and surfaces. We present a quantum code derived fromπ7

and a good family of Platonic quantum low-density parity-
check codes. We derive the asymptotical low-density of their
matrices and their rate. In section V we provide a logarithmic
lower bound on their distance. In section VI we present
decoding simulations using belief propagation. In sectionVII
we provide our insights and conclusions.

II. D EFINITIONS

In this section we introduce the topological graph-
theoretical definitions used in the quantum error-correcting
codes families of codes that we present in this paper. Let
G = (V, E) be a graph, whereV is a set of vertices, andE,
a set of edges.

Definition 1. If a graphG can be drawn on a2−dimensional

manifold or surfaceM without edge crossing, then it is said
to beembedded on this manifold.

The family of quantum error-correcting codes that we
present is derived from embeddings of graphs on 2-
dimensional surfaces.

Definition 2. An embedding of a graph is atessellation of
a surface.
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Definition 3. The genus of a graphG is the smallest genus
of a 2−dimensional manifoldM in which the graph can be
embedded.

The genus of the surfaces on which these graphs are
embedded is related to the number of qubits that can be
encoded as explained in the next section, topological quantum
error-correcting codes.

Definition 4. A planar graph is a graph that can be embedded
in a surface of genus0, that is the plane.

Definition 5. Thegirth of a graph is the length of its shortest
cycle.

Definition 6. Theshortest noncontractible cycle of a graph
of genusg is the length of the shortest cycle or closed path
that is not a face of the induced tessellation. A face is one of
the open discs derived from the difference between the two
dimensional manifoldM and the embedded graph.

Furthermore the shortest noncontractible cycle of a graph
is related to the number of errors that the code can correct as
we explain in the next section.

III. T OPOLOGICAL QUANTUM ERROR-CORRECTING

CODES

Topological codes are a class of stabilizer codes associated
with tessellations of manifolds. Stabilizer codes can be de-
scribed in terms of group theory or of binary vector spaces.
In terms of group theory a codeword is the+1 eigenstate of
the group generated by a stabilizer set.

In terms of binary vector spaces, a stabilizer code is
described by a pair of binary matrices whose rows represent
generators, and whose columns represent different qubits.One
matrix is associated with

X =

[

0 1
1 0

]

and the other matrix with

Z =

[

1 0
0 −1

]

Simultaneous entries in both matrices are associated with

Y =

[

0 −i

i 0

]

Multiplication of generators is equivalent to vector addition
mod 2. Elements of the stabilizer group have to commute with
each other, otherwise they stabilize the trivial space.

Using MacKay’s notation [8], letai|bi denote a binary
vector, whereai is in row i of the matrix of a stabilizer parity
check matrix associated withX errors andbi is in the matrix
associated withZ errors. Letaj |bj be another such vector,
then the condition that two stabilizer generators commute is
equivalent to the following product:

ai � bj +aj � bi ≡ 0 mod 2

The binary vector view of stabilizer codes emphasizes
connections between classical and quantum error correcting
codes.

Kitaev’s toric codes are defined by anL × L lattice on
the torus. The encoding qubits are associated with edges of
this lattice. The related stabilizer quantum error-correcting
code check operators are associated with faces and vertices
as follows:

Zface =
∏

e∈face

Ze

Xvertex =
∏

e∈vertex

Xe

The vertex and face operators commute because they either
act on disjoint qubits or on an even number of qubits in
common. Lete be the number of edges,v the number of
vertices andf the number of faces of a given grid. By Euler’s
equation, these toric codes encode2 qubits. Since the number
of logical qubits remains constant as the number of encoding
qubits increases, their asymptotic rate is zero.

In order to generalize toric codes to higher genus surfaces,
we study tessellations of an orientable 2-manifold of genus
g. Furthermore a noncontractible cycle in the tessellation or
dual tessellation commutes with the stabilizer group of the
code because it is a cycle. Nevertheless it is not contained in
the stabilizer group. Therefore the distance of the code is the
length of the shortest non-contractible cycle in the tessellation.

We decode the family of topological codes using belief
propagation by simulating the 4-ary symmetric channel as
two independent binary symmetric channels in the belief
propagation section. Therefore we calculate the independent
asymptotical rate ofXvertex andZfacce in the next section.

The rate for theZface is
e− (f − 1)

e

The rate for theXvertex is
e − (v − 1)

e

And the topological rate for the respective code is

e− (f − 1)− (v − 1)

e

IV. PLATONIC QUANTUM LOW-DENSITY PARITY-CHECK

CODES
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A. Platonic Graph And Surfaces

Platonic Graphs πn are generalizations of the Platonic
solids [2]. They are characterized by regular tessellations of
Riemann surfaces or 2-manifolds, which are calledPlatonic

Surfaces Sn.

Definition 7. Platonic Graphs πn are determined by vertices
and edges. A vertex ofπn is defined by a pair of integers

(

a
b

)

such that
(

a

b

)

∼
(

−a

−b

)

. The pair is taken projectively, that

is, gcd(a, b) = 1. An edge joins two vertices,
(

a
b

)

and
(

c
d

)

iff

det

[

a c

b d

]

= ±1 mod n.

Furthermore any two vertices have two paths of length two
note that thePlatonic Graphs have the two-step property [2],
that is, any two vertices have exactly two paths of length two,
associatingπn to a unique triangulated topological 2-manifold.
Also note thatn does not have to be a prime number. When
n > 6, we obtain a tessellation of a surface ofgenus > 1.

The first few Platonic graphs are the tetrahedronπ3, the
octahedronπ4, and the icosahedronπ5. The Dual Platonic
graphs,π′

n, have a vertex for each triangular face inπn, and
an edge between two vertices iff the respectiveπn faces are
adjacent. The first few dual Platonic Graphs are the tetrahedron
π′

3 (self-dual), the cubeπ′

4, and the dodecahedronπ′

5.

Remark8. For p odd prime, the graphπp has p2
−1
2 vertices.

Let vp be the number of vertices ofπp, then there arevp.p2
edgesep, and vp.p

3 facesfp. For π′

n, there arev′p = fp, e′p =
ep, andf ′

p = vp.

B. Platonic Quantum Low-Density Parity-Check Codes

In this section we give a specific example of a quantum
LDPC code derived fromπ7, and an infinite family of good
LDPC codes derived from Platonic Surfaces. We calculate
their asymptotic rate, analyze their sparsity and provide a
lower bound on their distance, the length of its shortest non-
contractible cycle

Example:
The Platonic quantum code derived fromπ7 has p2

−1
2 = 24

verticesvp, vp.p

3 = 56 faces, andvp.p2 = 84 edges, and that it
follows thatg = 3 is the genus of the surface. It has quantum
rate 1/14. Forπ′

7, there are56 vertices,24 faces, and84 edges,
and its shortest non-contractible cycle is of length8.

C. Family of Platonic Quantum Low-Density Parity-Check
Codes

In general we derive a family of quantum LDPC codes from
the dual Platonic graphsπ′

p, analyze their rate and the next

section we provide a bound on their distance of the length of
the shortest non-contractible cycle.

D. Asymptotic nonzero classical rate for the platonic family
of quantum error-correcting codes

Remark 9. The Zface check operator of a dual Platonic
quantum LDPC error-correcting code has rate approaching1
for p odd prime.

limp→∞

e′p−(f ′

p−1)

e′p
=

limp→∞

p3−p
4

−

(

p2−1

2
−1

)

p3−p
4

=

1

Remark10. The Xvertex check operator of a dual Platonic
quantum LDPC error-correcting code has rate approaching1

3 ,
for p odd prime.

limp→∞

e′p−(v′

p−1)

e′p
=

limp→∞

p3−p
4

−

(

p3−p
6

−1
)

p3−p
4

=

1
3

Remark11. The average combined rate of theXvertex and
Zface operators approaches23 , for p odd prime.

limp→∞

2e′p−(f ′

p+v′

p−2)

2e′ =

limp→∞ 1−
f ′

p+v′

p+−2

2e′p
=

limp→∞ 1− 1
p
− 1

3 + 1
p3−p

=
2
3

E. Asymptotic nonzero quantum rate for the platonic family
of quantum error-correcting codes

Remark 12. The quantum rate of the platonic family of
quantum error-correcting codes approaches1

3 , for p odd prime.

limp→∞

e′p−(f ′

p−1)−(v′

p−1)

e′
=

limp→∞ 1−
f ′

p+v′

p+2

e′p
=

limp→∞ 1−
p2−1

2
+ p3−p

6
+2

p3−p
4

=

1
3
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F. Sparsity Analysis for the Platonic quantum LDPC error-
correcting codes

Remark13. Letwf be the weight of theZface check operators
of a dual Platonic quantum LDPC error-correcting code, and
let ep be the corresponding number of encoding qubits for
prime p, then wf

ep
converges to ac.p−2.

limp→∞

p

ep
=

limp→∞

p
vp.p

2

=

limp→∞

p
p2−1

4
p

=

c.p−2

Remark14. Let wv = 3 be the weight of theZvertex check
operators of a dual Platonic quantum LDPC error-correcting
code, and letep be the corresponding number of encoding
qubits for primep, then wv

ep
converges to zero.

limp→∞
3
ep

=

0

V. SHORTEST NON-CONTRACTIBLE CYCLE BOUND FOR

THE DUAL PLATONIC SURFACESsnc(π
′

p)

We show that the shortest non-contractible cycle of the
family of dual platonic graphsπ′

p grows logarithmically in
the size of their genus. In order to improve the distance of
πp we obtain subfamilies of Platonic codes by subtessellating
them up tolog(p) levels of recursion. See decoding simulation
section.

We derive theπ′

p bound by regarding these graphs as
quotient ofT3, the infinite cubic tree [1]. Vertices inT3 are
labeled with unordered triplets of irreducible rational numbers,
(

(

a
b

) (

c
d

)

(

e
f

))

. This labeling is known as aFarey T ree. See
figure 1 .

Definition 15. We define the following binary treeB. The
root of B is

((

0
1

) (

1
2

) (

1
1

))

. For a vertex
(

(

a

b

) (

c

d

)

(

e

f

))

in

B, its left child is
(

(

a

b

)

(

a+c

b+d

)

(

c

d

)

)

and its right child is
(

(

c
d

)

(

c+e
d+f

)(

e
f

))

.

Definition 16. T3 is defined recursively by generalizing the
labels of the following rooted binary treeB. B0 is B and
Bn is obtained fromB by addingn to the pairs, i.e.

(

a

b

)

is

Figure 1. Farey Tree

relabeled as
(

(a+n)
b

)

. T3 is obtained by adjoining the root of

a copyBn to
((

1
0

) (

n
1

) (

n+1
1

))

.

In the girth of a family of 3-regular graphs, the triplets
T (p), by mapping each pair

(

a

b

)

to a.b−1mod p. If b =
0, then a.b−1mod p is mapped to∞. We obtain the dual
Platonic graphsπ′ from T3 under the equivalence

(

a
b

)

∼
(

−a

−b

)

mod p. Using T3, we show that the shortest non-
contractible cycle in the graph, for largep prime, is bounded
by p2 ≤ Fibonacci(snc(π′

p) + 2). We provide lemmas about
the rooted binary treeB and prove a lemma about a needed
symmetry of the tree before proving the distance theorem.

Lemma 17. For any vertex
(

(

a

b

) (

c

d

)

(

e

f

))

in B,

b � c− a � d = d � e− c � f = 1.

Corollary 18. For each pair
(

a

b

)

,

gcd(a, b) = 1.

Lemma 19. The largest b in a pair
(

a
b

)

at level r, is
Fibonacci(r + 2).

In addition we further observe that there is a symmetry of
the treeB that preserves the level of the vertices and induces
a reflection on the tree. The symmetry is given by

(

b−a
b

)

on

each pair. In the following lemma we usex, as short for
(

a

b

)

,

and (1− x) as short for
(

b−a
b

)

.

Lemma 20. Let ((x) (y) (z)) be a vertexv, then the involution
i that takesv to ((1− z) (1− y) (1− x)) is a reflection of the
treeB.

Proof. We prove this lemma by induction. Note that the root
of B,

((

0
1

) (

1
2

) (

1
1

))

, is a fixed point of the symmetry. Assume
that the symmetry holds for all vertices inB at levels less than
n. Let v =

(

(

a
b

) (

c
d

)

(

e
f

))

, be a vertex at leveln−1. Denote
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the involution onv, as i(v) =
((

f−e
f

)(

d−c
d

)(

b−a
b

))

. De-
note the left descendant ofv asvleft, and the right descendant
asvright. Then,

vleft =

(

(a

b

)

(

a+ c

b+ d

)

( c

d

)

)

and

vright =

(

( c

d

)

(

c+ e

b+ f

)(

e

f

))

Under the involution, the results are:

i(vleft) =

((

d− c

d

)(

b+ d− c− a

b+ d

)(

b− a

b

))

and

i(vright) =

((

f − e

f

)(

b+ f − c− e

b+ f

)(

d− c

d

))

which implies thati(vleft) = (i(v))right, and i(vright) =
(i(v))left.

Theorem 21. For large p prime,p2 ≤Fibonacci (snc(π
′

p)+2).

Proof. Becauseπ′

p is vertex transitive, we consider
only the cycles from

((

1
0

) (

0
1

) (

1
1

))

. A set of three pairs
(

(

a
b

) (

c
d

)

(

e
f

))

corresponds to a vertex inπ′

p and a face in
πp. Each individual pair corresponds to a vertex inπp. The
order of the pairs within a set does not matter. Therefore,
there are six ways in which a vertex inT3 can reduce to
((

1
0

) (

0
1

) (

1
1

))

, that is all 6 permutations of 3 pairs. In addi-
tion, the reflection proved in lemma 20 allows us to consider
only 4 cases. Note that under this symmetry, the following
cases are equivalent

((

0
1

) (

1
1

) (

1
0

))

∼
((

1
0

) (

0
1

) (

1
1

))

, and
((

1
1

) (

0
1

) (

1
0

))

∼
((

1
0

) (

1
1

) (

0
1

))

.

Case
((

0
1

) (

1
0

) (

1
1

))

(

a � p+ e � p+ 1
f � p+ b � p+ 1 + g

)

In order for this pair to reduce to
(

1
0

)

, we have thatg = −1.
By applying lemma 17, we get a contradiction.

Case
((

1
0

) (

1
1

) (

0
1

))

We get a similar reduction to the previous case

Case
((

1
0

) (

0
1

) (

1
1

))

A vertex that reduces to
((

1
0

) (

0
1

) (

1
1

))

must be of the form:
((

a � p∓ 1

b · p

)(

a � p+ e � p

b � p+ f � p∓ 1

)(

e � p∓ 1
f � p∓ 1

))

For simplicity letc = a+e andd = b+f. Then by applying
lemma 17 to the first two pairs, we get:

b � c � p2 − (a � p± 1) � (dp∓ 1) = 1

which implies that

∓d = (a � d− b � c) � p∓ a

Let a � d − b � c = g. Then a vertex that reduces to
((

1
0

) (

0
1

) (

1
1

))

has the following form:
((

a � p± 1

b � p

)(

c � p

g � p2 ∓ a � p∓ 1

)(

e � p∓ 1

f � p∓ 1

))

Case
((

1
1

) (

1
0

) (

0
1

))

We get a similar reduction.

Therefore by lemma 17

p2 ≤ Fibonacci(girth(π′

p) + 2)

Therefore for largep, girth(π′

p) < p, wherep is the size
of the faces on the surface of the tessellations, and therefore
for largep, snc(π′

p) = girth(π′

p).

VI. B ELIEF-PROPAGATION DECODING

We decode the platonic codes using belief propagation by
simulating the 4-ary symmetric channel as two independent
binary symmetric channels in order to make them comparable
to MacKay’s sparse-graph quantum codes [8]. Each decoding
simulation round either finds the correct decoding or a block
error. Block error probability is calculated as a function of
the flip probabilityfm [8]. This is the probability with which
we independently flip each bit. In particular we show the flip
probability fm at which the probability of decoding error is
10−4(.9999).

We provide a summary of the simulated decodings of the
Platonic codes and derived subfamilies in figure VI. The
smooth curve shown in the figure is the Shannon limit and
the dotted curve is the Gilbert-Varshamov bound for dual-
containing quantum error-correcting codes [8].

All simulation labels start at Platonicn = 6. The red line
represents the Platonic quantum codes without subtessella-
tions. TheirZface parity-check simulations starting atn = 6,
are labeledfaces6, and each additional matrix is denoted by
a circle. Note that their rate approaches1 as shown in remark
9. TheirXvertex parity-check simulations are labeledstars6,
and each additional matrix is denoted by a star. Their rate
approaches13 as shown in remark10.

Their Zface andXvertex average simulation performance
is labeled ascomb6 and each additional code decoding
simulation is denoted by a dot. Their rate approaches2

3 as
shown in remark 11. The average performance of the Platonic
quantum codes without subtessellations is better than the
Platonic quantum codes with subtessellations.
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Results for the quantum codes derived from Platonic surfaces. TheY coordinate is the code rate. TheX coordinate represents
the flip probabilityfm at which the probability of decoding block error is10−4 (0.9999 threshold). All simulation labels
start at Platonicn = 6. For more information about the labels, read the section results. The dotted curve shown in blue is
the Gilbert-Varshamov bound for dual-containing quantum error-correcting codes and the smooth curve shown in blue is the
Shannon bound.

We also obtain subfamilies of Platonic codes by subtessel-
lating the Platonicn − gons. Each face inπ′

n for n > 6 is
subtessellated with pentagons in order to obtain better distance
parameters. We obtain two subfamilies depending on the
alignment of the subtessellations, both random and symmetric,
and on the depth of the recursion. Symmetric subtessellations
have neighboringn−gons whose subtessellations are aligned.

The black line represents Platonic quantum codes with ran-
domly aligned pentagon subtessellations. TheirZface parity-
check simulations are labeled asrp6, and each additional
matrix is denoted by a circle. TheirXvertex parity-check
simulations are labeledrp6, and each additional matrix is
denoted by a star. TheirXvertex andZface average simulation
performance starting atn = 6 is labeled rp6, and each
additional code decoding simulation is denoted by a dot.

The purple line represents Platonic quantum codes with
symmetrically aligned pentagon subtessellations, labeled as
ap6, and the blue line represents codes with higher-level
pentagon subtessellations, labeled asa2p6. The average de-
coding of the Platonic quantum codes without subtessellations
is better than that of the Platonic quantum codes with subtes-
sellations.

VII. C ONCLUSION AND OPEN PROBLEMS

We have addressed Mackay’s conjecture about the existence
of good families of dual-containing quantum LDPC error-
correcting codes with nonzero rate, growing minimum distance
and good decoding behavior. This family is derived from
Platonic topological tessellations of 2-manifolds. We analyzed
their sparsity, proved a logarithmic lower bound on their
distance, showed the no-zero rate of theirXvertex andZface

operators, and of their average combined rate, and simulated
their decoding with belief-propagation.

With respect to the distance of the codes, it is a major
open problem in the theory of Riemann surfaces to improve
on the logarithmic lower bound of their systoles [10]. The
1-dimensional systole of a 2-dimensional manifoldM is the
infimum of all nontrivial 1-dimensional cycles inM .

It seems not likely that there exist families of topological
quantum codes derived from regular algebraic tessellations of
2-manifolds that have provably better than logarithmic distance
properties. Nevertheless it is possible that irregular or random
tessellations might yield better short noncontractible distance
bounds.

Quantum error-correction is foundational to the develop-
ment of practical quantum computers. In this paper we have
presented a good family of quantum low-density parity-check
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error-correcting codes derived from tessellations of topological
surfaces. Physical implementations of quantum computers
using these codes would require few sparse local physical
interactions. Therefore the study of surface quantum LDPC
codes can impact the development of scalable quantum com-
puters.
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