A Good Family of Quantum Low-Density
Parity-Check Codes

Reina Riemann and Peter Shor

Abstract—We present a good family of quantum low-density show their asymptotical sparsity, non-zero rate, and their
parity-check error-correcting codes. This family is derived from decoding performance with belief propagation. These codes
regular_PIatonic surfaces. We present a logarithmic lower bund are derived from sparse graphs, induced by tessellations of
on their shortest noncontractible cycle and therefore on tle . .
distance of the family of codes. We show the asymptotical low topploglcal surfaces, and are therefore_ a type of low-densi
density of their matrices, and show their asymptotical nonero  parity-check (LDPC) code. Note that while most known LDPC
rate. We simulate their good decoding performance. This faily codes are derived from regular graphs, there are known clas-
answers a conjecture proposed by MacKay about the existence sical LDPC codes derived from irregular graphs [9].
of families of quantum low-density parity-check (LDPC) cods 1 o\ density parity-check families of quantum codes
with nonzero rate, growing minimum distance and a practical . . \
decoder. that we present are generalizations of Kitaev's codes [6] to

surfaces of genug that encode2g qubits, as explained in
Index Terms—Low-density parity-check codes, message pass section lll. Kitaev’s topological codes are a class of dizdxi
ing decoding, quantum codes. codes derived from lattices on surfaces of single genusyrr t
with asymptotical zero rate.
In section Il we give definitions, background and notation
|. INTRODUCTION used in this paper. In section Il we review stabilizer quamt
error-correcting codes, topological quantum error-ading

From a theoretical perspective a good family of error(;odes and their generalization to tessellations on 2-rolaisif

correcting codes corrects errors in proportion to the blodR Section IV we describe the family of Platonic graphs
length of the codes and has a practical decoder [7]. Fopd Surfaces. We present a quantum code derived from
example classical low-density parity-check codes (LDF&), and a good family O'_c Platonic quantl_.lm Iow-denS|_ty par|ty—_
introduced by Gallager [5], approach the GiIbert-Varshmm(‘J:heC_k codes. We_ derive the as_ymptotlcal Iov_v-den5|ty o_frthe_l
bound and have a practical decoder. LDCP codes hdvatrices and their rat_e. Ir_1 section V we p_rowde a logarithmi
reemerged as one of the most influential coding schemes: THRVEr bound on their distance. In section VI we present
sparse local parity-check dependencies imply low decodifl§c@ding simulations using belief propagation. In sectfti
complexity when using local iterative message-passingdiec W& Provide our insights and conclusions.

ing algorithms. Classical LDPC and LDPC-like codes decoded

with message-passing decoders are used in practice sugh as i

internet and mobile media broadcast, optical networkingy an 1. DEFINITIONS

other applications.

The development of quantum information theory paves theIn this section we introduce the topological graph-

way to the development of quantum computers extenOI"f\georetical definitions used in the quantum error-corngcti

the notion of classical channels and error-correcting SOd(?odes families of codes that we present in this paper. Let

[3]. The existence of good quantum error-correcting codes _ V. E) be a graph. wher& is a set of vertices. ang
was shown non-constructively by Calderbank and Shor [gset(o% ed)ges grapn. ’ ’

In 2003, MacKay [8] introduced some promising individual
examples of quantum LDPC codes. MacKay's codes are dual-

containing stabilizer codes whose matrix representation Definition 1. If a graphG can be drawn on 2—dimensional
sparse. Several theoretical questions were raised by this wmani fold or surfaceM without edge crossing, then it is said
including a conjecture about the existence of good familiés be embedded on this manifold.

of sparse-graph quantum error-correcting codes with monze

rate, growing minimum distance and a practical decoder. We . .
9 9 P The family of quantum error-correcting codes that we

answer this conjecture by presenting one such family here, resent is derived from embeddings of graphs on 2-

We present a family of good sparse quantum erron .
h . . R imensional surfaces.
correcting codes with asymptotic logarithmic distance.We
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Definition 3. The genus of a graphG is the smallest genus Using MacKay's notation [8], leta;|b; denote a binary

of a 2 — dimensional manifold M in which the graph can be vector, wheres; is in row i of the matrix of a stabilizer parity

embedded. check matrix associated with errors and; is in the matrix
associated withZ errors. Leta,|b; be another such vector,

The genus of the surfaces on which these graphs érrlgn the condition that two stabilizer generators commsite i

embedded is related to the number of qubits that can Eguwalent to the following product:
encoded as explained in the next section, topological guant
error-correcting codes. ai.b;j +aj.b;= 0mod?2

The binary vector view of stabilizer codes emphasizes
Definition 4. A planar graph is a graph that can be embeddegbnnections between classical and quantum error corgectin

in a surface of genu8, that is the plane. codes.
Kitaev's toric codes are defined by an x L lattice on

the torus. The encoding qubits are associated with edges of
Definition 5. The girth of a graph is the length of its shortesthis lattice. The related stabilizer quantum error-cdingc

cycle. code check operators are associated with faces and vertices
as follows:

Definition 6. The shortest noncontractible cycle of a graph gface  _ H 7

of genusg is the length of the shortest cycle or closed path ©

that is not a face of the induced tessellation. A face is one of ceface

the open discs derived from the difference between the two xverter = H Xe

dimensional manifold/ and the embedded graph. ecvertes

The vertex and face operators commute because they either

. ct on disjoint qubits or on an even number of qubits in
Furthermore the shortest noncontractible cycle of a 9raRBmmon. Lete be the number of edges, the number of

is relatedl tq the number of errors that the code can correct AStcas andf the number of faces of a given grid. By Eulers
we explain in the next section. equation, these toric codes encadgqubits. Since the number
of logical qubits remains constant as the number of encoding
qubits increases, their asymptotic rate is zero.
I1l. TOPOLOGICAL QUANTUM ERROR-CORRECTING In order to generalize toric codes to higher genus surfaces,
CoDEs we study tessellations of an orientable 2-manifold of genus
g. Furthermore a noncontractible cycle in the tessellation o
Topological codes are a class of stabilizer codes assdciatkial tessellation commutes with the stabilizer group of the
with tessellations of manifolds. Stabilizer codes can be deode because it is a cycle. Nevertheless it is not contaimed i
scribed in terms of group theory or of binary vector spacethe stabilizer group. Therefore the distance of the codkeés t
In terms of group theory a codeword is thd eigenstate of length of the shortest non-contractible cycle in the téaseh.
the group generated by a stabilizer set. We decode the family of topological codes using belief
In terms of binary vector spaces, a stabilizer code jwopagation by simulating the 4-ary symmetric channel as
described by a pair of binary matrices whose rows represéwp independent binary symmetric channels in the belief
generators, and whose columns represent different quiits. propagation section. Therefore we calculate the indepgnde
matrix is associated with asymptotical rate of{v¢"*** and Z7cc¢ in the next section.

0
x = |

and the other matrix with

e=(f-1)
(&
The rate for thexverte® js

] The rate for thezface js

1o e—(v—1)
Z = [ 0 -1 €
) o _' ) ~And the topological rate for the respective code is
Simultaneous entries in both matrices are associated with
e-(f-D-(@w=1)
. (&
v - 0 —i
—lio0 |
Multiplication of generators is equivalent to vector agdit V- PLATONIC QUANTUM LOW-DENSITY PARITY-CHECK
mod 2. Elements of the stabilizer group have to commute with CopEes

each other, otherwise they stabilize the trivial space.



A. Platonic Graph And Surfaces section we provide a bound on their distance of the length of
the shortest non-contractible cycle.

Platonic Graphs m, are generalizations of the Platonic
solids [2]. They are characterized by regular tessellatioh
Riemann surfaces or 2-manifolds, which are callédtonic
Sur faces Sy,.

D. Asymptotic nonzero classical rate for the platonic famil
of quantum error-correcting codes

Remark 9. The Z7fec¢ check operator of a dual Platonic
guantum LDPC error-correcting code has rate approaching
for p odd prime.

Definition 7. Platonic Graphs r,, are determined by vertices
and edges. A vertex of,, is defined by a pair of integef(s])

such that(}) ~ (:‘;) . The pair is taken projectively, that
is, ged(a, b) = 1. An edge joins two verticeq,; ) and ( ;) iff

det [ Z ; } = %1 mod n. limy—s o0 e;*e{;,ﬁl) _
pgfp_(;;*l _1)
Furthermore any two vertices have two paths of length two limyp—s 0o 4pe—,p2 =
note that thePlatonic Graphs have the two-step property [2], i

that is, any two vertices have exactly two paths of length, two

associatingr,, to a unique triangulated topological 2-manifold.

Also note thatn does not have to be a prime number. WheRemark10. The Xv¢"t¢* check operator of a dual Platonic

n > 6, we obtain a tessellation of a surface @fus > 1. guantum LDPC error-correcting code has rate approac%u'ng
The first few Platonic graphs are the tetrahedrgn the for p odd prime.

octahedronm,, and the icosahedrons. The Dual Platonic

graphs,t/,, have a vertex for each triangular facesp, and

an edge between two vertices iff the respectiyefaces are

. el —(vl—1) -
adjacent. The first few dual Platonic Graphs are the tetraimed limp— oo . e’: =
74 (self-dual), the cuber, and the dodecahedrorj. m_(ﬁ_ﬂ)_l)

limp—mo % =
. 24 . i
Remark8. For p odd prime, the graph, has?—— vertices. %

Let v, be the number of vertices of,, then there are”g—’p
edgese,,, and *5% facesf,. For 7, there arev, = f,, e}, = _ t
ep, and f;, = vy,. Remark1l The average combined rate of thév"*“* and

Z1ace operators approach%s for p odd prime.

B. Platonic Quantum Low-Density Parity-Check Codes 2¢! —(f 4/ —2)

limp%oo - 2o =
In this section we give a specific example of a quantum limy—s o0 1— JE*;J#*Q —
LDPC code derived fromr;, and an infinite family of good ) L “r .
LDPC codes derived from Platonic Surfaces. We calculate limpsoo 1=3 -5+ 5 =
their asymptotic rate, analyze their sparsity and provide a %

lower bound on their distance, the length of its shortestnon
contractible cycle

E. Asymptotic nonzero quantum rate for the platonic family

Example: of quantum error-correcting codes

The Platonic quantum code derived fram hasL;1 =24
verticesv,, 22 = 56 faces, and%? = 84 edges, and that it _ _
follows thatg = 3 is the genus of the surface. It has quantuf@émark12. The quantum rate of the platonic family of
rate 1/14. Forr,, there ares6 vertices,24 faces, and4 edges, duantum error-correcting codes approachefer p odd prime.
and its shortest non-contractible cycle is of length

TR e/ o Gl R
C. Family of Platonic Quantum Low-Density Parity-Check ) ¥ 4o 42
Codes Limp— oo 1= -
li P e
In general we derive a family of quantum LDPC codes from oo 2re B
the dual Platonic graphs,,, analyze their rate and the next %
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F. Sparsity Analysis for the Platonic quantum LDPC erron Binary Rooted tree8 ‘
correcting codes [[1

(L)

Remarkl3. Letw; be the weight of theZ/ e check operators
of a dual Platonic quantum LDPC error-correcting code, al [[?Iiﬁ]]
let e, be the corresponding number of encoding qubits f
prime p, thenf—;’ converges to a.p—2.

limp— oo % = Figure 1. Farey Tree
limp— oo v}& =
. 2 (a+n) . . .
limy—soo ﬁlp — relabeled a b1 n T3n|ilobta|ned by adjoining the root of
4
c.p? a copy B, to ((0) (1) ( 1 ))

Remark14. Let w, = 3 be the weight of thez”*"*** check  In the girth of a family of 3-regular graphs, the triplets
operators of a dual Platonic quantum LDPC error-correctinigp), by mapping each pai(}) to a.b~'mod p. If b =
code, and lete, be the corresponding number of encoding, thena.b~'mod p is mapped tocc. We obtain the dual
qubits for primep, then + converges to zero. Platonic graphst’ from T3 under the equivalencé?) ~

a

(:b)mod p. Using T3, we show that the shortest non-
contractible cycle in the graph, for largeprime, is bounded
limpoo = = by p? < Fibonacci(snc(m,) + 2). We provide lemmas about
6’ the rooted binary tred3 and prove a lemma about a needed
symmetry of the tree before proving the distance theorem.

Lemma 17. For any vertex((‘;) () (;)) in B,

V. SHORTEST NONCONTRACTIBLE CYCLE BOUND FOR
THE DUAL PLATONIC SURFACESSTLC(W;))
b.c—a.d = die—c.f=1.
We show that the shortest non-contractible cycle of th@orollary 18. For each pair(“)
family of dual platonic graphsr, grows logarithmically in b/
the size of their genus. In order to improve the distance of
mp, We obtain subfamilies of Platonic codes by subtessellating ged(a,b) = 1.

them up talog(p) levels of recursion. See decoding simulatiop_emma 19. The largesth in a pair

: (¢) at level r, is
section.

Fibonacci(r + 2).

We derive thew, bound by regarding these graphs as
quotient of T3, the infinite cubic tree [1]. Vertices ifi; are In addition we further observe that there is a symmetry of
labeled with unordered triplets of irreducible rationahmhers, the treeB that preserves the level of the vertices and induces

((‘;) (;) (;)) This labeling is known as Aarey Tree. See a reflection on the tree. The symmetry is given (b’y;“ on
figure 1. each pair. In the following lemma we useas short for(}) ,
and (1 — z) as short for( b;“) .
Definition 15. We define the following binary treé3. The
root of Bis (() (3) (7)) . For a vertex((‘;) () (;)) in Lemma 20. Let((z) (y) (z)) be a vertex, then the involution
B, its left child is ((a) (a+c) (c)) and its right child is i that takesv to ((1 — 2) (1 — y) (1 — «)) is a reflection of the
Proof. We prove this lemma by induction. Note that the root

b/ \b+d ) Ad tree B.
() (&15) (7))

1 . . .
Definition 16. T is defined recursively by generalizing the®’ 5 ((1) (2) (1)) is afixed point of the symmetry. Assume
labels of the following rooted binary treB. B, is B and that the symmetry holds for all vertices B at levels less than

B, is obtained fromB by addingn to the pairs, i.e(¢) is 7 Letv= ((Z) (3) (?)) , be a vertex at levet —1. Denote



the involution onv, asi(v) = . De-

For simplicity letc = a+e andd = b+ f. Then by applying

f—e Sdc b?
, d b _ .
note the left descendant ofasuv;.;;, and the right descendantlemma 17 to the first two pairs, we get:

asvright. Then,

Vleft

(BIGHIH)
(DG 6)

Under the involution, the results are:

= ()
(7)) (459

which implies thati(viest) = (i(v))right, and i(vpignt) =

(i(v))lEft'

and

Uright

Z.('Uright )

Theorem 21. For large p prime, p? <Fibonacci (snc(w;) 2).

Proof. Becausen’

0 1 1
((Z) () (?)) corresponds to a vertex i, and a face in
mp. Each individual pair corresponds to a vertexzp. The

order of the pairs within a set does not matter. Therefo
there are six ways in which a vertex if; can reduce to
(((1)) (N (1). that is all 6 permutations of 3 pairs. In addi
tion, the reflection proved in lemma 20 allows us to consid
only 4 cases. Note that under this symmetry, the followin

cases are equivaler(t(?) (1) (1)) ~

(O )~ ()
case((?) (1) (1))
a.p+e.p+1
< f«p+b.p+1l+g >

In order for this pair to reduce tf] ), we have thay = —1.
By applying lemma 17, we get a contradiction.

Case((,) (1) (1))

We get a similar reduction to the previous case

Case((,) (1) (1))

A vertex that reduces t6( ;) (V) (})) must be of the form:

()0 )(75e)

((o) (V) (1)), and

e.pF1
fepF1

G«P+Eup
bep+f.pF1

is vertex transitive, we consider
only the cycles from((}) ({) (})). A set of three pairs

bocop* —(a.p£1).(dpF1)=1
which implies that
Fd=(a.d—b.c).pFa

Leta.d —b.c = g. Then a vertex that reduces to
((5) (D) (7)) has the following form:

((a.bp-j 1) (g-pQ;.ap-p¢1) (;f)ill))
Case((;) (o) (1))

We get a similar reduction.

Therefore by lemma 17
p? < Fibonacci(girth(m,) + 2)

Therefore for largep, girth(m,) < p, wherep is the size
of the faces on the surface of the tessellations, and therefo
for largep, snc(m,) = girth(m,).

VI. BELIEF-PROPAGATION DECODING

We decode the platonic codes using belief propagation by
simulating the 4-ary symmetric channel as two independent

IJ%inary symmetric channels in order to make them comparable

to MacKay’s sparse-graph quantum codes [8]. Each decoding

simulation round either finds the correct decoding or a block

e flip probability f,,, [8]. This is the probability with which

e independently flip each bit. In particular we show the flip
probability f,,, at which the probability of decoding error is
1074(.9999).

We provide a summary of the simulated decodings of the
Platonic codes and derived subfamilies in figure VI. The
smooth curve shown in the figure is the Shannon limit and
the dotted curve is the Gilbert-Varshamov bound for dual-
containing quantum error-correcting codes [8].

All simulation labels start at Platonie = 6. The red line
represents the Platonic quantum codes without subtessella
tions. TheirZ7ec¢ parity-check simulations starting at= 6,
are labeledfaces6, and each additional matrix is denoted by
a circle. Note that their rate approacheas shown in remark
9. Their Xv¢rtez parity-check simulations are labelethirs6,
and each additional matrix is denoted by a star. Their rate
approache% as shown in remark10.

Their Zface and Xverter average simulation performance
is labeled ascomb6 and each additional code decoding
simulation is denoted by a dot. Their rate approacgleas
shown in remark 11. The average performance of the Platonic
guantum codes without subtessellations is better than the
Platonic quantum codes with subtessellations.

%rror. Block error probability is calculated as a functioh o
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rate

06—

05+

04—

10° 10° 107 107 1072 10”"

.9999 threshold

Results for the quantum codes derived from Platonic susfatieeY coordinate is the code rate. T coordinate represents
the flip probability f,,, at which the probability of decoding block error 1®—* (0.9999 threshold). All simulation labels
start at Platonio» = 6. For more information about the labels, read the sectionltsestihe dotted curve shown in blue is
the Gilbert-Varshamov bound for dual-containing quantunorecorrecting codes and the smooth curve shown in blubas t
Shannon bound.

We also obtain subfamilies of Platonic codes by subtessel- VII. CONCLUSION AND OPEN PROBLEMS
lating the Platonicn — gons. Each face inx], for n > 6 is
subtessellated with pentagons in order to obtain bettéartie , _ )
parameters. We obtain two subfamilies depending on thewe have a(_mressed Mackays_c_onjecture about the existence
alignment of the subtessellations, both random and synimetP! 900d families of dual-containing quantum LDPC error-
and on the depth of the recursion. Symmetric subtesselkti¢"MeCting codes with nonzero rate, growing minimum diséan

have neighboring — gons whose subtessellations are aligne(lj’;‘)'l“dt 99°td d(Tco_dinlgt bEhﬁVl_or' Thfisz famil_;; Iig d\%ivled from
The black line represents Platonic quantum codes with r aonic topological IesSetations of 2-maniiolas. VYETs

. ) . Meir sparsit , proved a logarithmic lower bound on their
domly aligned pentagon subtessellations. THgif< parity- . P Y. P g . Face
check simulations are labeled a6, and each additional distance, showed the no-zero rate of thir andZ

A ) PO, . ) operators, and of their average combined rate, and sindulate
matrix is denoted by a circle. TheiK¢"*** parity-check

simulations are labeledp6, and each additional matrix isthfll\;itiecr:gglr;?:t\/\g(t)htﬁzllzz_spt);z?:aegg?ciﬂle codes. it is a maior
denoted by a star. Thelv*"*¢* andZ/ec¢ average simulation P ' !

performance starting at = 6 is labeledrp6, and each open problem in the theory of Riemann surfaces to improve

additional code decoding simulation is denoted by a dot. on .the Io.ganthmlc lower boun.d of the|r systo_les [.10]' The
. . 1-dimensional systole of a 2-dimensional manifdlfl is the
The purple line represents Platonic quantum codes Witlk\\m of all nontrivial 1-dimensional cycles iff.

symmetrically aligned pentagon subtessellations, labels It seems not likely that there exist families of topological

apt, and thi bluellllne replrebseln(tjsaac%de_?h with h'gheglevabantum codes derived from regular algebraic tessellatidn
pentagon subtessellations, labeledadp6. The average € 2-manifolds that have provably better than logarithmitadise

coding of the Platonic quantum codes without subtessetiati (?roperties. Nevertheless it is possible that irregularmedom

IS bet_ter than that of the Platonic quantum codes with subt &ssellations might yield better short noncontractibktatice
sellations. bounds

Quantum error-correction is foundational to the develop-
ment of practical quantum computers. In this paper we have
presented a good family of quantum low-density parity-&ec



error-correcting codes derived from tessellations of logica
surfaces. Physical implementations of quantum computers
using these codes would require few sparse local physical
interactions. Therefore the study of surface quantum LDPC
codes can impact the development of scalable quantum com-
puters.
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