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1. Introduction

We demonstrate that constructing optimal binary
decision trees is an NP-complete problem, where an op-
timal tree is one which minimizes the expected num-
ber of tests required to identify the unknown object.
Precise definitions of NP-complete problems are given
in refs. [1,2,4].

While the proof to be given is relatively simple, the
importance of this result can be measured in terms of
the large amount of effort that has been put into find-
ing efficient algorithms for constructing optimal bi-
nary decision trees (see [3,5,6] and their references).
Thus at present we may conjecture that no such effi-
cient algorithm exists (on the supposition that P # NP),
thereby supplying motivation for finding efficient
heuristics for constructing near-optimal decision trees.

2. Definitions

Let X ={x, .., x, } be a finite set of objects and let
= {Ty, ... T;} be a finite set of tesrs. For each test
T;, 1 <i<tand object x;, 1 <j < n, we either have
T,-(x]-) = true or T,-(xj-) = false. Without fear of confu-
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sion, we shall also let 7; denote the set {xEX|[T(x)
= true}.

The problem is to construct an identification pro-
cedure for the objects in X such that the expected
number of tests required to completely identify an
element of X is minimal. An identification procedure
is essentially a binary decision tree; at the root and all
other internal nodes a test is specified, and the termi-
nal nodes specify objects in X. To apply the identifica-
procedure one first applies the test specified at the
root to the unknown object; if it is false one takes the
left branch, otherwise the right. This procedure is re-
peated at the root of each successive subtree until one
reaches a terminal node which names the unknown ob-
ject. Let p(x;) be the length of the path from the root
of the tree to the terminal node naming x;, that is, the
number of tests required to identify x;. Then the cost
of this tree is merely the external path length, that is,
ZxjexpP(x;). This model is identical to that studied by
Garey [3].

The decision tree problem DT(7, X, w) is to deter-
mine whether there exists a decision tree with cost less
than or equal to w, given Jand X.

This problem has many applications, most of them
straightforward identification problems. The problem
of compiling decision tables is one such application.
This problem can be generalized by adding costs for
each test T;€X, but a fortiori these are NP-complete
problems.
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Fig. 1.

3. The main result

Theorem. DT(9, X, w) is NP-complete.

Proof: Clearly DTENP, since a non-deterministic
Turing machine can guess the decision tree and then
see if its weight is less than or equal to w.

To show that DT is NP-complete, we show that
EC3 a DT, where EC3 is the problem of finding an ex-
act cover for a set X, and where each of the subsets
available for use contains exactly 3 elements. More
precisely, we are given aset X = {x;,...,x,} and a
family = {T, ..., T,} of subsets of X, such that
|T;| =3 for 1 <i<t, and we wish to find a subset J
of T such that

U T=x
Ties

and
(({Tp, T} S Sandi#)=T;NT;=9).

The exact cover problem EC (where there is no re-
striction on the size of each T}) is known to be NP-
complete (see ref. [4]).

To show that EC3 is complete, we show that
3DM a EC3, where 3DM is the problem of finding a
“three-dimensional matching”. That is, we are given a
set U C B X B X B and we wish to find a subset W of
U such that |W| = |B| and no two elements of W agree
in any coordinate. Karp {4] shows that 3DM is NP-
complete. But 3DM becomes EC3 if we let U consist
of a set of triples chosen from B U B, U B3 where
By, By, By are distinct sets of size | B| and each ele-
ment of U contains one element from each B;. Thus
EC3 is NP-complete.

For a given problem EC3(7, X) we will construct
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Table 1

n 1 2 3 4 5 6 7 8
fn) 0 8 12 16 20 25

(8]
W

a corresponding problem DT(J ', X', w) such that the
optimal solution to DT embodies the solution to EC3
if it exists, thus showing that EC3 o DT. We define

X' = XU{a,b,cl,
def
where a, b, c are three elements not in X, and

g = gu{{x}xex’}.
def
That is, ' contains all the triples in T plus all the ele-
ments in X as singleton sets.
We wish to show that an optimal decision tree has
the form of the one given in fig. 1 where the sets
Tj,, -, T form an exact cover of X by triples from
T, and the singleton sets (tests) are used to distinguish
elements within each triple. While this may seem in-
tuitively true to the reader, we give a rigorous proof.
Let f(n) denote the minimal cost (path length) of a
decision tree on an n-element set X, where all one, two,
and three element subsets of X are available as tests.
Table 1 gives the first few values of f(n). We wish to
show that the root of the optimal decision tree always
selects a 3 element subset of X as a test, forn > 7. By
definition we have

f(n)= min [f(n —i)+f(@)+n],forn=>4,
1<i<3

where i represents the size of the subset chosen as the
test at the root. But if f(m) — f(m-1)>3forn -2
<m<n - 1, then i = 3 must be chosen to minimize
f),and f(n) —fln — 1) =f(n - 3) - f(n —4) +1

> 3 as well. Thus a 3 element subset must be chosen
at the root for alln > 7.

Since the decision tree of fig. 1 achieves a cost of
F(1X']) exactly, it is optimal. Furthermoue, any opti-
mal decision tree must embody the solution to the cor-
responding EC3 problem, because only in this way can
the root of each sufficiently large subtree be a test on
a three element subset of X. Thus EC3 a DT so that
DT is NP-complete. o
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4. Conclusions

The construction of optimal binary decision trees
is shown to be NP-complete, and thus very likely of
non-polynomial time complexity (assuming that
P # NP is probable). The results given here also imply
that various related cost measures for binary decision
trees yield NP-complete construction problems, for
example if probabilities are assigned to the objects, or
if the worst-case (instead of average) number of tests
is used (the same construction works). Accordingly, it
is to be expected that good heuristics for constructing
near-optimal binary decision trees will be the best solu-
tion to this problem in the near future.
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