
Lecture 11

Undirected s-t connectivity
linear algebra & random walks

saving random bits via

random walks



Last time :

random walks on graphs

cover time :

(G)= Max E[# steps to visit all nodes
v in G when start atr]
T

starting points

That G
,

( (G) is 01mm)



¢
undirected graph

s-t connectivity ( UST- Conn)

Input undirected G

nodes s,t

Output if S,t in same conn . comp ,
"

Yes "

else
"

NO
"

many ways to solve in poly time
what about space ?

RL = class of problems solvable by
randomized log - space computations
[no charge for input space tread -only),
but can only store const # ptrs]

INPUT treadonly)

④9
I

computation space (read/write)

Ollogn) bits



Tim UST - Conn C- RL

Algorithm :
start at s

take a random walk for c.N steps
if ever see t output

" Yes "

else output
"
NO

"

Complexity :
time : 01ns) ✗ (time to pick random nbr)

space:

keep track of :

step counter Ollogn)

space to pick random nbr :

e.g. scan nbrs & Count du Ollogn)
toss du- sided die to get j
scan again to find jthnbr

total Ollogn)



Behavior :

If sit not connected
,
never output

" Yes "

If Sgt connected

hat ± Cs ( Crs) ±n3
w

connected
component
of stand t)

Pr [ output
"

no
"

]ePr[ start at s
,
walk

c. Cslbs) steps &
don't see t ]
-

= Pr [ time to cover graph
is > c times its

expectation]

Etc (Markov 's f)

Bs



Comments

• Actually Vstconn EL ! ! ! (Reingold

• Open : is Stconn for directed graphs th?

(⇒ RED
we know RL c- 1312
recent improvement RL c- Space (18%2

trogon
)

I

actually also

Bpspacellogn)

due to William Hoza in Random 121



Linear Algebra Review

def r is an eigenvector of A with

corresponding eigenvalue ✗ iff

vA=7v

DI La- norm of r-tri.vn)=JÉÉ
det v

"! .ir
'" orthonormal if

viii. rlj) = { 1 if i=j

W
o if i=j

inner product

=§v¥ .ve'D

example p = transition matrix of d- reg
vndir graph (doubly stochastic)



( In . . . . In) - p= 1. An ' - ' 4)
doesn't this seem

more natural?abt Ern . . . In)P= 1- (¥n"¥n) its the probability
y distribution vector

Lanorm --1 ⇒ normal
=

so this gets
used a lot !

Important Theorem

As in Lake Wobegon ,
"

where the women are strong ,
the

men are good looking and all the children are

above
average

"

,
all theorems in this class are

IMPORTANT ! !

Ihm Transition matrix P real + symmetric
⇒ F e-trees v1" .

. .pl")

forming orthonormal basis with corresponding
e-values 1--4>-1×212 . . .

7- in )

& v1" = In 11 . . . 1)

← chosen so that Hr '"/12=1
(won't

prove
here)



Useful Facts :

Assume P has all positive entries

te-vecsvld.ir" with

corresponding e- vats X ,

-
- in

Facts

d) LP has e-recsv"!Ñ
"
with corresponding evils DX

, An

(2) PTI
" " "

" "

"

4+1, . . . intl
(3) pk

" " " "
" "

fi , - " ink

(4) P stochastic ⇒ Hilal Fi

why
d) vP=Xv ⇐ V.a.p= f. x-P

G) v(PtI)=vP+rI=7v+v=H+Dv

Note : add self - loops ; Pt =

"

stay put with prob Yat
walk with prob Ya

"

⇒new eigenvalues Hg ,
. . .

, ×¥



(3) vPk=frP)P"=2vP"=ivP "? . .
.

= .tv

K- step walks

(4) ti
,

let E- { jtrj">03⇒ Computes jth
then AS Vj

"'
= E { Vklipkj entry of

FEI jtI
K V. P

E E Viii) pkj }
since entries

of v
not inI

jik

are_co@PkjisalwaysZDs.t.jikETEEYiijEzPijEE.v,
!"

KEI KEI

IYsince
stochastic

⇒ 7<-1

Note if V1"
. .

- v1" orthonormal basis then

any vector w is expressible as linear

combination of v11) 's

W= Edi uli)

t Lz norm of w is Fi
en

why ?



Mulla :EXivli.Eg.nl#=Edidjvn?yl(y--oifit-j--1ifi--ji,j
= Edit 1*1

will use
this soon

Recall :

Stationary distribution :

IT sit
. IFIP

( taking more steps in hw. Keeps you

in same distribution)

recall : P ergodic ⇒ IT exists + unique

( for graphs, can always take P±¥ )



Mixing Times

How long does it take to reach

stationary distribution ?

def
,

E >0

Mixing time
,
TIE)

,
of M.CA with

stationary dist IT is mint st
.

FIT
"'

,
111T -1T '"AtH,< E

def .

M.CA is rapidly mixing if
Tle)= polyllogn , log 'k)

A
# states

examptes : rw . on complete graph , random graph
note that mixing time of P+¥ is at moist 2x more



Thin IP is transition matrix of undirected
,

can → honk-partite , d- reg connected graph
put
self
loop
" IT

,
is start dist

.

each
node

IT is stationary dist = (k
,
. . . ,tn)

so # F- P

Then 111%1*-11-11
,

c- Halt
Texponentallg decreasing
dist if this const! !

Prat

P real
, symmetric ⇒

e-vecs V
"!.ir" are orthonormal basis

with e-vats 1=1--1×217 . . .

>_Hnl


