
Lecture 13

• finish saving random bits via

random walks

• Linearity testing intro



From last time :

Linear Algebra Review

det r is an eigenvector of A with

corresponding eigenvalue ✗ iff

vA=2v

def La- norm ofr-tri-ivn-J.FI?--Vrrdefv'"
" v1" orthonormal if

viii. rlj) = { 1 if i=j

W
o if i=j

inner product

=§v¥ .ve'D

Ihm Transition matrix P real + symmetric
⇒ F e-ve-csvH.pl")

forming orthonormal basis with corresponding
e- values 1--4>-1×212 . . .

>_ in )

& v1"=fn 11 . . . 1)

← chosen so that Hr"YL= /

⇒ any vector w is expressible as linear

combination of v11) 's

W= { 2; vli
)

t ↳ norm of w is fair ④



From last time :
Useful Facts :

Assume P has all positive entries te-vecsvH.ir
" with

tacks corresponding e- vats § .
- - in

d) LP has e-recsv"!Ñ
"
with corresponding evils Ni, An

(2) PTI
" " "

" "

"

7,1-1, . . . Anti
← useful

(3) pk
" " " "

" "

fi , - " in
"

today
(4) P stochastic ⇒ Hilal Fi

Note : add self - loops ; Pt =

"

stay put with prob Yat
walk with prob Ya

"

⇒new eigenvalues Hg ,
. . .

, ×¥

Thin IP is transition matrix of undirected
,

can → honk- partite , d- reg connected graph
put
self
loop
" To is start dist

.

each
node

IT is stationary dist =L 'ñ , . . . ,tn)

( so # ETT )

Then 111%1*-11-11
,

c- Halt

i



Reducing Randomness via

Random Walks :

For language L ,
let d- be algorithm sit

.

4) V- ✗ c- L Pr[ d- 1×1--11>-99/100 Usually correct
A's coins

(2) t×¢L pr[ d- 1×1--01=1 away correct
Actins

To get error
< 2-

K

Method # random bits used

1) run K times + output
"

Xctl
"

if see 0 Kr
else output

"

✗ c- L
"

2) Vse pairwise ind random bits Olktr)

3) today ! use random walks to choose bits r +01k)



The graph G : ← we get to pick G ! ! !

• constant degree d- regular, connected, nonbipartite

• transition matrix P for r.w. on G

has Hal c- to

d- reg ⇒
start dist IT is uniform

• # nodes = 2
"

corresponds to all

possible choices of r

random bits



The Algorithm
# random bits

• Pick random start node w c- {0,15 r

• Repeat K times :

041 ✗ k
w ← random nbr of W

T T

d # loops
run d- 1×1 with was random bits

. is
const

If d-1×1 outputs
"

✗ c-L
"

, output
"

✗ c-i' thalt

else continue

• Output
"

XEL
"

total : rtolk)

Behaiior : claim : error of new algorithm is c- (E) k fork-L

( still 0 error for ✗¢4



G each node labelled

•\•¥ by r-bit string

•T
Good strings II.

Bad strings

#likely to hit good
string after I step

1 after 2 steps/ after } steps
Mainfdea

•

• unlikely to pick start location
ifWathen

that is bad after K- steps' after K steps ← fewer &
fewer of these
ask gets bigger

bad case : walk only on
"bad strings

"
t never reach good strings

why is this possible if G arbitrary ? e.g . line

this close to I



Proof of claim

XEIL : algorithm heir errs (no bad strings)

✗ c- L :

most random bits say ✗ c- L : 2,9%5

define B :{ w/ d- 1×1 with random bits w

}is incorrect.

i.e. says ✗4L

"
bad w 's

"

1131<-2%0

need 1in
. alg. way of describing walks that

stay in bad set :

define N diagonal matrix

Nw = { 1 if WEB ← incorrect

0 0 . W,
c- correct



3
- Bad w's

N=[ %? )000
,?

000Too 'q

For q any probability dist :

g. N is ??

example :

q=
(EF) N=(
# this

0 - entry
g.N

= (&①zeroed out
the 314

g. N deletes weight that finds

a witness to XEL

✗g.NH , =Prweq[ w is bad]



Can compose :

Hq .PH/z=Prw..qIstwtatq , take astep a land on
"

bad
"]

o

•

)is

11 qlPNHlj-prw.gs/-wtatq , take iskps teach is "bad
"

]

1
ignores whether start node

bad .
this just hurts us,

so ok to ignore .

Lemme FIT IIITPNH
,
Ets 1111-112

First : how do we use lemma ?

answer incorrect only if always see bad w}

⇒ Pr [ incorrect] ± 11 po 1PM
"/Is

± if ftp.IPNIYL
since Hphi-jdomainsize.HN!



←☒ ftp.llast-Y apply lemma

k times
in

since start at uniform

+ Lz norm of uniform

= ftp. -- IF

=/¥1k

Proof of lemma :

let V
,
. . Var be e- vecs of P

tv , is s.t.MY/L--llsoY--lFgr,...,trr))
I

then I=§fiVi

note : 1) 111TH
,
__Ñ by # proved previously

2) V-wllwnlbi-F.ie?EFw.i=11w11a



So :

HITPNH
,
=// ÉdiviPN|L since any IT
it is 1in comb of

basis vectors
= 11¥.ae?.viNlk

2^
Cauchy-a- 1147,4N /Lt /kditir.NL/asnwarz#Gi--2pg-

bound

AO://ditir.NL/a--H4YNlksinceti-i--K1.rE-r.rYsinceri-Hrar,...,'-r.r)
uses that

uniform dist
+ N'- '0¥)

is unlikely = 12,4T¥
to be on

a bad string 4 K¥ since 1¥ 2- too

d- 11¥; since 1111-112--1%17



bound ④ :

I I

11241.riNHEii 1.villa from note

A-2

Uses = Xiii 1*1"

mixing
"

of in's

for i >2 .

£ TÉ④2 Ti E YN

tri could have

lots of weight in
£ Yo . 1111712 ☒ 1

bad areas ,
but

"

expansion
" of graph

causes
it to step out

of bad area)

so : HITPNILE 111T¥ •



Newtopic
Linearity Testing
f. G→☒

H

G is finite group
It "

"
"

def . f is
"

linear " if
(homomorphism)

V-xiyc-Gflxt.tt/yl--flxtoy)
t t
ta is

"

plus
"

tg is
"

plus
"

ingroup It ingroup Ge.g. flx)=✗

flx)=a✗ mod p for G-- Zp
fa-lxt-Ean.li mod 2

dei f is
"

E- linear
" if F linear g-

Sit
, f- tg agree on 21-E fraction

of inputs.



Notation note that the following are equivalent
statements :

• f- tag agree on 21 - E fraction of inputs

• K×If¥;gH,×c ate
• Pr×←g[fW=glx)) 2- 1- {

How hard is it to test linearity?

do we need to try all xiyxty tuples ?

if domain is size n
,
this

requires n2 tests
of flxltflytflxty)

repeat
how
many

proposed test : Pick random ×,y
Test flxl + fly)=fµ,yy
} times ?


